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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 34 ]. This is test number [ 16 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.3 (64 bit) on windows 10.
. Rubi 4.16.1 in Mathematica 12.1 on windows 10.
. Maple 2021.1 (64 bit) on windows 10.

. Maxima 5.44 on Linux. (via sagemath 9.3)

2

3

4

5. Fricas 1.3.7 on Linux (via sagemath 9.3)

6. Giac/Xcas 1.7 on Linux. (via sagemath 9.3)

7. Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.
8

. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-
dows 10 (64 bit)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.


https://rulebasedintegration.org

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100.00 (34) | %0.00 (0)
Mathematica | % 100.00 (34 ) | % 0.00 (0)
Maple %82.35 (28) | %17.65(6)
Maxima | %47.06 (16) | %52.94 (18)

Fricas %82.35(28) | %17.65 (6 )
Sympy %3824 (13) | % 61.76 (21)
Giac %82.35(28) | %17.65 (6 )

Mupad %11.76 (4) | %88.24 (30)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf
size.
B Integral was solved and antiderivative is optimal in quality but leaf

size is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.



System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 100.00 0.00 0.00 0.00
Maple 26.47 55.88 0.00 17.65
Maxima 38.24 8.82 0.00 52.94
Fricas 38.24 4412 0.00 17.65
Sympy 38.24 0.00 0.00 61.76
Giac 44.12 38.24 0.00 17.65
Mupad 0.00 11.76 0.00 88.24

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input



within the time limit, which means it could not solve it. This the typical normal failure

F.

The second is due to time out. CAS could not solve the integral within the 3 minutes

time limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 6 100.00 % 0.00 % 0.00 %

Maxima 18 33.33 % 0.00 % 66.67 %

Fricas 6 100.00 % 0.00 % 0.00 %

Sympy 21 9.52 % 71.43 % 19.05 %

Giac 6 100.00 % 0.00 % 0.00 %

Mupad 30 100.00 % 0.00 % 0.00 %

Table 1.4: Time and leaf size performance for each CAS




1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.
System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median
Rubi 0.43 292.21 1.00 272.50 1.00
Mathematica | 0.69 281.76 0.94 249.00 0.90
Maple 0.02 978.32 2.88 585.00 2.06
Maxima 0.50 483.63 1.59 390.00 1.22
Fricas 0.92 1349.57 4.07 777.50 3.75
Sympy 69.15 1695.69 8.69 354.00 1.35
Giac 1.38 1084.11 3.27 587.50 1.76
Mupad 3.38 426.50 1.50 432.50 1.61

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from

the above table.

Normalized mean size of antiderivative
Lower is better




Mean time used (seconds)
Lower is better
70F

eoé
50?
40?
30?

20F

1.4 list of integrals that has no closed form an-
tiderivative

{

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy ({}

Giac {}
Mupad {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not mean necessarily that the anti-
derivative is wrong, as additional methods of verification might be needed, or more
time is needed (3 minutes time limit was used). These integrals are listed here to make
it easier to do further investigation to determine why it was not possible to verify the
result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.



Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call has completed from the time before
the call was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified
could still be correct. Further investigation is needed on those integrals which failed
verifications. Such integrals are marked in the summary table below and also in each
integral separate section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an inter-
active response from the user to answer a question during evaluation of the integral in
order to complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about
2 percent. This pecrentage can be higher or lower depending on the specific input test
file.

Such integrals can be indentified by looking at the output of the integration in each sec-
tion for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default
'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
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'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function
for this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac
antiderivatives is determined using the following function, thanks to user slelievre at
lhttps://ask.sagemath.org/question/57123/could-we-have-a-leaf count-functidn-
[in-base-sagemath/|

def tree_size(expr):
r|| nn
Return the tree size of this expression.
nnn
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:

return 1 + sum(tree size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x')
anti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script &

POST PROCESSOR PROGRAM
Test files from @ Program that

Albert Rich Rubi generates the

using input

from the
Matlab script for Mupad/Symbolic toolbox o result tables
i
HTML
—» Giac bl
SageMath/Python
script to test SageMath —» Fricas

Maxima, Fricas,
Giac .
—» Maxima b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.
number. CPU time used to solve this integral. O if failed.
string. The integral in Latex format o o
string. The input used in CAS own syntax. ngh level overview of the CAS

string. The result (antiderivative) produced by CAS in Latex format independent integration test
string. The optimal antiderivative in Latex format. build System

. integer. 0 or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
The following field present only in Rubi and Mathematica Tables
. integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Tables Nesser M. Abbest
14. integer. Number of rules used. Vev, 2021
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi

ot
Qe
g

ONOUV AW

)
= o

1

w
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Chapter 2

detailed summary tables of results

2.1 Listofintegrals sorted by grade for each CAS

2.1.1 Rubi

A grade: {[1}2) B4[5}/6) 78} P} [10}[11} 12} 13}[14) 15} [16}[17} 18} 19} 20} 1} 22} 23} 4] 5| 26} 27
2829, B0/B1}32,3334])

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {12856, 718)9) 0, 1) L2 13} [ 15 (6171819} 20,20 22 23 24 25, 2627
s lelenlelelen)

B grade: { }
C grade: { }
F grade: { }

2.1.3 Maple

A grade: (381112139, 20/21))
B grade: {15,678/ 1013 13,16/17 1822 23, 742528, 2728))

C grade: { }
F grade: ( 29501525359

214 Maxima

A grade: {130/ CT12/03 8 (920225
B grade: { }
C grade: { }

F grade: {56780} 14151617 22 2329 29, 505152, 5353

2.1.5 FriCAS
A grade: {28851/ 12 1318 [9/20,21)

13
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B grade: {[6,7180/[14 1516} (1722 23|24 25|26 27} 28} }

C grade: { }
F grade: { P01 B2 361

2.1.6 Sympy
A grade: { BB 123131420122 P78}

B grade: { }

C grade: { }

F grade: {167} 550151678023 29 25 29 )60 BT B2 63 64
2.1.7 Giac

A grade: {28/ 5612 [13[14[15 16,2021} 22} 23] 4]}
B grade: {[1}[7} 8 P}[L0}[11}[17}[18}[19} 25, 26} 27} 28]}

C grade: { }
F grade: { 29006526351

2.1.8 Mupad
A grade: { }

B grade: {[12,Bl[4] }

C grade: { }

F grade: { (6] 8 0}[L0}11}[12[13}[14[15}[16}[17)[18} [19)[20} 21} 22} 23} 24 25| 6} 27} 28] 9]
BOBLB2B3B4}
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is
in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate
a bug in the system. If the failure was due to integral not being evaluated within the
time limit, then it is given just an F.

. . . . . antiderivative leaf size
In this table,the column normalized size is defined as

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A F(-1) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 436 436 391 841 621 668 0 854 713
normalized size | 1 1.00 0.90 1.93 1.42 1.53 0.00 1.96 1.64
time (sec) N/A 0.408 1.309 0.009 0475 0757 0.000 1305 3.903
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 324 324 287 505 387 410 1510 558 514
normalized size | 1 1.00 0.89 1.56 1.19 1.27 4.66 1.72 1.59
time (sec) N/A 0.272 0.690 0.007 0473  0.680 157.827 1.281  3.488
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 212 212 184 241 198 204 848 309 351
normalized size | 1 1.00 0.87 1.14 0.93 0.96 4.00 1.46 1.66
time (sec) N/A 0.173 0.314 0.006 0.441 0.688 87368 1.247 3.301
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 115 115 82 91 128 90 354 128 128
normalized size | 1 1.00 0.71 0.79 1.11 0.78 3.08 1.11 1.11
time (sec) N/A 0.072 0.097 0.006 0.437  0.538 18.094 1.209 2.846
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 188 188 185 338 0 565 192 248 -1
normalized size | 1 1.00 0.98 1.80 0.00 3.01 1.02 132  -0.01
time (sec) N/A 0.206 0.270 0.015 0.000 0726 66.262 1.261  0.000
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Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B E(-1) A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 201 201 244 566 0 1004 0 271 -1
normalized size | 1 1.00 1.21 2.82 0.00 5.00 0.00 1.35 -0.00
time (sec) N/A 0.518 0.442 0.022 0.000  0.824 0.000 1.321  0.000
Problem 7| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B E(-2) B F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 279 279 359 1207 0 1661 0 529 -1
normalized size | 1 1.00 1.29 4.33 0.00 5.95 0.00 1.90 -0.00
time (sec) N/A 0.741 0.866 0.030 0.000  1.019 0.000 1.239  0.000
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 375 375 493 1186 0 2446 0 976 -1
normalized size | 1 1.00 1.31 3.16 0.00 6.52 0.00 2.60 -0.00
time (sec) N/A 0.821 1.394 0.029 0.000  1.077 0.000 1.564 0.000
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 495 495 621 3252 0 3624 0 1512 -1
normalized size | 1 1.00 1.25 6.57 0.00 7.32 0.00 3.05 -0.00
time (sec) N/A 1.009 2.419 0.030 0.000  1.208 0.000 1.654 0.000
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 434 434 391 841 629 677 0 1067 -1
normalized size | 1 1.00 0.90 1.94 1.45 1.56 0.00 2.46 -0.00
time (sec) N/A 0.359 1.161 0.010 0472 1222 0.000 1.489 0.000
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 322 322 287 505 395 419 435 651 -1
normalized size | 1 1.00 0.89 1.57 1.23 1.30 1.35 202  -0.00
time (sec) N/A 0.259 0.667 0.009 0465  0.877 148595 1.373  0.000
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Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 210 210 188 241 206 213 230 323 -1
normalized size | 1 1.00 0.90 1.15 0.98 1.01 1.10 1.54  -0.00
time (sec) N/A 0.166 0.328 0.007 0458  0.748 60.709 1.269  0.000
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 113 113 82 91 102 100 114 127 -1
normalized size | 1 1.00 0.73 0.81 0.90 0.88 1.01 112 -0.01
time (sec) N/A 0.081 0.093 0.005 0.434  0.814 20.138 1.288  0.000
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 193 193 174 366 0 866 172 200 -1
normalized size | 1 1.00 0.90 1.90 0.00 4.49 0.89 1.04 -0.01
time (sec) N/A 0.240 0.527 0.017 0.000 0968 85.725 1332  0.000
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B F(-1) A F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 253 253 283 604 0 1583 0 388 -1
normalized size | 1 1.00 1.12 2.39 0.00 6.26 0.00 1.53 -0.00
time (sec) N/A 0.601 0.720 0.028 0.000  1.001  0.000 1.328 0.000
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B E(-2) B F(-1) A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 350 350 482 1225 0 2594 0 617 -1
normalized size | 1 1.00 1.38 3.50 0.00 741 0.00 1.76 -0.00
time (sec) N/A 0.832 1.418 0.033 0.000 1.164 0.000 1.413 0.000
Problem 17] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B E(-2) B E(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 463 463 697 2108 0 3834 0 1085 -1
normalized size | 1 1.00 1.51 4.55 0.00 8.28 0.00 234  -0.00
time (sec) N/A 1.150 2.344 0.041 0.000 1246 0.000 1.558  0.000
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Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A E(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 434 434 391 841 627 689 0 1030 -1
normalized size | 1 1.00 0.90 1.94 1.44 1.59 0.00 237  -0.00
time (sec) N/A 0.353 0.727 0.010 0476 0932 0.000 1.451 0.000
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 322 322 287 505 393 431 0 622 -1
normalized size | 1 1.00 0.89 1.57 1.22 1.34 0.00 193  -0.00
time (sec) N/A 0.243 0.703 0.009 0.474 0783 0.000 1393 0.000
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 210 210 177 241 204 225 230 302 -1
normalized size | 1 1.00 0.84 1.15 0.97 1.07 1.10 1.44 -0.00
time (sec) N/A 0.172 0.309 0.007 0.456  0.668 82.476 1.217  0.000
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 113 113 75 90 98 110 425 115 -1
normalized size | 1 1.00 0.66 0.80 0.87 0.97 3.76 1.02 -0.01
time (sec) N/A 0.072 0.094 0.005 0.439 1.036 1418 1229  0.000
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 210 210 210 464 0 1287 214 281 -1
normalized size | 1 1.00 1.00 221 0.00 6.13 1.02 1.34  -0.00
time (sec) N/A 0.313 0.661 0.019 0.000  0.767 153.497 1.313  0.000
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B E(-2) B E(-1) A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 336 336 334 730 0 2444 0 439 -1
normalized size | 1 1.00 0.99 217 0.00 7.27 0.00 1.31  -0.00
time (sec) N/A 0.791 1.045 0.028 0.000  1.056 0.000 1.417 0.000
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B E(-1) A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 438 438 536 1376 0 3889 0 767 -1
normalized size | 1 1.00 1.22 3.14 0.00 8.88 0.00 1.75 -0.00
time (sec) N/A 1.214 2.097 0.037 0.000  1.257 0.000 1.450 0.000
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 455 455 418 5003 1802 4115 0 9032 -1
normalized size | 1 1.00 0.92 11.00 3.96 9.04 0.00 19.85 -0.00
time (sec) N/A 0.338 0.680 0.035 0.764  1.067 0.000 1.865 0.000
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 338 338 308 2588 1118 2258 0 4972 -1
normalized size | 1 1.00 0.91 7.66 3.31 6.68 0.00 1471 -0.00
time (sec) N/A 0.247 0.486 0.021 0.640 0.735 0.000 1.477 0.000
Problem 27] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B A B F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 226 226 199 1039 596 988 13522 2224 -1
normalized size | 1 1.00 0.88 4.60 2.64 437 5983 9.84 -0.00
time (sec) N/A 0.161 0.270 0.012 0.559 0942 12,514 1.390 0.000
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 126 126 108 308 234 394 3798 728 -1
normalized size | 1 1.00 0.86 2.44 1.86 313 3014 578  -0.01
time (sec) N/A 0.072 0.113 0.008 0485 0940 4322 1316 0.000
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 203 203 181 0 0 0 0 0 -1
normalized size | 1 1.00 0.89 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.180 0.259 0.244 0.000  1.022 0.000 0.000 0.000




20

Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 220 220 180 0 0 0 0 0 -1
normalized size | 1 1.00 0.82 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.524 0.202 0.242 0.000 0.828  0.000 0.000  0.000
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 329 329 188 0 0 0 0 0 -1
normalized size | 1 1.00 0.57 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.619 0.196 0.243 0.000 0.883  0.000 0.000  0.000
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 141 141 117 0 0 0 0 0 -1
normalized size | 1 1.00 0.83 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.089 0.110 0.243 0.000 0.825  0.000 0.000  0.000
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 268 266 187 0 0 0 0 0 -1
normalized size | 1 0.99 0.70 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.309 0.209 0.245 0.000 0.789  0.000 0.000  0.000
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 610 605 254 0 0 0 0 0 -1
normalized size | 1 0.99 0.42 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.069 0.265 0.256 0.000 1126 0.000 0.000  0.000

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

ber of rul
the integrand. Finally the ratio ~———————

integrand size

is given. The larger this ratio is, the harder

the integral was to solve. In this test, problem number [9] had the largest ratio of [.1875]
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Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized
# | grade steps unique antiderivative integrand %
o . - leaf size integrand leaf size
1 A 2 1 1.00 32 0.031
2 A 2 1 1.00 32 0.031
3 A 2 1 1.00 30 0.033
4 A 2 1 1.00 25 0.040
5 A 4 3 1.00 32 0.094
6 A 5 Z 1.00 32 0.125
7 A 5 5 1.00 32 0.156
8 A 5 5 1.00 32 0.156
9 A 6 6 1.00 32 0.188
10| A 2 1 1.00 32 0.031
11 A 2 1 1.00 32 0.031
12| A 2 1 1.00 30 0.033
13| A 2 1 1.00 25 0.040
14| A 6 4 1.00 32 0.125
15/ A 5 4 1.00 32 0.125
16| A 5 5 1.00 32 0.156
17| A 6 6 1.00 32 0.188
18| A 2 1 1.00 32 0.031
19| A 2 1 1.00 32 0.031
200 A 2 1 1.00 30 0.033
21 A 2 1 1.00 25 0.040
220 A 4 3 1.00 32 0.094
23| A 5 4 1.00 32 0.125
24| A 6 5 1.00 32 0.156
25| A 2 1 1.00 30 0.033
26| A 2 1 1.00 30 0.033
27| A 2 1 1.00 28 0.036
28| A 2 1 1.00 23 0.043
29| A 3 2 1.00 30 0.067
30| A 4 4 1.00 30 0.133
31 A 4 4 1.00 30 0.133
32| A 3 3 1.00 20 0.150
33| A 4 4 0.99 25 0.160
34| A 5 5 0.99 30 0.167
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Chapter 3

Listing of integrals

f (a+bx)3(A+Bx+Cx2+Dx3)

Ve+dx ax

3.1

Optimal. Leaf size=436

2(c + dx)>2(be - ad) (a2d?(Cd — 3¢D) — abd (—3Bd? - 15¢2D + 8cCd) + b (3Ad® — 6Bcd? —15¢3D +10c2C
- 547

[Out] -2/3*%(-axd+bxc) ~2* (a*d* (-B*d~2+2*Cxcxd-3*D*c~2) —-b* (3*A*d~3-4*Bxcxd~2+5%C*c”
2%d-6*D*c”3) ) * (d*x+c) ~(3/2) /A" 7-2/5* (ma*xd+b*xc) * (a~2*%d~2* (Cxd-3*D*c) —axbxdx* (
—-3*B*d"2+8*Cxcxd—15*D*c~2) +b " 2% (3kA*d~3-6*Bxcxd~2+10*%C*c~2*%d-15*D*c~3) ) * (d*

x+¢c) " (5/2) /A" T+2/7* (a"3*d"3*D+3*a " 2xb*xd~2* (Cxd-4*D*c) -3*a*xb~2xd* (-B*d~2+4*C
*ckd—10%D*c™2) +b~ 3% (A*d~3-4*Bxc*xd~2+10%C*c~2%d-20*D*c~3) ) * (d*x+c) ~(7/2) /d"7
+2/9%b* (3%a~2xd " 2xD+3*a*xb*d* (Ckxd-5*D*c) —b~ 2% (-B*d~2+5*C*c*d-15*D*c~2) ) * (d*x
+¢)7(9/2) /47 7+2/11xb" 2% (C¥b*d+3*D*a*xd—6*xDxbxc) * (d*x+c) ~(11/2) /d~7+2/13*b" 3%

D* (d*x+c) ~(13/2) /d"7-2* (—a*xd+b*c) ~3* (Axd~3-B*c*d~2+C*c~2*d-D*c”3) * (d*x+c) ~ (
1/2)/d77

Rubi [A] time = 0.41, antiderivative size = 436, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 32,

number of rules _ 031, Rules used = {1620}

integrand size

2(c + dx)"2 (3a%bd?(Cd — 4cD) + a®d®D — 3ab?d (~Bd? — 10c2D + 4cCd) + b (Ad® - 4Bcd? +10c2Cd - 20¢
7d7

Antiderivative was successfully verified.
[In] Int[((a + b*x)~3*(A + B*x + Cxx~2 + D*x~3))/Sqrtlc + d*x],x]

[Out] (-2*(b*c - a*xd)~3*(c™2*C*d - B*cxd"2 + A*d~3 - c~3#D)*Sqrt[c + d*x])/d~7 -
(2% (b*xc - ax*xd) "2*x(axd*(2*xcxCxd - B*d™2 - 3*c™2*D) - b*x(5xc™2%C*d - 4*Bxc*xd™

2 + 3*%Axd"3 - 6*c”3%D))*(c + dxx)~(3/2))/(3xd"7) - (2x(b*xc - axd)*(a”~2xd~2x%

(C*d - 3*c*D) - axbxd*(8xc*xCkxd — 3*B*d~2 - 15%c”2*D) + b~ 2% (10*c™2*C*xd - 6%
Bxcxd™2 + 3%A*xd”~3 - 15%c”3*D))*(c + d*x)~(5/2))/(5xd"7) + (2x(a~3*d"3*D + 3

*a " 2%b*d" 2% (Ckxd — 4*cxD) - 3*a*xb”~2*d*x(4dxcxCxd — Bxd~2 - 10*c™2*D) + b~3*(10
*C72%C*d - 4*Bxcxd"2 + A*d”3 - 20%c”3*D))*(c + dxx)~(7/2))/(7*d"7) + (2*xbx*(
3*a”~2xd"2*D + 3*xaxb*d*(C*d - 5*xc*D) — b~ 2x(5xc*C*xd - B*d™2 - 15xc”2*D))*(c

+ d*x)~(9/2))/(9%d"7) + (2%b"2*%(b*Cxd — 6xbxcxD + 3*a*d*D)*(c + d*x)~(11/2)

)/ (11%d"7) + (2%b”3*D*(c + d*x)~(13/2))/(13*d"7)

Rule 1620

Int[(Px_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] & PolyQ[Px, x] &% (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
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xpon[Px, x], 2]

Rubi steps

f (a + bx)® (A +Bx + Cx? + Dx3) ; f (=bc + ad)® (CZCd — Bed? + Ad® - C3D) (bc — ad)? (—ad (2ch -
X =

+
Ve +dx d®vc + dx
2(bc - ad)® (c2Cd - Bed? + Ad® - D) Ve +dx - 2(be — ad)? (ad (2
= — d7 —_

Mathematica [A] time = 1.31, size = 391, normalized size = 0.90

2V + dx (~9009(c + dx)(bc - ad) (a%d*(Cd - 3cD) + abd (3Bd? + 152D — 8cCd) + b? (3Ad® - 6Bcd? — 15¢°L

Antiderivative was successfully verified.

[In] Integrate[((a + bxx) 3x(A + B*x + Cxx~2 + D*x"3))/Sqrtlc + d*x],x]

[Out] (2*%Sqrtlc + d*x]*(45045%(b*xc - axd) ~"3x(-(c”2*C*d) + Bxc*d~™2 - Axd”~3 + c~3%D
) — 15015%(b*c - axd) "2x(-(axd* (-2*c*C*d + B*d~2 + 3*c"2xD)) + b*x(-5*xc™2*x(Cx

d + 4*Bxcxd"2 - 3%A*d"3 + 6*%c”3*D))*(c + dxx) - 9009*(b*c - axd)*(a~2xd~2*(

Cxd - 3*c*D) + axb*d*(-8*c*Ckxd + 3*Bxd~2 + 15%c™2+D) + b~ 2*x(10*c™2*xCxd - 6%
Bxc*d~2 + 3%A*d~3 - 15%xc”3*D))*(c + d*x)"2 + 6435%(a”3*%d"3*D + 3*a 2xb*xd"2*

(C*d - 4#*c*D) + 3*axb~2*xd*x(-4*c*xC*xd + B*d~2 + 10*c™2%D) + b~ 3*(10%c~2*xCxd -
4%B*xcxd”2 + A*d~3 - 20*c”3*D))*(c + d*x)~3 + 5005*%b*(3*a~2*xd"2*D + 3xaxbx*d

*(Cxd - B*c*D) + b™2x(-5*c*C*d + B*d™2 + 15xc™2xD))*(c + d*x)~4 + 4095*b~2x
(b*C*d - 6%b*c*D + 3*axd*D)*(c + d*x)~5 + 3465*b~3*D*x(c + d*x)~6))/(45045*d

~7)

fricas [A] time = 0.76, size = 668, normalized size = 1.53

2 (3465 DB3d®x6 + 15360 Db3c6 + 45045 Aa3d® + 24024 (Ca3 +3Ba%bh +3 Aab2)02d4 ~ 30030 (Ba3 +3 Aazb)a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 3% (D*x~3+C*x~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="fricas"
)

[Out] 2/45045%(3465*xD*b~3*%d"6*x"6 + 15360*D*b~3*c~6 + 45045*%A*a”~3*d"6 + 24024 (C*
a~3 + 3*%B*a"2%b + 3*A*axb”2)*c"2*d"4 - 30030%(B*a~3 + 3*xA*xa~2*b)*cxd”5 - 31
5% (12+%D*b~3*c*d"5 — 13*(3*D*a*xb”2 + C*b~3)*d"6)*x~5 + 35+ (120*%D*b~3*c~2*d~4
+ 143*%(3*D*a”~2*b + 3*C*a*xb”2 + B*b~3)*d"6 - 130%(3*D*axb”2*c + Cxb~3*c)*d~
5)*x74 - 20592*%(D*a”~3*c~3 + (3*C*a”2*b + 3*Bxaxb~2 + A*b~3)*c”"3)*d"3 - 5%(9
60*D*b~3*c"3*%d"3 - 1287*(D*a”~3 + 3*Cxa~2*b + 3*Bxa*xb™2 + A*xb~3)*d"6 + 1144x
(3*D*a~2*b*c + (3*Cxa*xb”™2 + B*b~3)*c)*d”5 - 1040*(3xD*axb~2%c”2 + Cxb~3%c”2
)*d~4)*x~3 + 18304*(3*D*a~2xbxc~4 + (3*C*a*b”™2 + Bxb~3)*c”4)*d"2 + 3*(1920%
D*b~3*c"4*d"2 + 3003*%(C*a~3 + 3*Bxa~2xb + 3*A*xaxb”2)*d"6 - 2574*x(D*xa~3*c +
(3*%C*a~2%b + 3*B*xa*b™2 + A*xb~3)*c)*d"5 + 2288*%(3*xD*a~2xb*c”2 + (3*Cxa*xb”™2 +
Bxb~3)*c"2)*d~4 - 2080* (3*D*a*b"2*xc~3 + C*b~3*c”3)*d"3)*x"2 — 16640%* (3*D*a
*b"2%c”5 + Cxb"3*c”5)*d - (7680*D*b~3*c~5*xd + 12012%(C*a~3 + 3*B*a~2*b + 3%
Axaxb~2)*xcxd”5 - 15015*%(B*a”3 + 3*xA*xa~2%b)*d"6 - 10296*(D*a”~3*c~2 + (3*Cxa”
2%b + 3*B*xaxb”2 + A*b"3)*c”2)*d"4 + 9152*%(3*D*a~2xb*c”3 + (3*C*xaxb™2 + Bxb~
3)*%c73)*d"3 - 8320%(3*D*axb~2*c”4 + Cxb~3*c”4)*d"2)*x)*sqrt(d*x + c)/d~7

giac [B] time = 1.30, size = 854, normalized size = 1.96

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 3% (D*x~3+Cxx~2+B*x+A)/(d*x+c)~(1/2) ,x, algorithm="giac")

[Out] 2/45045%(45045*sqrt(d*x + c)*A*a”3 + 15015x((d*x + c)~(3/2) - 3*sqrt(d*x +
c)*c)*Bxa~3/d + 45045*((d*x + c)~(3/2) - 3*sqrt(d*x + c)*c)*A*a~2xb/d + 300
3x(3x(d*x + ¢c)~(5/2) - 10x(d*x + c)~(3/2)*c + 15*xsqrt(d*x + c)*c~2)*C*a~3/d
"2 + 9009%(3x(d*x + c)~(5/2) - 10%(d*x + ¢)~(3/2)*c + 15*sqrt(d*x + c)*c~2)
*B*xa~2%b/d"2 + 9009%(3x(d*x + c)~(5/2) - 10*(d*x + c)~(3/2)*c + 1b*sqrt(d*x
+ c)*c”2)*Axaxb”2/d"2 + 1287x(5x(d*x + c)~(7/2) - 21*x(d*x + c)~(5/2)*%c + 3
Bk (d*x + ¢)7(3/2)*c”2 - 3bxsqrt(d*x + c)*c~3)*D*a~3/d"3 + 3861*(5*x(d*x + c)
~(7/2) - 21x(d*x + c)”(5/2)*c + 35x(d*x + c)~(3/2)*c”2 - 3b*sqrt(d*x + c)*c
~3)*C*xa~2%b/d”~3 + 3861x(5x(d*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x
+ ¢)7(3/2)*c”2 - 3b*xsqrt(d*x + c)*c”3)*B*axb~2/d"3 + 1287*(5*x(d*x + c)~(7/2
) = 21%x(d*x + c)"(5/2)*c + 35x(d*x + c)~(3/2)*c”2 - 35xsqrt(d*x + c)*c”3)*A
*b~3/d"3 + 429%(35x(d*x + c)~(9/2) - 180x(d*x + c)~(7/2)*c + 378x(d*x + c)~
(6/2)*c™2 - 420*(d*x + c)~(3/2)*c”3 + 31b*xsqrt(d*x + c)*c~4)*D*xa”2xb/d"4 +
429%(35%(d*x + ¢)~(9/2) - 180%(d*x + c)~(7/2)*c + 378x(d*x + c)~(5/2)*c”2 -
420% (d*x + c)~(3/2)*%c™3 + 31b*xsqrt(d*x + c)*c™4)*Ckxaxb~2/d"4 + 143%(35*(dx*
x + ¢)7(9/2) - 180*(d*x + c)~(7/2)*c + 378x(d*x + c)~(5/2)*c”2 - 420*(d*x +
c)~(3/2)*%c”3 + 31b*xsqrt(d*x + c)*c"4)*B*xb~3/d"4 + 195%(63*(d*x + c)~(11/2)
- 385%(d*x + c)~(9/2)*c + 990*(d*x + c)~(7/2)*c”2 - 1386*(d*x + c)~(5/2)*c
73 + 1155%(d*x + c¢)~(3/2)*c”4 - 693*sqrt(d*x + c)*c~5)*D*xa*b~2/d"5 + 65%(63
x(d*x + ¢c)7(11/2) - 385x(d*x + c)~(9/2)*c + 990*(d*x + c)~(7/2)*c”2 - 1386%
(d*x + ¢)~(5/2)*c”3 + 1155%(d*x + c)~(3/2)*c”4 - 693*sqrt(d*x + c)*c”5)*Cx*b
~3/d75 + 15%(231x(d*x + c)~(13/2) - 1638*(d*x + c)~(11/2)*c + 5005*(d*x + c
)7(9/2)*%c”2 - 8580*(d*x + c)~(7/2)*c”3 + 9009*(d*x + c)~(5/2)*c”4 - 6006%(d
*x + ¢)7(3/2)*c”5 + 3003*sqrt(d*x + c)*c~6)*D*b~3/d"6)/d

maple [B] time = 0.01, size = 841, normalized size = 1.93

2Vdx + ¢ (3465b3Dx6d6 + 4095C b3d®x® + 12285Da b%d®x® — 3780Db3c d°x° + 5005B b3d®x* + 15015Ca b?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((bxx+a) 3% (D*x~3+Cxx"2+B*x+A)/(d*x+c) " (1/2),x%)

[Out] 2/45045% (d*x+c)~(1/2)*(3465*%D*b~3*d~6*x~6+4095*Cxb~3*d~6*x~5+12285*D*a*b”~ 2%
d”"6*xx"5-3780*D*b~3*c*xd"5*x"5+5005%B*b~3*d"6*x"4+15015%C*a*xb~2*xd"6*x"4-4550%
Cxb~3*cxd"b*xx~4+15015%D*a"2*b*d~6*x~4-13650*D*axb~2*c*d " 5*xx~4+4200*D*b~3*c™
2%d"4*x"4+6435%Axb”3*xd"6*x"3+19305*B*axb”2*xd " 6*x~3-5720*B*b~3*c*d"5*xx"3+193
05*C*a”2%b*xd~6*x~3-17160*C*a*b™~2*c*d 5*xx~3+5200%C*b~3*c~2*d"4*x~3+6435*D*a”
3xd"6*x"3-17160*D*a” 2xb*xc*d " bxx"3+15600*D*a*xb™2*xc~2*xd"4*x"3-4800*D*b~3*c” 3%
d"3*x"3+27027*Axaxb”"2xd"6*x"2-7722%xA*b "3k cxd " 5xx"2+27027*B*a”~2*b*d"6xx"2-23
166*Bxa*xb~2xc*xd~5*x"2+6864*Bxb~3*c”2xd"4*x"2+9009*C*a " 3*d " 6*xx"2-23166*C*a~2
*b*c*kd"5*xT2+20592*Cxaxb~2xc”2*%d " 4*x"2-6240%Cxb " 3*c"3*d"3*x"2-7722*%D*a” 3xc*
d"5*x"2+20592xD*a”2xb*c"2*d"4*x"2-18720*D*axb”2xc"3*d"3*x"2+5760*D*b”"3*c"4x*
d"2xx"2+45045%Axa”2*xb*xd"6*x-36036*Axa*xb”2xc*xd " 5xx+10296*A*b”3*xc”2*d"4*x+150
15xB*a” 3*%d"6*x-36036*B*a”2*b*c*d " 5xx+30888*B*xa*xb~2*c~2*d"4*x-9152*B*xb~"3*c~3
*d"3%x-12012%C*a” 3*c*d ™~ 5xx+30888*C*a”2*b*c™2xd"4*x-27456*C*a*xb~2*c™3*d~3*x+
8320*Cxb~3*c™4*d"2*x+10296*D*a " 3*c”2xd~4*xx-27456*D*a”2*b*c”3*d”~ 3*xx+24960*D*
a*xb”2*c”4*xd"2*xx-7680*D*b"3*c”5*xd*x+45045%A*a” 3*xd"6-90090*A*a~2*b*c*d"5+7207
2%Axaxb"2xc”2%d"4-20592xA*xb"3*xc”3*d"3-30030*B*a” 3*xc*d"5+72072*Bxa”2xbxc”2x*d
“4-61776*Bxaxb”2xc”3*d"3+18304*B*xb”"3*xc"4*xd"2+24024*C*a” 3*xc”2xd"4-61776*C*xa”
2%b*xc”3*d”3+54912*Cka*xb™2%c”4*xd"2-16640*Cxb~3*c~5xd-20592*D*a”3*c~3*d~3+549
124D*a~2xb*c~4*d~2-49920*D*a*xb”2*c~5*d+15360*D*b~3*c~6) /d~7

maxima [A] time = 0.48, size = 621, normalized size = 1.42

13 11
2 (3465 (dx + )2 Db® - 4095 (6 Db°c — (3 Dab? + Cb)d)(dx + ¢)Z + 5005 (15 Dbc2 - 5 (3 Dab? + Cb%)cd
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 3% (D*x~3+Cxx~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="maxima"
)

[Out] 2/45045%(3465%(d*xx + c)~(13/2)*D*b~3 - 4095*% (6*xD*b~3*c — (3*D*axb”™2 + C*b~3
Yxd)*(d*x + ¢)”(11/2) + 5005%(15+%D*b~3*c”2 - 5*x(3*D*a*xb~2 + Cxb~3)*c*xd + (3
*D*a"2%b + 3*Ckxa*xb”2 + B*b~3)*d"2)*(d*x + c)~(9/2) - 6435%(20*%D*b"3*c"3 - 1
0* (3*D*a*b™2 + Cxb~3)*c”2+d + 4*(3*D*a”2xb + 3xCxa*xb~2 + B*b~3)*c*xd"2 - (Dx
a~3 + 3*C*a”2*b + 3*Bxaxb”2 + A*xb~3)*d"3)*x(d*x + ¢)~(7/2) + 9009*(15*D*b~ 3%
c”4 - 10%(3*D*a*b”2 + Cxb~3)*c~3*d + 6*(3*D*a”2*%b + 3*Cxaxb~2 + B*b~3)*c™ 2%
d"2 - 3*x(D*a~3 + 3*%C*a~2%b + 3*Bxa*b™2 + Axb~3)*c*d"3 + (C*xa”~3 + 3*xBxa~2%Db
+ 3kA*xaxb"2)*d"4)*x(d*x + ¢c)”(5/2) - 15015*(6*xD*b~3*c”5 - 5x(3*D*a*xb~2 + Cxb
“3)*c"4*d + 4% (3*D*xa”2*b + 3*Cxaxb”™2 + B*b~3)*c”3*%d"2 - 3*%(D*a~3 + 3xC*xa”2x*
b + 3*Bxaxb~2 + A*xb~3)*c”"2*d"3 + 2*x(Cxa~3 + 3*B*xa~2*b + 3*kAxaxb"2)*xcxd"4 -
(B*xa~3 + 3*A*a”2*xb)*d"5)*(d*x + c)~(3/2) + 45045%x(D*b~3*c”6 + A*a~3*d"6 - (
3*D*xa*xb”2 + Cxb~3)*c~5+d + (3*D*a”2*%b + 3*Cxaxb~2 + B*b~3)*c"4*xd"2 - (D*a”3
+ 3*C*ka”"2*%b + 3*Bxaxb~2 + A*b"3)*c”3*d"3 + (Cxa~3 + 3*B*a”2*b + 3*xA*xaxb~2)
xc"2xd"4 - (Bxa”3 + 3%Axa”2xb)*c*d”"5)*sqrt(dxx + c))/d”7

mupad [B] time = 3.90, size = 713, normalized size = 1.64

554413 O e +dx D - 50463 c(c + d )Y D = 924013 ¢ (c + d x)¥* D + 11088 b3 ¢4 (c + d x)°* D — 7920 b3 3
3003 47

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)"3*(A + Bxx + Cxx~2 + x73%D))/(c + d*x)~(1/2),x%)

[Out] (5544*b~3*c”6x(c + d*x)~(1/2)*D - 504*b~3*c*(c + d*x)~(11/2)*D — 9240%b~3*c
"Bk (c + d*x)~(3/2)*%D + 11088*b~3*c”4*x(c + dxx)~(5/2)*D - 7920*b~3*c~3*(c +
d*x) " (7/2)*D + 3080%b~3*c”2*(c + d*x)~(9/2)*D + 462%b~3*d"6*x"6*x(c + d*xx)~(
1/2)*D)/(3003*%d"7) + (2*Cx(c + d*x)~(5/2)*(a”3*d"3 - 10*b~3*c~3 + 18*a*xb~2*
c”2xd - 9*xa"2*bkxcxd”"2))/(5*%d"6) + (2*%A*xb~3*x(c + d*x)~(7/2))/(7*d"4) + (2*Bx*
b"3*(c + d*x)~(9/2))/(9*%d"5) + (2*xCxb~3x(c + d*x)~(11/2))/(11*d"6) + (2*Ax*(
axd - b*xc) " 3*x(c + d*x)~(1/2))/d"4 + (2xAxb*x(axd - bxc) 2*x(c + d*x)~(3/2))/d
4 + (6%A*b72x(axd - b*c)x(c + d*x)~(5/2))/(6xd"4) + (2*B*b~2x(3*axd - 4xbx
c)x(c + d*x)~(7/2))/(7*d"5) - (2xBxckx(axd - b*c) 3*(c + d*x)~(1/2))/d"5 + (
2%Cxb~ 2% (3*axd — Sxbxc)*x(c + d*x)~(9/2))/(9%d"6) + (6xBxb*(c + d*x)~(5/2)*(
a~2+%d"2 + 2*b72*c”2 — 3xaxb*c*d))/(5xd”5) + (2*xCxbx(c + d*x)~(7/2)*(3*a"2*d
"2 + 10*%b"2%c”2 - 12*axb¥xcxd))/(7*d"6) + (2xBx(a*d - bxc) 2*(a*xd - 4x*xbxc)*(
c + d*x)~(3/2))/(3*d"5) + (2*xCxc~2*(a*d - b*c) " 3*x(c + d*x)~(1/2))/d"6 - (2%
a~3*x(c + d*x)~(1/2)*D*x(6*c*(c + d*x)~2 - 20%c™2x(c + d*x) + 30*c”™3 - 5xd~3x%
x73))/(35%d"4) - (2*a*b”2*x(c + d*x)~(1/2)*D*(70*c*(c + d*x)~4 - 840*c™4x*(c
+ d*x) - 360*c™2x(c + d*x)"3 + 756*%c”3*(c + d*x)~2 + 630*%c”5 - 63*d"5*x75))
/(231%d76) + (2*a"2xbx(c + d*x)~(1/2)*D*(168*c"2*x(c + d*x)"2 - 280*c”3*(c +
d*x) - 40xc*(c + d*x)~3 + 280%c™4 + 35%d"4%x"4))/(105%d"5) - (2*Cxcx(a*xd -
bxc) ~2x (2%a*xd - 5*b*xc)*(c + d*xx)~(3/2))/(3*d"6)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**3% (Dxx**3+Ckx**2+B*xx+A) / (d*x+c)**(1/2) ,x)

[Out] Timed out
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f (a+bx)2(A+Bx+Cx2+Dx3)

Ve+dx ax

3.2

Optimal. Leaf size=324

2(c + dx)*2 (a2d%(Cd - 3cD) — 2abd (~Bd? — 6¢2D + 3¢Cd) + b? (Ad® — 3Bcd® - 10¢°D + 6¢2Cd))  2(c + dx
+
56

[Out] 2/3*(—axd+b*c)* (a*d* (-B*d~2+2*Cxcxd-3*D*c~2) —b* (2¥A*d~3-3*Bxc*xd~2+4*Cxc~2*d
-5%D*c”3) ) * (d*x+c) ~(3/2) /d"6+2/5* (a~2*xd~2* (Cxd—3*D*c) —-2*a*xb*d* (-B*xd~2+3*C*c
*d-6*D*c”2) +b" 2% (A*xd~3-3*B*c*d"2+6*C*kc”"2*d-10*D*c”~3) ) * (d*x+c) ~(5/2) /d"6+2/7

* (a”2%d"2*xD+2*a*xbxd* (Cxd-4*D*c) -b~2* (-B*xd~2+4*Cxc*xd-10*D*c~2) ) *x (d*x+c) ~(7/2

) /d”6+2/9%bx (Cxb*d+2*D*axd-5*D*b*c) * (d*x+c) ~(9/2) /d"6+2/11%b~2*D* (d*x+c) ~ (1
1/2)/d"6+2% (—a*d+b*c) ~2* (Axd~3-Bxcxd~2+C*c~2%d-D*c~3) * (d*x+c) ~(1/2)/d"6

Rubi [A] time = 0.27, antiderivative size = 324, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 32,

number of les _ ) 031, Rules used = {1620}

integrand size

2(c + dx)*2 (a?d?(Cd - 3cD) - 2abd (~Bd? — 6¢*D + 3cCd) + b? (Ad® - 3Bed? + 6c2Cd —10¢°D))  2(c + dx
+
56

Antiderivative was successfully verified.
[In] Int[((a + b*x)"2%x(A + B*x + Cxx"2 + D*x73))/Sqrtlc + dx*x],x]

[Out] (2x(b*c - a*xd) "2*(c™2%C*d - Bxc*d™2 + Axd~3 - c~3xD)*Sqrtl[c + d*x])/d"6 + (

2% (b*c - axd)*(axd*x(2xcxCxd - B*d~2 - 3*c”™2*D) - b*x(4xc™2%C+d - 3*Bkc*xd™2 +
2%A*d"3 - 5xc”3*D) )x(c + d*x)~(3/2))/(3*d"6) + (2*x(a”2+*d"2*(Cxd - 3*c*D) -
2*a*xbxd*x (3xcxCxd — B*d™2 - 6%c”2*D) + b™2x(6*xc”2xC*d - 3*B*xc*d™2 + A*d~3 -
10*c™3*D) )*x(c + d*x)~(5/2))/(5xd"6) + (2*x(a~2*%d"2+D + 2*axbxd*(Cxd — 4xc*D

) — b™2%(4xcxCxd - B*d"2 - 10*c™2*D))*(c + d*x)~(7/2))/(7*d"6) + (2*b*(b*Cx

d - 5%bxc*D + 2*axd*D)*(c + d*x)~(9/2))/(9%d"6) + (2%b~2*Dx(c + d*xx)~(11/2)

)/ (11%d"6)

Rule 1620

Int[(Px )*x((a_.) + (b_.)*(x )) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

f (a + bx)? (A +Bx + Cx? + Dx3) ; f[(—bc + ad)? (csz — Bed? + Ad® - c3D) (bc — ad) (ad (ZCCd -
X =

+
Ve +dx d>vc + dx
2(bc — ad)? (csz — Bed? + Ad® - c3D) Ve+dx  2(bc - ad) (ad (2
= +
76

Mathematica [A] time = 0.69, size = 287, normalized size = 0.89

2Vc +dx (693(c + dx)? (ade(Cd —3cD) + 2abd (Bd2 +6c¢?D - 3ch) + b? (Ad3 —3Bcd? -10c°D + 6c2Cd)]

Antiderivative was successfully verified.
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[In] Integrate[((a + b*x)"2%x(A + Bxx + C*x”2 + D*x73))/Sqrtlc + d*x],x]

[Out] (2xSqrtlc + d*x]*(3465*(b*c - a*xd) "2*(c”24C*d - Bxc*d™2 + Axd~3 - c~3xD) +
1155% (b*xc - a*xd)*(-(a*d*(-2%cxC*d + B*d~2 + 3xc”2*D)) + b*x(-4%c”™2xC*xd + 3*B
*c*d"2 - 2*kA*d”3 + 5xc”3xD))*(c + d*x) + 693*(a"2xd"2x(C*d - 3*c*D) + 2*axb

*d* (=3*%c*kCxd + B*xd™2 + 6%c™2+D) + b~ 2% (6xc”2*xCxd - 3*B*c*d™2 + A*d~3 - 10*c
~3%D))*(c + d*x)"2 + 495%(a~2+%d"2+D + 2*axbxd*x(Cxd — 4*c*D) + b 2% (-4*c*xCxd

+ B*d"2 + 10*c”2*D))*(c + d*x)~3 + 385*b*(b*Cxd - 5*bxc*D + 2*axd*D)*(c +
d*x)~4 + 315%b~2*D*(c + d*x)~5))/(3465%d"6)

fricas [A] time = 0.68, size = 410, normalized size = 1.27

2 (315 Db2d5x — 1280 D2c® + 3465 Aad® + 1848 (Ca2 +2Bab + Abz)c2d3 — 2310 (Ba2 +2 Aab)cd4 ~35 (101

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (D*x~3+C*xx~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="fricas"
)

[Out] 2/3465%(315*%D*b~2*%d"5*x~5 - 1280%D*b~2%c”5 + 3465xA*a”2*xd"5 + 1848*(Cxa~2 +
2%B*axb + A*b"2)*c"2xd"3 - 2310*%(B*a~2 + 2xAxaxb)*xc*d~4 - 35%(10*D*b~2*c*d

~4 - 11%(2*D*axb + Cxb~2)*d"5)*x"4 + 5x(80*D*b~2xc~2+%d"3 + 99*(D*a”2 + 2*Cx

axb + Bxb~"2)*d"5 - 88*(2*D*axb*c + Cxb~2*c)*d~4)*x~3 - 1584*(D*a”2*c”3 + (2
*Cxaxb + Bxb~2)*c"3)*d"2 - 3*(160*D*b~2*%c~3*%d"2 - 231*(Cxa”2 + 2*B*xaxb + Ax
b~2)*d"5 + 198*(D*a~2*c + (2*xCxaxb + B*b~2)*c)*d"4 - 176*x(2xDxaxb*xc”2 + Cx*b
T2%cT2)*d73) *x72 + 1408% (2*%D*axb*c”4 + Cxb"2xc"4)*d + (640*D*b~2*xc”4*xd - 92

4% (Cxa~2 + 2xBxaxb + A*xb"2)*c*xd"4 + 1155+ (B*a”2 + 2*A*xaxb)*d~5 + 792%(D*a~2

*c72 + (2*xCkxa*xb + B*xb~2)*c"2)*d"3 - 704*(2*xDxaxbxc™3 + C*b~2%c”3)*d"2) *x) *s
qrt(d*xx + c)/d"6

giac [A] time = 1.28, size = 558, normalized size = 1.72
3 3 5 3 ,
1155 ((dx+c) 2 -3 Vdx+c (:)Ba2 2310 ((dx+c) 2 -3 Vdx+c c)Aab 231 (3 (dx+c)2-10 (dx+c) 2 c+15 Vdx+c cz)Ca‘

2|3465 Vdx + c Aa® + y + y + >

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (D*x~3+C*x~2+B*x+A) / (d*x+c)~(1/2) ,x, algorithm="giac")

[Out] 2/3465%(3465*sqrt(d*x + c)*Axa”2 + 1165%x((d*x + c)~(3/2) - 3*sqrt(d*x + c)*
c)*B*a~2/d + 2310%((d*x + c)~(3/2) - 3*sqrt(d*x + c)*c)*Axaxb/d + 231*(3*(d
*x + ¢)7(56/2) - 10%(d*x + c)~(3/2)*c + 1b*sqrt(d*x + c)*c~2)*Cxa~2/d"2 + 46
2% (3*x(d*x + c)~(5/2) - 10*x(d*x + c)~(3/2)*c + 1bxsqrt(d*x + c)*c”~2)*Bxa*xb/d
T2 + 231k (3% (dxx + ¢)”7(5/2) - 10*x(d*x + c)~(3/2)*%c + 1b*xsqrt(d*x + c)*c™2)*
Axb~2/d”2 + 99%(Bkx(d*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x + c)~(3/
2)*c”2 - 3b*xsqrt(d*x + c)*c”3)*D*a~2/d”~3 + 198*(5x(d*x + c)~(7/2) - 21x(d*x
+ ¢)7(5/2)*c + 3b%(d*x + c)~(3/2)*c”2 - 3bxsqrt(d*x + c)*c”~3)*Ckaxb/d~3 +
99% (b (d*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c + 3b*x(d*x + c)~(3/2)*c™2 - 35x%
sqrt (d*x + c)*c”3)*Bxb~2/d"3 + 22%(3b*(d*x + c)~(9/2) - 180*(d*x + ¢)~(7/2)
xc + 378*%(d*x + c)7(5/2)*c”2 - 420%(d*x + c)~(3/2)*c”3 + 316xsqrt(d*x + c)x*
c”4)*D*a*xb/d"4 + 11x(35*x(d*x + c)~(9/2) - 180*(d*x + c)~(7/2)*c + 378*x(d*x
+ ¢)7(5/2)*%c”2 - 420%(d*x + c)~(3/2)*c”3 + 315*xsqrt(d*x + c)*c”4)*Cxb~2/d"4
+ 5% (63x(d*x + c)7(11/2) - 385x(d*x + c)~(9/2)*c + 990*(d*x + c)~(7/2)*c"2
- 1386%(d*x + c)~(5/2)*c”3 + 1165%x(d*x + c)~(3/2)*c”4 - 693xsqrt(d*x + c)*
c~5)*D*xb~2/d"5)/d

maple [A] time = 0.01, size = 505, normalized size = 1.56

2Vdx + ¢ (315b2Dx5d5 + 385C b2d°x* + 770Dab d°x* — 350Db?c d*x* + 495B b2d° x> + 990Cab d° x> — 440C b?
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((bxx+a) ~2% (D*x~3+C*xx~2+B*xx+A)/(d*x+c) ~(1/2),x%)

[Out] 2/3465%(d*xx+c)~(1/2)*(315%xD*b~2+d"5*x~5+385*%Cxb~2%d~5*x~4+770*D*axb*d~5*xx"4
-350*D*b~2*c*xd"4*xx"4+495%B*b"2*d"5*x"3+990*Cxaxbxd~5*xx"3-440*Cxb~2*xc*xd"4*x~
3+495*D*a”2*d"bxx"3-880*D*axbxc*d"4*xx~3+400*D*b"2xc”2xd " 3*x"3+693*Axb~2*d"5
*x72+1386*Bxa*xbxd”5*x"2-594*Bxb~2*ckxd"4*x"2+693*Cxa”2*xd " 5*x"2-1188*Cxax*xb*xcx*
d"4xx"2+528*Cxb™2%c”2%d " 3*x"2-594*D*a”2*xcxd"4*x"2+1056*D*axbxc”2*xd " 3*%x"2-48
O0*D*b~2%c™3*d"2%x"2+2310%A*axb*d " 5xx-924*Axb~2*%c*xd"4*x+1155%B*xa~2*d"5*x-184
8*Bxaxbxcxd 4*xx+792xBxb"2%c”2*d " 3*x-924*Cxa” 2xcxd"4*x+1584*Ckaxb*xc”2xd " 3*x-
T04xCxb™2xc™3*d™2*x+792xD*a” 2xc™2*d"3*x-1408*D*axb*c”3*xd~2*x+640*D*xb~2*c"4x*
d*xx+3465%Axa”2xd"5-4620xA*xaxbxc*d"4+1848*xAxb~2*xc"2*d"3-2310*B*xa~2*c*xd~4+369
6*Bxaxb*c™2xd"3-1584*Bxb~2%c”3*d"2+1848*C*xa”~2*c”2*xd~3-3168*C*xa*xb*xc~3*xd~2+14
08*%Cxb~2xc~4*d-1584*D*a~2*%c~3*d~2+2816*D*a*xbxc”~4*d-1280*D*xb~2*c~5) /d~6

maxima [A] time = 0.47, size = 387, normalized size = 1.19

11 9
2 (315 (dx +¢)Z Db? - 385 (5 Db?c — (2 Dab + Cb?)d)(dx + c)2 + 495 (10 Db?c? — 4 (2 Dab + CB?)cd + (Da’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (D*x~3+C*xx~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="maxima"
)

[Out] 2/3465%(315x(d*x + ¢)~(11/2)*D*b~2 — 385%(5xD*b~2%c - (2*D*xaxb + Cxb~2)*d)*
(d*x + ¢)~(9/2) + 495%x(10*D*b~2%xc~2 - 4*(2*D*axb + Cxb~2)*xcxd + (D*xa™2 + 2%

Cxaxb + Bxb~2)*d"2)*(d*x + ¢c)~(7/2) - 693*x(10%D*b~2%c"3 - 6*x(2*xD*axb + Cxb~
2)*%c”2%d + 3x(D*a”~2 + 2xCxaxb + B*b~2)*c*xd"2 - (Cxa~2 + 2*Bkaxb + A*xb~2)*d~
3)x(d*x + ¢c)~(5/2) + 1155%(5*xD*¥b~2*xc"4 - 4% (2*D*axb + Cxb~2)*c”3*d + 3*(D*a

2 + 2%Ckaxb + Bxb"2)*c72%d"2 - 2*%(C*a”2 + 2*Bxaxb + A*b~2)*c*d"3 + (B*a~2

+ 2kAxaxb)*d"4)*x(d*x + c)~(3/2) - 3465*x(D*b"2%c”5 - A*a~2*d"5 - (2*xDxaxb +
Cxb~2)*c"4*xd + (D*a~2 + 2*C*a*b + B*b"2)*c"3*%d"2 - (C*a”2 + 2*B*axb + A*xb~2
)*c”"2%d"3 + (Bxa”2 + 2xAxaxb)*cxd”4)*sqrt(d*x + c))/d"6

mupad [B] time = 3.49, size = 514, normalized size = 1.59

2AVc+dx (302 (c+dx)’ +15a2d +150* 2 - 1002 c (c+dx) +10abd (c+dx)-30abcd) 2B (c
+
1545 7.

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)"2%x(A + Bxx + Cxx~2 + x~3%D))/(c + d*x)~(1/2),x%)

[Out] (2*A*x(c + d*x)~(1/2)*(3*b"2*x(c + d*x)"2 + 15%a”2*xd"2 + 15%b~2*c~2 - 10%b~2x%
cx(c + d*x) + 10*a*xbxd*x(c + d*x) - 30*axbxckxd))/(15%d"3) + (2%Bxb~2x(c + dx*
x)7(7/2))/(7xd"4) + (2*xCxb~2*(c + d*x)~(9/2))/(9%d"5) + (2*xBx(c + d*x)~(3/2
Y*x(a”2+%d"2 + 3*b72*xc”2 - 4dxaxbxcxd))/(3*d74) + (2xCx(c + d*x)~(5/2)*(a"2*xd”
2 + 6%b72%c”2 - 6*xaxb*c*d))/(5%xd"5) - (2xBxck(a*xd - bxc) " 2x(c + d*xx)~(1/2))
/d"4 - (4xCxcx(c + d*x)~(3/2)*(a"2%d"2 + 2%b~2%c™2 - 3*axb*c*d))/(3*d"5) -
(10*b~2*xc*D* ((2x(c + d*x)~(9/2))/(9%d"5) + (2*c™4*x(c + d*x)~(1/2))/d"5 - (8
*c73*(c + d*x)~(3/2))/(3*%d"5) + (12*c™2*x(c + d*x)~(5/2))/(5%d"5) - (8*cx*x(c
+ d*x)"(7/2))/(7*d"5)))/(11*d) + (2*xCxc~2x(axd - b*c) 2+x(c + d*x)~(1/2))/d"
5 - (2%a”2*x(c + d*x)~(1/2)*#D*(6*c*(c + d*x)~2 — 20%c™2*(c + d*x) + 30*c~3 -
5%¥d"3*x73))/(35%d"4) + (2%b"2*x"5*x(c + d*x)~(1/2)*D)/(11%d) + (2*B*xb*(2*ax*
d - 3xbxc)*(c + d*x)~(5/2))/(5%d"4) + (4*Cxbx(axd - 2xbxc)*(c + d*x)~(7/2))
/(7*d"5) + (4xaxbx(c + dxx)~(1/2)*D*(168*c”2*(c + d*x)~2 - 280*c”3*(c + d*x
) — 40*cx(c + d*x)”3 + 280*%c”4 + 35%d"4xx"4))/(315%d"5)
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sympy [A] time = 157.83, size = 1510, normalized size = 4.66

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**2% (Dxx**3+Ckx**2+B*xx+A) / (d*x+c)**(1/2) ,x)

[Out] Piecewise(((-2xA*xa*x2%c/sqrt(c + dxx) - 2%Axa*x*x2*(-c/sqrt(c + d*x) - sqrt(c
+ d*x)) - 4xAxaxbxcx(-c/sqrt(c + d*x) - sqrt(c + d*x))/d - 4xAxaxbx(c*x2/s
grt(c + d*x) + 2*cxsqrt(c + d*x) - (c + d*x)**(3/2)/3)/d - 2%Axb**2*c* (ck*2
/sqrt(c + d*xx) + 2*cxsqrt(c + d*xx) - (c + d*x)**(3/2)/3)/d**2 - 2%kAxb*x2* (-
cxx3/sqrt(c + d*x) - 3xcx*k2xsqrt(c + d*x) + c*x(c + d*xx)**x(3/2) - (c + d*x)*
*x(5/2)/5) /d**2 - 2*xBxax*2xcx(-c/sqrt(c + d*x) - sqrt(c + d*x))/d - 2%Bkax*2
x(c**2/sqrt(c + d*xx) + 2*cxsqrt(c + dxx) - (c + d*x)**(3/2)/3)/d - 4xBkxaxbx*
ck(cx*2/sqrt(c + d*x) + 2%cksqrt(c + d*x) - (c + d*xx)**(3/2)/3)/d**2 - 4xBx
axbx (-cx*3/sqrt(c + d*xx) - 3kcx*2xsqrt(c + d*xx) + cx(c + dxx)**(3/2) - (c +
dxx)**(5/2) /5) /d**2 - 2*Bxb*x2%c*(—c**3/sqrt(c + d*x) - 3*c*k*2*xsqrt(c + dx*
x) + cx(c + d*x)**(3/2) - (c + d*x)**(5/2)/5)/d**3 - 2*%Bxbx*2* (c**4/sqrt(c
+ d*xx) + 4xcx*x3*xsqrt(c + d*x) - 2xckx*2x(c + d*x)**x(3/2) + 4xcx(c + d*x)**(5
/2)/5 = (c + d*x)**x(7/2)/7)/d**3 - 2%Ckax*2*ck(c**2/sqrt(c + d*x) + 2xc*sqr
t(c + d*x) - (c + d*xx)**(3/2)/3)/d**2 - 2xCkax*2x(-c**3/sqrt(c + d*x) - 3*c
xk2xsqrt(c + d*xx) + cx(c + d*x)**(3/2) - (c + d*xx)**(5/2)/5)/d**2 - 4*Cxaxb
xck (—ckx3/sqrt(c + d*xx) - 3xck*2xsqrt(c + d*x) + cx(c + d*xx)**x(3/2) - (c +
dxx)**%(5/2) /5) /d**3 - 4*Ckaxb*(c**4/sqrt(c + d*x) + 4*cx*3*xsqrt(c + d*x) -
2xckx2x (¢ + d*x)*x(3/2) + 4dxcx(c + d*x)*x(5/2)/5 - (c + d*x)**(7/2)/7)/d**3
— 2%Cxbx*2xc*k (ckx*4/sqrt(c + d*x) + 4*cx*3xsqrt(c + d*x) - 2*cx*2x(c + d*x)
*x%(3/2) + 4dxcx(c + dxx)**(5/2)/5 - (c + dxx)**x(7/2)/7)/d*x4 — 2xCkbx*2x (-c*
*5/sqrt(c + d*xx) - Bxcxkxdxsqrt(c + d*x) + 10*xc*x3*(c + d*x)**(3/2)/3 - 2xc*
*x2%(c + d*x)**(5/2) + bxckx(c + d*x)**x(7/2)/7 - (c + d*x)*x(9/2)/9)/d**4 - 2
xDka*xx2kc* (—c**3/sqrt(c + d*xx) - 3*kcxx2*xsqrt(c + d*x) + cx(c + d*xx)*x(3/2)
- (c + d*x)**(5/2)/5)/d**3 — 2xDkax*2x(cx*4/sqrt(c + d*xx) + 4xc**x3*sqrt(c +
dxx) - 2xc*kx2*(c + d*x)**(3/2) + 4xcx(c + d*x)**x(5/2)/5 - (c + d*x)*x(7/2)
/7)/dx*3 - 4xDxaxbkxcx(cx*4/sqrt(c + dxx) + 4*xc*kx3*sqrt(c + d*xx) - 2xc*x*2x(c
+ d*x)**(3/2) + 4xckx(c + d*x)**(5/2)/5 - (c + d*xx)*x(7/2)/7)/d**4 - 4*Dxax
b* (-c**5/sqrt(c + d*x) - bkckxxd*xsqrt(c + d*x) + 10xc**3x(c + d*xx)*x(3/2)/3
- 2xck*2% (c + d*x)**(5/2) + bxckx(c + dxx)**(7/2)/7 - (c + d*x)*x%(9/2)/9)/dx*
x4 — 2xD*bx*k2xc* (—c*x5/sqrt(c + dxx) - Bxckxd*xsqrt(c + d*x) + 10*%c**3x(c +
dxx)**(3/2)/3 - 2xc*k*2%(c + d*x)**(5/2) + bkxckx(c + dxx)**x(7/2)/7 - (c + d*x
)*x(9/2)/9) /d*x5 — 2*xDxbx*2% (c**6/sqrt(c + d*x) + 6xc**bxsqrt(c + d*x) - 5x
ck*dx (c + d*x)**(3/2) + 4dxc**3*x(c + d*x)**(5/2) - 15*xc**x2x(c + d*xx)**(7/2)/
7 + 2xcx(c + d*xx)**x(9/2)/3 - (c + dxx)**x(11/2)/11)/d**5)/d, Ne(d, 0)), ((Ax
ax*x2xx + Dxb*xx2xx*x*6/6 + x*x*k5%(Cxb**x2 + 2xDxaxb)/5 + x**x4x(Bxb*x*2 + 2*Cxkxaxb
+ Dxax*2) /4 + x*xx3x(A*b**x2 + 2%Bkxaxb + Ckxax*2)/3 + x*x2%(2xAxaxb + B*xa**x2)
/2)/sqrt(c), True))
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f (a+bx)(A+Bx+Cx2+Dx3)

Ve+dx dx

3.3

Optimal. Leaf size=212

2(c + dx)*? (ad (~Bd? - 3c2D +2cCd) — b (Ad® - 2Bed? — 43D + 3¢2Cd))  2Vc + dx (b — ad) (Ad® - Be
3d5 ) 5

[Out] -2/3*(a*d*(-B*d~2+2*C*xc*xd-3*D*c~2) -b* (A*d~3-2*B*xc*xd~2+3*C*xc~2*xd-4*D*c~3) ) * (
d*x+c) " (3/2)/d"5+2/5% (a*d* (Ckxd-3*D*c) —b* (-Bxd~2+3*C*c*d-6*D*c~2) ) * (d*xx+c) ~(
5/2)/d"5+2/7* (Cxbxd+D*xa*xd-4*Dxb*c) * (d*xx+c) ~(7/2) /d~5+2/9*b*D* (d*x+c) ~(9/2)/
d"5-2*(—a*xd+b*c) * (A*d~3-B*c*d~2+C*xc~2*xd-D*c”~3) * (d*x+c) ~(1/2) /4”5

Rubi [A] time = 0.17, antiderivative size = 212, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 30,
number of rules _ ) 033, Rules used = {1620}

integrand size

2(c + dx)*? (ad (~Bd? - 3c2D + 2cCd) — b (Ad® - 2Bed? + 3c2Cd — 4c°D))  2Vc + dx (be — ad) (Ad® - Be
- 3d5 - 45

Antiderivative was successfully verified.
[In] Int[((a + b*x)*(A + B*x + C*x~2 + D*x73))/Sqrtl[c + d*x],x]

[Out] (-2%(b*c - a*d)*(c™2*Cxd - B*c*d™2 + A*d~3 - c~3#D)*Sqrtlc + d*x])/d"5 - (2
* (a*xd* (2%ckCxd — B*xd~2 - 3%c”2%D) - b*(3*c™2*xCxd - 2*B*c*d™2 + A*d~3 - 4xc”
3*D))*(c + d*x)~(3/2))/(3%¥d"5) + (2*x(axd*x(Cxd - 3*c*D) - b*(3*c*xCxd - Bxd~2

- 6*%c”2*D))*(c + d*x)~(5/2))/(5%d"5) + (2x(b*Cxd - 4*b*c*D + a*d*D)*(c + d
*x)~(7/2))/(7*d"5) + (2%bxDx(c + d*x)~(9/2))/(9%d"5)

Rule 1620

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

f (a + bx) (A +Bx + Cx? + Dx3) ; f[(—bc + ad) (CZCd — Bed? + Ad® - C3D) (—ad (ZCCd — Bd® - 3¢
x =

+
Ve + dx d*Ve + dx
2(bc — ad) (csz — Bed? + Ad® - c3D) Ve+dx 2 (ad (2ch ~ B
= — d5 —

Mathematica [A] time = 0.31, size = 184, normalized size = 0.87

2vc + dx (3ad (d3(105A + x(35B + 3x(7C + 5Dx))) — 2cd?(35B + x(14C + 9Dx)) — 48¢3D + 8¢?d(7C + 3Dx

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)*(A + B*x + C*x~2 + D*x73))/Sqrtlc + d*x],x]

[Out] (2xSqrtlc + d*x]*(3*%a*xd*(-48+c~3*D + 8xc~2xd*(7*C + 3*%Dxx) - 2xc*d”~2+*(35%B
+ x*(14*%C + 9%D*x)) + d~3*x(105%A + x*x(35%B + 3*xx*(7*C + 5%D*x)))) + b*x(128%*
c”4xD - 16%c”3x%d*x(9*%C + 4xDxx) + 24xc”2%d" 2% (7*B + x*(3*C + 2*D*xx)) + d~4x*x
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*(105%A + x*(63*%B + b*xx*x(9%C + 7*D*x))) - 2%cxd"3*(105%A + x*(42%B + x*x(27%
C + 20%D*x))))))/(315%d"5)

fricas [A] time = 0.69, size = 204, normalized size = 0.96

2 (35 Dbd*x* + 128 Dbc* + 315 Aad* + 168 (Ca + Bb)c?d? - 210 (Ba + Ab)cd® - 5 (8 Dbed® — 9 (Da + Ch)d*)x®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (D*x~3+Cxx~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="fricas")

[Out] 2/315%(35*xD*xb*xd~4*x~4 + 128*D*b*c~4 + 315%xA*a*d”4 + 168*(C*xa + Bxb)*c~2+d"2
- 210%(B*a + A*b)*c*d~3 - 5% (8*D*b*xc*d"3 — 9*(D*a + Cxb)*d"4)*x"3 + 3*(16x*
Dxb*c”™2*xd"2 + 21%(C*xa + Bxb)*d~4 - 18*(D*a*c + Cxb*c)*d~3)*x72 - 144*(D*a*c

3 + C*b*c”3)*d — (64*xDxb*c~3*d + 84*(Ckxa + B*xb)*c*d~3 - 105*%(B*xa + Axb)*d~

4 - 72x(D*a*xc”2 + Cxb*xc~2)*d"2)*x)*sqrt(d*x + c)/d"5

giac[A] time = 1.25, size = 309, normalized size = 1.46

3 3 5 3
105 ((dx+c) 2 -3 dx+c c)Ba 105 ((dx+c)§ -3 Vdx+c C)Ab 21 (3 (dx+c)2-10 (dx+c) 2 c+15 Vdx+c CZ)CEI 21 (3

2|315Vdx +cAa + y + y + y + —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(D*x~3+C*kx~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="giac")

[Out] 2/315%(315*sqrt(d*x + c)*A*xa + 1056*%((d*x + c)~(3/2) - 3xsqrt(d*x + c)*c)*Bx
a/d + 105%((d*x + ¢c)~(3/2) - 3xsqrt(d*x + c)*c)*Axb/d + 21*x(3x(d*x + c)~(5/
2) - 10x(d*x + c)~(3/2)*%c + 15xsqrt(d*x + c)*c~2)*C*a/d"2 + 21x(3x(d*x + c)
~(5/2) - 10x(d*x + c)~(3/2)*c + 1b*xsqrt(d*x + c)*c”2)*B*b/d"2 + 9*x(5x(d*x +
c)~(7/2) - 21x(d*x + c)~(5/2)*c + 3b6x(d*x + c)~(3/2)*c”2 - 3b*xsqrt(d*x + ¢
)*c~3)*D*a/d"3 + 9% (b*x(d*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35%x(d*x + c)
~(3/2)*c”2 - 3b*sqrt(d*x + c)*c”~3)*Cxb/d~3 + (35*x(d*x + c)~(9/2) - 180*(d*x
+ ¢c)7(7/2)*c + 378%(d*x + c)~(5/2)*c”2 - 420x(d*x + c)~(3/2)*c”3 + 31b%*sqr
t(d*x + c)*c”4)*D*b/d"4)/d

maple [A] time = 0.01, size = 241, normalized size = 1.14

2Vdx + ¢ (35Db x*d* + 45Ch d*x® + 45Da d*x® — 40Dbc d®x3 + 63Bb d*x? + 63Ca d*x? — 54Cbc d3x? — 54Dac

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)* (D*x~3+C*x~2+B*x+A)/(d*x+c)~(1/2) ,x%)

[Out] 2/315%(d*x+c)~(1/2) *(35*%D*b*xd"4*x~4+45*xCxb*d~4*x~3+45*D*a*xd~4*x~3-40*D*b*c*
d"3*x"3+63*Bxb*xd "~ 4*xx"2+63*C*xa*d " 4*x"2-54*Cxb*xcxd~3*x"2-54*D*a*xcxd”3xx"2+48*
D*b*c™2xd"2*x " 2+105*Axb*xd " 4*x+105*Bxa*xd ~4*x-84*Bxb*c*d~3*xx-84*C*a*xc*xd~3*x+7
2xCxbxc ™ 2%d " 2xx+72*D*a*xc”2xd " 2xx-64*%Dxbxc " 3xd*x+315xAxa*xd"4-210*xAxbxc*d~3-2
10*Bxa*c*xd~3+168*B*xbxc™2*d"2+168*Ckaxc™2*xd~2-144*Cxb*xc~3*xd-144xD*a*xc”3*xd+12
8xDxb*c~4)/d"5

maxima [A] time = 0.44, size = 198, normalized size = 0.93

9 7 5
2 (35 (dx + ¢)2Db — 45 (4 Dbc — (Da + Cb)d)(dx + c)2 + 63 (6 Dbc? — 3 (Da + Cbh)cd + (Ca + Bb)dz)(dx +0)2 -

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)* (D*x~3+C*x~2+B*x+A)/(d*x+c)~(1/2) ,x, algorithm="maxima"

[Out] 2/315%(35*x(d*x + c)~(9/2)*D*b - 45*(4*xDxb*xc - (D*a + Cxb)*d)*(d*x + c)~(7/2
) + 63%(6%D*b*c”2 - 3*x(D*a + Cxb)*c*d + (C*a + Bxb)*d~2)*(d*x + c)~(5/2) -

105*% (4*xDxb*c~3 - 3*(D*a + Cxb)*c~2xd + 2% (C*a + B*b)*c*d™2 - (Bxa + A*b)*d~
3)k(d*x + ¢c)~(3/2) + 315« (D*b*c”4 + A*xaxd™4 - (D*a + Cxb)*c”3*d + (Cxa + Bx
b)*c”2*d"2 - (B*a + Axb)*c*d~3)*sqrt(d*x + c))/d"5

mupad [B] time = 3.30, size = 351, normalized size = 1.66

2Ab@+dxﬁa—6Achc+dx+2Ba@+dxﬁa—6Bach+dx+6Bb@+dxfﬁ+3OBb¥Vc+dx
3 d2 342 1543

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)*(A + Bxx + C*xx~2 + x~3*%D))/(c + d*x)~(1/2),x)

[Out] (2*Axbx(c + dxx)~(3/2) - 6*xA*xbkcx(c + d*xx)~(1/2))/(3%d"2) + (2*Bxax(c + d*x
)" (3/2) - 6*B*axck(c + d*xx)~(1/2))/(3%d"2) + (6*Bxbx(c + d*x)~(5/2) + 30*Bx
bxc™2x(c + d*x)~(1/2) - 20*Bxb*cx(c + d*x)~(3/2))/(15*d"3) + (6*Cxax(c + d*
x)"(5/2) + 30%Cka*xc™2*(c + d*x)~(1/2) - 20*Cxaxc*(c + d*xx)~(3/2))/(15%d"3)

+ (2xAxax(c + d*x)~(1/2))/d + (2*Cxb*x(c + d*x)~(7/2))/(7*d"4) - (2*ax(c + d

*x) " (1/2)*D* (6xcx(c + dxx)~2 - 20*%c™2*x(c + d*x) + 30%c™3 - 5*d"3*x73))/(35x%

d"4) + (2xb*x"4x(c + d*x)~(1/2)*D)/(9*d) - (6xCxb*c*(c + d*x)~(5/2))/(5*%d~4

) — (8*b*c*kD*x((2%(c + d*x)~(7/2))/(7*d"4) - (2*xc”3*(c + d*xx)~(1/2))/d"4 + (
2xc™2*(c + d*x)~(3/2))/d"4 - (6*xcx(c + d*xx)~(5/2))/(6%d"4)))/(9%d) - (2*Cxb
xc"3x(c + d*x)~(1/2))/d"4 + (2xCxbxc™2*(c + d*x)~(3/2))/d"4

sympy [A] time = 87.37, size = 848, normalized size = 4.00

3

3
2 2 2 2
c (c+dx)2 c (c+dx)2
2AD| 2c Ve+dx — 2Ba| ———+2¢ Ve+dx ————F——
2Abc(— < __ c+dx) [\/c+dx Feeverax 3 ZBac(— < —\/c+dx) ? Ve+dx cVerax 3
_ 2Aac —2Aa(— —erdx )_ Ve+dx B _ Ve+dx _
Vet+dx c+dx d d d d

vt Db5x5 . x4(CZ+Dg) . x3(BZ+Cu) . xz(As+Ba)

v

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (D¥x**3+Cxx**2+B*x+A) / (d*x+c)**(1/2) ,x)

[Out] Piecewise(((-2%A*xaxc/sqrt(c + d*x) - 2xA*xax(-c/sqrt(c + d*x) - sqrt(c + d*x
)) - 2xAxbkxcx(-c/sqrt(c + d*x) - sqrt(c + d*x))/d - 2xAxb*x(c**2/sqrt(c + dx*
x) + 2xcxsqrt(c + d*xx) - (c + d*x)**(3/2)/3)/d - 2*B*axcx(-c/sqrt(c + d*x)
- sqrt(c + d*x))/d - 2*Bkax(c**2/sqrt(c + d*x) + 2*cxsqrt(c + d*x) - (c + d
xx)*%(3/2)/3)/d - 2*Bxb*xc*(c**2/sqrt(c + dxx) + 2*c*sqrt(c + dxx) - (c + dx*
x)**%(3/2)/3)/d*x2 — 2*Bxbx(-c**3/sqrt(c + d*x) - 3*kcx*k2xsqrt(c + d*xx) + c*(
c + d*x)*x(3/2) - (c + d*x)**(5/2)/5)/d**2 - 2xCkaxc*(c**x2/sqrt(c + d*x) +
2xcksqrt(c + d*x) - (c + d*x)**(3/2)/3)/d*x2 - 2*xCxax(-c**3/sqrt(c + d*x) -
3xck*k2xsqrt(c + dxx) + cx(c + d*x)**(3/2) - (c + d*x)**x(5/2)/5)/d**2 - 2%C
xbkc* (—c**3/sqrt(c + d*x) - 3*kc*xx2*sqrt(c + d*x) + cx(c + dxx)*x(3/2) - (c
+ d*x)*%(5/2) /5) /d**3 - 2*%Cxb* (c**4/sqrt(c + d*x) + 4*cx*3*xsqrt(c + d*x) -
2kck*2% (c + d*xx)*x(3/2) + 4xcx(c + d*x)**x(5/2)/5 - (c + dxx)**x(7/2)/7)/d**3
- 2«Dkaxc* (-c**3/sqrt(c + dxx) - 3*xc*x2*sqrt(c + dxx) + cx(c + d*x)**(3/2)
- (c + d*x)**(5/2)/5)/d**3 - 2xDxa*(c**4/sqrt(c + d*x) + 4*xcx*3xsqrt(c + d
*x) — 2kck*2k(c + d*xx)*x(3/2) + 4dxcx(c + d*x)**x(5/2)/5 - (c + dxx)**(7/2)/7
)/dx*3 — 2xDxbkcx(c*x*4/sqrt(c + dxx) + 4xc*x3*xsqrt(c + dxx) - 2xc**2*(c + d
*xx)**(3/2) + 4xcx(c + d*xx)*x(5/2)/5 - (c + d*x)**x(7/2)/7)/d*x4 - 2*D*b*(-c*
x5/sqrt(c + dxx) - Bxckxd*sqrt(c + d*x) + 10*c**3*(c + d*x)*x(3/2)/3 - 2%cx*
*2%(c + dkx)**(5/2) + bxck(c + dxx)*x(7/2)/7 - (c + d*x)**(9/2)/9)/d*x4)/d,
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Ne(d, 0)), ((Axa*x + Dxb*x**x5/5 + x**4*x(Cxb + D*a)/4 + x**3x(Bxb + C*a)/3
+ x*x2% (A*b + B*a)/2)/sqrt(c), True))
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3.4

A+Bx+Cx?+Dx3
f dx

Ve+dx

Optimal. Leaf size=115

2Vc + dx (Ad3 — Bed? + 3(-D) + CZCd) 2(c + dx)3? (—de -3c¢?D + ZCCd) 2(c + dx)2(Cd - 3cD) 2D
a4 344 5d4

[Out] -2/3%(-B*d~2+2*C*c*d-3*D*c”2) * (d*x+c) ~(3/2) /d~4+2/5*% (C*d-3*D*c) * (d*x+c) ~(5/

2)/d"4+2/7*D*x (d*xx+c) ~(7/2) /A" 4+2* (A*d~3-Bxcxd~2+Cxc~2*%d-D*c~3) * (d*x+c) ~(1/2

)/d~4

Rubi [A] time = 0.07, antiderivative size = 115, normalized size of antiderivative

= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 25,

number of rules _ ) 040, Rules used = {1850}

integrand size

2ve + dx (Ad3 — Bed? + ¢2Cd + 03(—D)) 2(c + dx)*? (—Bal2 -3c¢2D + 2ch) 2(c + dx)¥2(Cd - 3¢D) 2D
d4 3d4 5d4

Antiderivative was successfully verified.
[In] Int[(A + Bxx + C*x~2 + D*x73)/Sqrtlc + dxx],x]

[Out] (2%(c™2*C*d - B*c*d™2 + A*d~3 - c¢”~3*D)*Sqrtl[c + d*x])/d"4 - (2x(2*xc*Cxd - B
*d"2 - 3*%c”2xD)*(c + d*x)~(3/2))/(3%d"4) + (2%(Cxd - 3*c*D)*(c + d*x)~(5/2)
)/ (6%xd~4) + (2xD*(c + d*x)~(7/2))/(7*d"4)

Rule 1850

Int[(Pq )*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pg*x(a + b*x™n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 || EqQ[n, 11)

Rubi steps

f A+Bx+C 4D f[CZCd - Bed? + AP - D (~2¢Cd + Bd? + 3¢2D) Ve + dx , (Cd=ac

Ve +dx d3Ve + dx d (
2 (CZCd — Bed? + Ad® - C3D) Ve+dx 2 (ZCCd — Bd? - 302D) (c+dx)¥?
= - +

ds 3d4

Mathematica [A] time = 0.10, size = 82, normalized size = 0.71

2V + dx (d3(105A + x(35B + 3x(7C + 5Dx))) — 2cd?(35B + x(14C + 9Dx)) — 48c°D + 8¢2d(7C + 3Dx))
10544

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx"2 + D*x~3)/Sqrtlc + d*x],x]

[Out] (2*xSqrtlc + d*x]*(-48%c~3*D + 8*c~2xd*(7*C + 3*Dxx) - 2xc*d~2x(35%B + xx(14
*C + 9*D*x)) + d~3*%(105%A + x*(35*%B + 3*x*(7*C + 5*Dxx)))))/(105%d"4)

fricas [A] time = 0.54, size = 90, normalized size = 0.78

2 (15 Dd3x3 — 48 D3 + 56 Ccd — 70 Bed? + 105 Ad3 — 3 (6 Dcd? -7 Cd3)x2 + (24 Dc2d — 28 Ccd? + 35 Bd3)
105 g4
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+Cxx~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="fricas")

[Out] 2/105%(15%D*d~3*x~3 - 48#D*c”3 + 56%C*xc~2xd - 70*B*cxd™2 + 105%A*d~3 - 3% (6
*xD*xcxd”2 - 7#Cxd"3)*x72 + (24#D*c”2*d - 28*Ckxc*xd”~2 + 35*%Bxd~3)*x)*sqrt (d*x

+ ¢c)/d"4

giac[A] time = 1.21, size = 128, normalized size = 1.11
3 5 3 7 5 3
35 ((dx+c) 2 -3 Vdx+c c)B 7 (3 (dx+¢)2 =10 (dx+c)2 c+15 Vdx+c CZ)C 3 (5 (dx+¢)2 =21 (dx+¢) 2 c+35 (dx+¢) 2 2 -3¢
21105 Vdx + c A + y + yr + yE

1054

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+Cxx~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="giac")

[Out] 2/105%(105*sqrt(d*x + c)*A + 35%x((d*x + c)~(3/2) - 3xsqrt(d*x + c)*c)*B/d +
7x(3x(d*x + ¢c)7(5/2) - 10%(d*x + c)~(3/2)*c + 15xsqrt(d*x + c)*c~2)*C/d"2
+ 3% (bx(d*x + ¢)~(7/2) - 21x(d*x + c)~(5/2)*c + 3b*x(d*x + c)~(3/2)*c”2 - 35

xsqrt (d*x + c)*c~3)*D/d~3)/d

maple [A] time = 0.01, size = 91, normalized size = 0.79

2Vdx + ¢ (15Dx3d3 + 21C d3x% — 18Dc d?x? + 35B d%x — 28Cc d?x + 24Dc?dx + 105A d° — 70Bc d? + 56C c2d -
10544

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(d*x+c)~(1/2),x)
[Out] 2/105%(d*x+c)~(1/2)*(15%D*d~3*x"3+21*C*xd~3%x"2-18*%D*c*xd~2*x~2+35%B*xd~3*x-28
*Cxckd ™ 2%x+24%D*xc ™ 2%d*x+105%A*d~3-70*B*xc*xd~2+56*Cxc”~2*%d-48*D*c”3) /d~4

maxima [A] time = 0.44, size = 128, normalized size = 1.11

3 5 3 7 5 3
35 ((dx+c) 2 -3 Vdx+c c)B 7 (3 (dx+¢)2 =10 (dx+c)2 c+15 Vdx+c CZ)C 3 (5 (dx+¢)2 =21 (dx+¢) 2 c+35 (dx+c) 2 2 -3¢
2[105Vdx+c A+ y + y + yE
105d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="maxima"

[Out] 2/105%(105*sqrt(d*x + c)*A + 35x((d*x + c)~(3/2) - 3xsqrt(d*x + c)*c)*B/d +
Tx(3%(d*xx + c)~(5/2) - 10*x(d*x + c)~(3/2)*c + 1bxsqrt(d*x + c)*c~2)*C/d"2
+ 3% (bx(d*x + ¢)~(7/2) - 21x(d*x + c)~(5/2)*c + 3b*x(d*x + c)~(3/2)*c”2 - 35

xsqrt (d*x + c)*c~3)*D/d"3)/d

mupad [B] time = 2.85, size = 128, normalized size = 1.11

6C(c+dx)5/2—20Cc(c+dx)3/2+30Cc2\/c+dx+ZB(c+dx)3/2—6BC\/c+dx+2A\/c+dx 2Vc+a
1543 3d2 i

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*xx + C*x"2 + x73%D)/(c + d*x)~(1/2),x%)

[Out] (6%Cx(c + d*xx)~(5/2) - 20%Ckxc*x(c + d*xx)~(3/2) + 30%Cxc™2x(c + d*x)~(1/2))/(
15%d~3) + (2%B*(c + d*xx)~(3/2) - 6xBxcx(c + d*x)~(1/2))/(3%d~2) + (2*A*x(c +
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d*x)~(1/2))/d - (2x(c + d*x)~(1/2)*D*(6%c*x(c + d*x)~2 - 20%c™2*x(c + d*x) +
30%c™3 - 5%d~3%x"3))/(35%d"4)

sympy [A] time = 18.09, size = 354, normalized size = 3.08

3 3
2 > 2 > 3
m) 23[ ‘/67+2c\/c+dx—(c+l§x) ] ZCC[ \/L+Zcx/c+dx—(c+’éx) ] 2c[— C 32 Verdx 4
—Vc+ax c+dx

oA . \/_ ZBC(— cidx c+dx Ve+dx
- —2A(— —Ve+dx )— - - -
Ve+dx c+dx d d d2 d2

A+B_JCZ+C_353+D_JC4
S I A

\/E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x**3+Cxx**2+Bxx+A)/(d*x+c)**(1/2),x)

[Out] Piecewise(((-2xAxc/sqrt(c + dxx) - 2%A*x(-c/sqrt(c + d*x) - sqrt(c + d*x)) -
2xBxcx (-c/sqrt(c + d*x) - sqrt(c + d*x))/d - 2*Bx(c**2/sqrt(c + d*x) + 2xc
xsqrt(c + d*xx) - (c + d*x)**(3/2)/3)/d - 2*Cxc*x(c**x2/sqrt(c + d*x) + 2xc*sq

rt(c + dxx) - (c + d*x)*%(3/2)/3)/d**2 - 2%Cx(-c**3/sqrt(c + d*x) - 3kcx*2x
sqrt(c + dxx) + cx(c + d*xx)**(3/2) - (c + d*x)**(5/2)/5)/d**2 - 2*Dxc*(-c*x*
3/sqrt(c + d*x) - 3*ck*2*sqrt(c + dxx) + cx(c + d*x)**(3/2) - (c + d*x)*x(5
/2)/5)/d**3 - 2*Dx(cx*4/sqrt(c + d*xx) + 4kcx*3*sqrt(c + d*xx) - 2kc*x*x2x(c +
dxx)**(3/2) + 4xcx(c + d*x)*x(5/2)/5 - (c + d*x)**x(7/2)/7)/d**3)/d, Ne(d, 0

)), ((A*x + Bxx*x2/2 + Ckxx**3/3 + D*x**4/4)/sqrt(c), True))
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3.5 dx

fA+Bx+Cx2-+Dx3

(a+bx) Vc+dx

Optimal. Leaf size=188

1 (Vb Ve+d
2 (AP~ a (4D - abC + 17B)) tanh ( — ) +2«/c +dx (a%dD ~ abd(Cd — cD) — (b? (~Bd? + X(-D) +
b72bc - ad b3

[Out] 2/3*(Cxbxd-D*xa*xd-2*D*b*c)* (d*x+c)~(3/2)/b72/d"3+2/5*D* (d*x+c) ~(5/2) /b/d"3-2
* (Axb~3-ax*x (Bxb~2-Cxaxb+D*a~2) ) *arctanh (b~ (1/2) * (d*x+c) ~(1/2) / (ma*xd+b*xc) ~(1/

2)) /b~ (7/2)/ (—a*xd+b*c) " (1/2)+2*x (a~2*d~2*D-axb*d* (Cxd-D*c) -b~2* (-B*d~2+C*c*d
-Dxc~2) ) *(d*x+c)~(1/2)/b~3/d"3

Rubi [A] time = 0.21, antiderivative size = 188, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 32,
number of rules _ ) 094, Rules used = {1620, 63, 208}

integrand size

-1 (Vb Verd
2(AF -a(a*D - abC + 1’B)) tanh (Yt  2Ve +dx (4D - abd(Cd D) + 1? (- (B + (D)
b72\bc — ad b3

Antiderivative was successfully verified.
[In] Int[(A + B*x + C*x~2 + D*x~3)/((a + bxx)*Sqrtlc + d*x]),x]

[Out] (2x(a"2xd"2#D - axb*d*(Cxd - c*D) - b~2*(cxCxd - B*d~2 - c~2*D))*Sqrt[c + d
*x])/(b~3*%d"3) + (2% (b*Cxd - 2xb*c*D - axd*D)*(c + d*x)~(3/2))/(3*b~2xd"3)

+ (2xD*x(c + d*x)~(5/2))/(5%b*xd~3) - (2x(A*b~3 - a*x(b~2+#B - axbxC + a~2*D))*
ArcTanh [(Sqrt[b]l*Sqrt[c + d*x])/Sqrt[bxc - axd]])/(b~(7/2)*Sqrt[bxc - axd])

Rule 63

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist([p/b, Subst[Int[x"(p*x(m + 1) - 1) *(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + bxx)"(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 1620

Int[(Px_ )*((a_.) + (b_.)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] && PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps
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f A+ Br+ C2 4 D3 ] f a?d2D - abd(Cd — cD) - b? (cCd — Bd? - ®D) ~ Ab® — a (1?B - abC + a2
X = +
(a + bx)Vc +dx b3d2+c + dx b3(a + bx)Vc + dx
2 (a?d2D - abd(Cd — cD) - b? (cCd — Bd? — D)) Ve +dx  2(bCd — 2bcD -
= +
b33 3b

2 (a?d2D - abd(Cd — cD) — b? (cCd — Bd? — D)) Ve +dx  2(bCd — 2bcD -
+

b3’ 3D
2 (a?d2D - abd(Cd — cD) — b? (cCd — Bd? — D)) Ve +dx  2(bCd — 2bcD -

= +
b3’ 3D

Mathematica [A] time = 0.27, size = 185, normalized size = 0.98

-1 ( Vb Ve+d
2(Ab° - a (@D - abC + 12B)tanh ™ (Y2 ) 5 S (22D + aba(eD — ) + B2 (B + 2D — e
- +
b72\lbc — ad b3

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x"2 + D*x73)/((a + bxx)*Sqrtlc + dxx]),x]

[Out] (2x(a”2*%d"2+D + a*bxd*(-(Cxd) + c*D) + b~2x(-(c*Cxd) + B*d~2 + c~2*D))*Sqrt
[c + d*x])/(b"3*%d"3) + (2% (b*C*d - 2*b*c*xD — axd*D)*(c + d*x)~(3/2))/(3*b"2

*d"3) + (2*D*(c + d*x)~(5/2))/(5%b*d"3) - (2*x(A*b~3 - a*x(b"2*B - a*b*C + a~

2+D) ) *ArcTanh [(Sqrt [b]*Sqrt [c + d*x])/Sqrt[bxc - axd]])/(b~(7/2)*Sqrt[b*c -

axd])

fricas [A] time = 0.73, size = 565, normalized size = 3.01

bdx+2 bc—ad+2 Vb2c—abd \dx+c

bx+a

15 (Da® - Ca?b + Bab? — Ab®)Vb%c — abd d°log ( ) +2(8 Dbc® — 15 (Da’b - Ca’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*xx~3+C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(1/2),x, algorithm="fricas")

[Out] [1/15%(15%(D*a~3 - Cxa~2xb + Bxaxb~2 - Axb~3)*sqrt(b~2xc - axb*d)*d~3*log((
bxd*x + 2*bxc - a*d + 2xsqrt(b”2*c - axb*d)*sqrt(d*x + c))/(b*x + a)) + 2%(
8*D*b~4*c™3 - 15x(D*a~3%b - C*a~2*b~2 + B*axb~3)*d~3 + 5*x(D*a”2*b"2xc - (Cx
axb”3 - 3*B*b~4)*c)*d"2 + 3% (D*b"4*c*kd"2 — D*axb~3*%d"3)*x"2 + 2*x(D*axb~3xc”
2 - B*xC*xb"4*xc"2)*d — (4*xD*b~4*c”2*%d - 5x(D*a~2*xb~2 - Cxa*xb~3)*d"3 + (D*axb”
3xc - B5xC*b~4x*c)*d"2)*xx)*sqrt(dxx + ¢))/(b"5*xc*d”3 - a*xb”4xd~4), -2/15%(156%
(D*a~3 - Cxa”2%b + Bxa*b~2 - A*xb~3)*sqrt(-b~2*c + axb*d)*d 3*arctan(sqrt(-b
“2xc + axbxd)*sqrt(d*x + c)/(bxdxx + b*c)) - (8*Dxb~4*c”~3 - 15x(D*a"3xb - C
*a"2%b”2 + B*xaxb~3)*d"3 + 5x(D*a”2*%b"2*xc - (Cxaxb~3 - 3*B*b~4)*c)*d"2 + 3*(
D*b~4*xcxd~2 - D*xaxb”3*d"3)*x"2 + 2x(D*xa*xb~3*c”2 - 5xCxb~4*xc~2)*d - (4+¥D*b"4
*xc72%d - 5x(D*a”2xb"2 - Cxaxb~3)*d~3 + (D*a*b~3xc - B5*Ckb~4x*c)*d~2)*x)*sqrt
(d*x + ¢))/(b"5*c*d”™3 - a*xb™4*xd"4)]

giac [A] time = 1.26, size = 248, normalized size = 1.32

/ 5 3
2 (Da3 — Ca?b + Bab? - Ab3) arctan (%) 2 (3 (dx + c)2Db*d? — 10 (dx + c)2Db*cd'? + 15 Vdx +

—~ +

V-b%c + abd b3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x~3+C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(1/2),x, algorithm="giac")

[Out] -2%x(D*a~3 - C*xa"2%b + B*axb~2 - A*b~3)*arctan(sqrt(d*x + c)*b/sqrt(-b"2xc +
axb*d))/(sqrt(-b~2*xc + axb*d)*b~3) + 2/15%x(3x(d*x + c)~(5/2)*D*b~4*d~12 -
10x(d*x + c)~(3/2)*#D*b~4*c*d~12 + 15*xsqrt(d*x + c)*Dxb~4*c™2xd~12 - 5x(d*x

+ ¢)7(3/2)*#D*a*b”~3*%d"13 + 5*x(d*x + c)~(3/2)*Cxb~4*d~13 + 15*sqrt(d*x + c)*D
*xa*xb~3xc*d~13 - 1b5*sqrt(d*x + c)*C*xb~4*xc*d~13 + 16*sqrt(d*xx + c)*D*xa~2*b~2x%

d~14 - 15*sqrt(d*x + c)*Ckxaxb~3*xd~14 + 15xsqrt(d*x + c)*B*xb~4xd~14)/(b~5*d"

15)

maple [B] time = 0.02, size = 338, normalized size = 1.80

Vdx+c b Vdx+c b 2 Vdx+c b 3 Vdx+c b
2A arctan ( T ) _2Ba arctan (W) . 2C a“ arctan ( R ) _2Da arctan (W) . 2 M R

\(ad - bc) b \(ad -bc)b b \(ad — bc) b b? \(ad —bc)b b3 bd

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x"3+Cxx~2+Bxx+A)/(b*x+a)/(d*x+c)~(1/2),x%)

[Out] 2/5*D*(d*x+c)~(5/2)/b/d"3+2/3/d"2/b*Cx (dxx+c)~(3/2)-2/3/d"2/b~2*D* (d*xx+c) ~(
3/2)*a-4/3/d"3/b*D* (d*x+c) ~(3/2) *c+2/d/b*Bx (d*x+c) ~(1/2)-2/d/b~2*xC*xax* (d*x+c

)" (1/2)-2/4"2/b*Cxcx (dxx+c) ~(1/2)+2/d/b"3*%a”2*xD* (d*x+c) ~(1/2)+2/d"2/b"2*D*a

*ck (d*x+c) " (1/2)+2/d73/b*D*c” 2% (d*x+c) ~(1/2)+2/ ((a*xd-b*c) *b) " (1/2) *arctan ((
dxx+c) ~(1/2)/((axd-b*c)*b) ~(1/2) *b) *A-2/b/ ((a*d-b*c) *b) ~(1/2) *arctan ((d*x+c

)~ (1/2)/ ((a*d-b*c) *b) ~(1/2) *b) *B*a+2/b~2/ ((a*d-b*c)*b) ~ (1/2) *arctan ((d*x+c)
~(1/2)/((a*xd-b*c)*b) " (1/2) *b) *Cxa~2-2/b"3/ ((a*d-bxc) *b) ~(1/2) *arctan((d*x+c

)~ (1/2) / ((a*xd-b*c) *b) ~(1/2)*b) *D*a”3

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+Bx*x+A)/(b*x+a)/(d*x+c)”(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(a*d-b*c>0)', see “assume? for more
details)Is a*d-b*c positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.01

fA+Bx+Cx2+x3D
X

(a+bx) Ve+dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x + C*x~2 + x73%D)/((a + b*x)*(c + d*x)~(1/2)),x)
[Out] int((A + B*x + Cxx~2 + x~3%D)/((a + b*x)*(c + d*x)~(1/2)), x)

sympy [A] time = 66.26, size = 192, normalized size = 1.02

2 (—Ab3 + Bab? — Ca?b + Da3) atan[

1
5 3 -
2D (c +dx)2 2(c+dx)?2 (—de+Dad+2Dbc)+ N \/c+dx)+2\/C+d

5bd3 3243 b

3
b ad—bc

(ad — bc)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate ((D*x**3+Cxx**2+Bxx+A)/(b*x+a)/(d*x+c)**(1/2),x)

[Out] 2*D*(c + d*x)**(5/2)/(5*%b*d**3) - 2%(c + dxx)*x(3/2)*(-Cxbxd + Dxaxd + 2%Dx
b*c) / (3*¥b**2xd**3) + 2% (—A*bx*3 + Bxaxb**2 - Ckax*2xb + D¥a**3)*atan(1/(sqr
t(b/(axd - bxc))*sqrt(c + d*x)))/(bx*3xsqrt(b/(axd - b*c))*(axd - bxc)) + 2
xsqrt(c + dkx)* (Bxb*x2*d**2 — Ckaxbkd**2 — Ckxb*x2%ckxd + Dxa*x*x2*xd**2 + Dxaxb

*cxd + Dxb*x*2xc*x*x2) / (b**x3*xd**3)
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3.6

A+Bx+Cx%+Dx3
f dx
(a+bx)% Vc+dx

Optimal. Leaf size=201

a(a?2D-abC+b2B
Ve +dx (A _ dephenn) = )) tanh™! (% ”j) (~54%AD + 3a2b(2cD + Cd) - ab?(Bd + 4¢C) + 1(2Bc — Ad
C—a

(a + bx)(bc — ad) b712(bc — ad)32

[Out] 2/3*D*(d*x+c)~(3/2)/572/d"2- (b~ 3* (-A*d+2*B*c)—a*xb~ 2% (Bxd+4*C*c) —5*a”~3*xd*D+3
*a " 2%b* (Ckd+2*D*c) ) *arctanh (b~ (1/2) * (d*xx+c) ~(1/2) / (—a*d+b*c) ~(1/2)) /b~ (7/2)

/ (—axd+b*c) ~(3/2) +2* (Cxbxd-2*D*a*d-D*xb*c) * (d*x+c) ~(1/2) /b~3/d"2-(A-ax (B*b~2
-Cxaxb+D*a”~2) /b~ 3) * (d*x+c) ~(1/2) / (—a*xd+b*c) / (b*x+a)

Rubi [A] time = 0.52, antiderivative size = 201, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 32,

number of rules _ ) 125, Rules used = {1621, 897, 1153, 208}

integrand size

a(a?2D-abC+b2B
Ve + dx (A - %) tanh™! (“Eb— ”Z) (302b(2¢D + Cd) - 5a%AD — ab?(Bd + 4cC) + b3(2Bc - Ad))
Voc—a

(a + bx)(bc — ad) b72(be — ad)3/?

Antiderivative was successfully verified.
[In] Int[(A + B*x + C*x"2 + D*x~3)/((a + bxx) 2xSqrt[c + d*x]),x]

[Out] (2x(b*Cxd - b*c*D - 2%a*xd*D)*Sqrt[c + d*x])/(b~3*d"2) - ((A - (ax(b"2*B - a
*bxC + a”2%D))/b~3)*Sqrtlc + d*xx])/((bxc - axd)*(a + b*x)) + (2«Dx(c + d*x)
~(3/2))/(3*b72%d"2) - ((b"3*x(2*xBxc - A*d) - axb™2x(4xcxC + B*xd) - 5*a~3*d*D

+ 3%a”2xb* (Cxd + 2*cx*D))*ArcTanh[(Sqrt[b]l*Sqrtlc + d*x])/Sqrtl[b*xc - a*xd]])

/ (b~ (7/2)%(bxc - axd)~(3/2))

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 897

Int[((d_.) + (e_)*(x_))"(m_)*((f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int[x"(gq*(m + 1) - 1)*((exf - d*xg)/e + (gxx~q)/e) nx((c*d"2 - bxd*e +

axe”2)/e”2 - ((2%c*xd - b*xe)*x"q)/e”2 + (c*xx~(2%q))/e"2)7p, x], x, (d + e*x)
~(1/9)1, %11 /; FreeQ[{a, b, c, 4, e, £, g}, x] && NeQ[exf - d*xg, 0] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - b*d*xe + axe”2, 0] && IntegersQ[n, pl] && Fra
ctionQ [m]

Rule 1153

Int[((d_) + (e_)*x(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.),
x_Symbol] :> Int[ExpandIntegrand[(d + e*xx~2) g*x(a + b*x"2 + c*x74)7p, x],
x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[c*d™2 - bxd*e

+ axe”2, 0] && IGtQlp, O] && IGtQlq, -2]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_ )*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + b¥x, x1}, Simp[(R*x(a + b*x)~(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(b*c
- axd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x)"(m + 1)*x(c + d*x)
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“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*¥R*(m + n + 2), x], x], x]] /; Fre
eQl{a, b, c, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],
2]

Rubi steps

b3 (2Bc-Ad)-ab?(2cC+Bd)-a>dD+a?b(Cd+2cD) _ (be-ad)(bC—a

(A _ ﬂ(sz—ﬂbl;C+a2D)) m f 23 2

fA+BmHkLHM3x:_ N (a+bx) Verdx
(a + bx)2Vc + dx (bc — ad)(a + bx) —bc + ad

o ad\ . cd(be—ad)(bC—aD) 2(b>@Bc-Ad)-
—c“\c——— |D+ -
( b ) »2

2 Subst f L2

3
(bc — ad)(a + bx)

a 2 —a az
(A_M),/—de

f _(bc—ad)(de—bcD—ZadD) _ (be—ad)Dx
b3d b2d

a(sz—abC+a2D) 2 Subst
A - b—3 Cc+ dx

(bc — ad)(a + bx)

a(sz—abC+a2D)
A-—— | Vc+d
_ 2(bCd - beD - 2adD)Ve + dx ( 2 ) crax , 2D(c +d)?
Bl b3d>2 (bc — ad)(a + bx) 3b2d?
a(sz—ubC+a2D)
_ e )\ Ve v d
_ 2(bCd - beD — 2adD)Ve + dx ( [ crax , 2D(c +dp?
Bl b3d2 (bc — ad)(a + bx) 3b2d2
Mathematica [A] time = 0.44, size = 244, normalized size = 1.21
~1 (Vb Ve+d
Ve (a(aD —abC +128) - A1) @ (A® - a (42D - abC + 12B)) tanh ( Yot ) 232D - 2abC.
b3(a + bx)(bc — ad) b712(bc — ad)3/? b

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + C*x~2 + D*x~3)/((a + b*x)~2*Sqrt[c + d*x]),x]

[Out] (2% (b*C*d - b*c*D - 2xa*xd*D)*Sqrtl[c + d*x])/(b"3*xd"2) + ((-(A*xb~3) + a*x(b~2
*B — a*xb*C + a~2+D))*Sqrtlc + d*x])/(b~3*%(b*c - axd)*(a + bxx)) + (2#D*(c +
d*x)~(3/2))/(3%b"2xd"2) - (2x(b~2xB - 2*axbxC + 3*a”~2xD)*ArcTanh[(Sqrt [b]*
Sqrtlc + dxx])/Sqrtlb*c - a*xd]])/(b~(7/2)*Sqrt[b*c - a*d]) + (d*(A*b~3 - ax*
(b~2*%B - axb*C + a~2xD))*ArcTanh[(Sqrt[b]l*Sqrtlc + d*x])/Sqrt[b*xc - a*xd]])/

(b~ (7/2)*(b*c - a*xd)~(3/2))

fricas [B] time = 0.82, size = 1004, normalized size = 5.00

3 ((5 Da* - 3Ca®b + Ba?b? + AabS)dS’ -2 (3 Da3bc - (2 Ca?b? - Bab3)c)d2 + ((5 Da3b — 3 Ca?b? + Bab? -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2),x, algorithm="fricas"
)
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[Out] [-1/6*%(3*x((5*D*a~4 - 3*C*a”3*b + B*a"2*b~2 + A*xa*xb~3)*d"3 - 2*(3*D*a”~3*b*c
- (2%C*a”2*b"2 - B*a*xb~3)*c)*d"2 + ((6xD*a”~3*b - 3*%C*a~2%b~2 + B*xa*xb~3 + Ax
b~4)*d"3 - 2% (3*D*xa”2*b~2*%c - (2*Cxa*b~3 - Bxb74)*c)*d"2)*x)*sqrt(b™2*c - a
xb*d) *1log ((b*d*x + 2xb*c - a*xd - 2*%sqrt(b™2%c - axbxd)*sqrt(d*x + c))/(b*x
+ a)) + 2x(4xDxaxb~4*c”3 + 3*(5kD*a”~4*xb — 3*xC*a~3%b~2 + B*a"2*xb"3 - Axaxb~4
)*d~3 - (23*%D*a”3*b"2*c — 3% (5%C*a”2%b"3 - B*axb~4 + Axb~5)*c)*d"2 - 2x(D*b
“Bxc”2%d - 2*D¥xaxb~4*xcxd”2 + D*xa”2xb"3*%d"3)*x"2 + 2% (2*xD*a”2%b~3*%c”2 - 3*xCx
a*b"4xc”2)*xd + 2% (2*%D*b~5%c”3 + (5kD*a~3*b"2 - 3*C*xa~2*xb~3)*d"3 - 2*x(4*D*xa”
2xb~3xc - 3*xCkaxb~4*c)*d"2 + (Dxaxb~4xc”2 - 3*Cxb~5*xc”2)*d)*x)*sqrt(d*x + c
))/ (a*¥b™6*c”2*%d"2 - 2*%a"2xb"5xc*xd”3 + a"3*b74*d"4 + (bTT7xcT2%d"2 - 2*axb 6%
c*d”3 + a"2xb~5*xd"4)*x), —-1/3*(3x((5xD*xa”4 — 3*C*a”~3%b + B*xa"2*xb~2 + Axaxb”
3)*d"3 - 2% (3*xD*xa~3*b*xc - (2*%C*a”2*b"2 — B*axb~3)*c)*d"2 + ((5kD*a”~3*b - 3%
C*a~2%b~2 + B*a*xb~3 + Axb~4)*d~3 - 2% (3*D*a~2*b"2xc - (2*%C*a*xb~3 - Bxb~4)*c
)*d"2) *x) *sqrt (-b"2xc + axbkxd)*arctan(sqrt(-b"2*c + a*b*d)*sqrt(d*x + c)/(b
*d*x + b*c)) + (4*xDxaxb~4*c”3 + 3*(5kD*a”4*xb - 3*xC*a~3%b~2 + B*a"2*xb~3 - Ax
axb~4)*d"3 - (23*D*a~3*b"2*c - 3*%(5xC*xa”2*%b~3 — Bxa*b~4 + A*xb~5)*c)*d"2 - 2
* (D*¥b"5*xc”™2xd — 2*xD*xaxb~4*c*d”2 + D*a"2%xb"3*d"3)*x"2 + 2% (2*D*a”"2%b"3*c"2 -
3*xCkaxb~4*xc~2)*d + 2% (2+%D*b"5*c”3 + (5*xD*a~3*%b~2 - 3*%C*a”2*xb~3)*d"3 - 2x(4
xD*a”2xb~3%c - 3xCkaxb~4*c)*d"2 + (Dxaxb~4xc”2 - 3*Cxb~5%c”2)*d)*x)*sqrt (d*
x + ¢))/(a*¥b”6xc™2xd"2 - 2*a~2*%b”"bxc*d"3 + a"3*b"4*xd"4 + (b"T*c”T2xd"2 - 2*a
*b76*c*d”3 + a~2xb"5*xd"4)*x) ]

giac [A] time = 1.32, size = 271, normalized size = 1.35

Vdx+cb

2 2 3 3 2 2 3

(6Da bc — 4 Cab“c + 2 Bb°c — 5 Da’d + 3 Ca*bd — Bab“d — Ab d)arctan(m)-'_ [Ax + ¢ Dad — \dx + ¢
(bc - ab®d)V—b2c + abd (b*c-a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2),x, algorithm="giac")

[Out] (6%xD*a”2*bkxc - 4*Ckaxb~2%c + 2*Bxb~3%c - 5xDxa”3*d + 3*Cxa”2%bxd - Bkaxb™2x
d - Axb~3*d)*arctan(sqrt(d*x + c)*b/sqrt(-b~2xc + axbxd))/((b"4*c - a*b”~3*d
)*sqrt (-b~2%c + axbxd)) + (sqrt(d*x + c)*D*a”3*d - sqrt(d*x + c)*Cxa~2*bx*d
+ sqrt(d*x + c)*B*xaxb”™2*d - sqrt(d*x + c)*A*b~3*d)/((b~4*c - axb~3*d)*((d*x

+ c)*b - bxc + axd)) + 2/3*%((d*x + c)~(3/2)*D*b~4*d"4 - 3*xsqrt(d*x + c)*Dx
b~4*cxd~4 - 6*sqrt(d*x + c)*D*axb~3xd”5 + 3*sqrt(d*x + c)*Cxb~4*d~5)/(b~6*d

~6)

maple [B] time = 0.02, size = 566, normalized size = 2.82

Vdx+c b Vdx+c b ) ( Vdx+c b ) 2 ( Vdx+c b )
Ad arctan( \/M) Bad arctan( NCET 2Bc arctan T 3C a“d arctan =D 4Cac arcte

(ad = bc)+(ad —bc)b  (ad — bc) \/(ad — bec) b b_ (ad — bc) \/(ad — bc) b - (ad — be) \/(ad — bc) b b%  (ad — be)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+C*x~2+Bxx+A)/(b*x+a) "2/ (d*x+c) " (1/2) ,x)

[Out] 2/3*D*x(d*x+c)”~(3/2)/b"2/d"2+2/d/b"2*Cx (d*x+c) ~(1/2)-4/d/b~3*D*a*x (d*x+c) ~(1/
2)-2/d4"2/b"2*D*xc*x (d*xx+c) " (1/2)+d/ (axd-b*c) * (d*xx+c) ~ (1/2) / (b*d*x+a*xd) *A-d/b/
(a*d-b*c) * (d*x+c) ~(1/2) / (bxd*x+axd) *Bxa+d/b~2/ (a*d-b*c) * (d*¥x+c) ~(1/2) / (b*dx*
x+axd)*a~2*%C-d/b~3/ (a*xd-bxc)* (d*x+c) " (1/2) / (bxd*x+ax*d) *a~3*D+d/ (a*xd-b*c) / ((
a*d-bxc)*b) ~(1/2)*arctan((d*x+c) " (1/2)/((a*xd-b*xc)*b) ~(1/2) *b) *A+d/b/ (a*d-bx*
c)/ ((axd-b*xc)*b) " (1/2) *arctan((d*x+c) " (1/2)/((a*d-bxc)*b) ~(1/2)*b) *Bxa-2/(a
*d-b*c) / ((axd-b*xc)*b) ~(1/2) *arctan((d*x+c) " (1/2)/((a*d-b*c) *b) ~(1/2) *b) *B*c
-3*%d/b~2/ (axd-b*xc)/ ((axd-b*c)*b) ~(1/2)*arctan((d*x+c) ~(1/2)/((a*d-b*xc)*b) "~ (
1/2)*b) *Cxa~2+4/b/ (a*d-b*xc) / ((a*xd-b*c)*b) ~(1/2) *arctan((d*x+c) ~(1/2)/ ((a*xd-
bxc) *b) ~(1/2) *b) *Cxaxc+5*d/b~3/ (axd-b*xc) / ((a*xd-b*c)*b) ~(1/2) *arctan ((d*x+c)
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~(1/2)/((axd-b*c)*b) " (1/2) *b) *a~3*D-6/b"2/ (a*d-b*xc) / ((a*xd-b*xc)*b) ~(1/2) *xarc
tan ((dxx+c) " (1/2)/((axd-b*xc)*b) ~(1/2) *b) *D*a~2*c

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(axd-b*c>0)', see “assume?” for more
details)Is a*d-b*c positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fA+Bx+Cx2+x3D
X

(a+bx)2 Ve+dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx + C*xx"2 + x~3%D)/((a + b*x) "2x(c + d*xx)~(1/2)),x)
[Out] int((A + Bxx + C*x~2 + x~3*%D)/((a + b*xx)~2%(c + d*x)~(1/2)), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+Bxx+A)/ (b*x+a)*x*2/(d*x+c)**(1/2) ,x)

[Out] Timed out



46

3.7

A+Bx+Cx%+Dx3
f dx
(a+bx)3 Ve+dx

Optimal. Leaf size=279

Ve +dx (Ab® - a(a?D - abC +1?B)) Ve + dx (~9adD + a?b(12cD + 5Cd) — ab?(Bd + 8¢C) + b>(4Bc - 3A

2b3(a + bx)2(bc — ad) 4b3(a + bx)(bc — ad)?

[Out] -1/4*%(b~3*%(3*xAxd~2-4*B*c*d+8*C*xc™2) -15*%a~3xd~2*D+3*a~2*b*xd* (Cxd+12*D*c) —a*b
~2% (-B*d"2+8*C*cxd+24*Dxc”2) ) *arctanh (b~ (1/2) * (d*x+c) " (1/2) / (—a*d+b*xc) ~(1/2

)) /b~ (7/2)/(—axd+b*xc) ~(5/2) +2*xD* (d*x+c) ~(1/2) /b~3/d-1/2* (A*b~3-a* (B*xb~2-C*a
*b+D*a”2) ) *x (d*x+c) ~(1/2) /b~3/ (—a*d+b*c) / (bxx+a) "2-1/4* (b~ 3* (-3*A*xd+4*B*xc)-a

*b " 2% (Bkd+8*C*c) —9*a~3xd*D+a~2*b* (5xCxd+12*D*c) ) * (d*x+c) ~(1/2) /b~ 3/ (—a*xd+bx*

c) "2/ (b*x+a)

Rubi [A] time = 0.74, antiderivative size = 279, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 32,

number of rules _ ) 156, Rules used = {1621, 897, 1157, 388, 208}

integrand size

tanh ™ (\/E crix
Vbc—ad

) (3a2bd(12¢D + Cd) —15a°d2D — ab? (~Bd? + 24¢2D + 8¢Cd) + b® (3Ad? - 4Bcd + 8¢%C))
4b72(bc — ad)5?

Antiderivative was successfully verified.
[In] Int[(A + B*x + C*x"2 + D*x73)/((a + bxx) 3*Sqrt[c + d*x]),x]

[Out] (2xD*Sqrtlc + d*x])/(b"3*d) - ((A*b~3 - a*x(b"2*B - axb*C + a~2*D))*Sqrt[c +
d*x])/(2xb~3*%(bxc - axd)*(a + bxx)~2) - ((b7™3*(4xB*xc - 3*%Axd) - axb~2%(8*c

*C + Bxd) - 9%a”3xd*D + a”2xb*(5*xCxd + 12*xc*D))*Sqrtlc + d*x])/(4*b~3*(b*c

- axd)"2*x(a + b*x)) - ((b7™3*(8*xc™2*C - 4xBxckxd + 3xA*d~2) - 15%a”~3+d”2*D +
3xa”2*bxd* (Cxd + 12%c*D) - axb”™2x(8*c*Cxd - B*d~"2 + 24xc”2xD))*ArcTanh[(Sqr
t[bl*Sqrtlc + d*x])/Sqrtl[bxc - a*d]])/(4xb~(7/2)*(bxc - a*xd)~(5/2))

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 388

Int[((a_) + (b_)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x"n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - b*c*(n*(
p+ 1)+ 1)/ (bx(nx(p + 1) + 1)), Intl[(a + b*x"n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 897

Int[((d_.) + (e_)*(x_))"(m )*((f_.) + (g_.)*xx_))"(m )*((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int[x"(gq*(m + 1) - 1)*((exf - d*xg)/e + (gxx~q)/e) nx((c*d™2 - bxd*e +

axe”2)/e”2 - ((2xc*xd - b*xe)*x"q)/e”2 + (c*xx~(2%q))/e"2)7p, x], x, (d + e*x)
~(1/9)], x1]1 /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - d*xg, 0] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - b*d*e + axe”2, 0] && IntegersQ[n, pl] && Fra
ctionQ [m]

Rule 1157

Int[((d_) + (e_.)*(x_)"2)7(q)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.),
x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x74)7p, d + exx"2
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, x], R = Coeff[PolynomialRemainder[(a + b*xx"2 + c*x"4)7p, d + e*x”2, x], x
, 01}, -Simp[(R*x*(d + e*x"2)"(q + 1))/(2*d*(q + 1)), x] + Dist[1/(2*d*(q +
1)), Int[(d + exx"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*x(2xq + 3), x],
x], x1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 -
b*d*e + a*xe”2, 0] && IGtQ[p, 0] && LtQ[g, -1]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_))"(n_.), x_Symbol]

> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*x(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(bxc
- axd)), x] + Dist[1/((m + 1)*x(b*c - a*xd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fre
eQ[{a, b, c, 4, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],
2]

Rubi steps
b3 (4Bc-3Ad)-ab?(4cC+Bd)-a3dD-+a2b(Cd+4cD)
253
fA + Bx + CxZ + Dx3 = _(Ab3 —-a (sz —abC + azD)) VC + dx _ f (a+bx)2\c+da
(a + bx)3Vc + dx 2b3(be — ad)(a + bx)? 2(bc — ad’

- - 42
22 (c— ad )D+ 2cd(bc—ad)(bC—aD) 4™
b 2

Subst f
(Ab3 -a (sz —abC + azD)) Ve + dx

2b3(bc — ad)(a + bx)?

(Ab® - a(b?B - abC + a?D)) Ve +dx  (b3(4Bc - 3Ad) - ab*(8cC + Bd) - ¢

2b3(bc — ad)(a + bx)? 4b3(bc - a

~ 2DV + dx (Ab3 -a (sz —abC + azD)) Ve + dx (b3(4Bc - 3Ad) — ab?(

b3d 2b3(bc — ad)(a + bx)?
2DV + dx (Ab3 -a (sz —abC + azD)) Ve + dx (b3(4Bc — 3Ad) — ab?(
T vd 263(bc — ad)(a + bx)? -

Mathematica [A] time = 0.87, size = 359, normalized size = 1.29

2B Vet (a(a2D-abC+12B)- A1) 3d(Ab3—u(a2D—abC+sz))(d(a+bx)tanh_l(%:?)—\/E Ve+dx \/bc—ad) 4Vb Verdx (3a2D-2
(a+bx)2(bc-ad) B (a+bx)(bc—ad)5/2 B (a+bx)(be—a

4b7/2
Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx~2 + D*x"3)/((a + b*x)~3*Sqrt[c + d*x]),x]

[Out] ((8*Sqrt[b]*D*Sqrtlc + dxx])/d + (2*Sqrt[b]l*(-(Axb~3) + a*(b"2xB - axbxC +
a~2*xD))*Sqrt[c + d*x])/((b*c - axd)*(a + bxx)~2) - (4*Sqrt[bl*(b~2*%B - 2xa*
b*xC + 3*a”~2xD)*Sqrtc + d*xx])/((b*c - axd)*(a + b*x)) - (8x(b*C - 3*a*xD)*Ar
cTanh [(Sqrt [b]l*Sqrt[c + d*x])/Sqrt[bxc - axd]])/Sqrtlb*c - axd] + (4*d*x(b~2
*B - 2xaxbxC + 3*a”2xD)*ArcTanh[(Sqrt[b]*Sqrtlc + d*x])/Sqrt[b*xc - a*xd]])/(
bxc - a*xd)~(3/2) - (3xd*x(A*b~3 - a*x(b”2*B - axb*C + a~2xD))*(-(Sqrt[b]*Sqrt
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[b*c - axd]*Sqrtlc + d*x]) + d*(a + b*x)*ArcTanh[(Sqrt[b]*Sqrtlc + d*x])/Sq
rt[bxc - a*d]]))/((bxc - a*d)~(5/2)*(a + b*x)))/(4*xb~(7/2))

fricas [B] time = 1.02, size = 1661, normalized size = 5.95

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(1/2),x, algorithm="fricas"
)

[Out] [1/8%(((15%D*a"5 - 3*C*xa~4xb - B*a~3*b~2 - 3*xA*a”~2%b~3)*d~3 - 4*x(9*xD*a”4*bx*
c - (2%C*a"3%b"2 + B*a"2*b~3)*c)*d"2 + ((15*D*a”~3*b~2 - 3*C*a~2%b~3 - B*ax*b
4 - 3*%A*b75)*d"3 — 4x(9*D*a"2%b"3*c - (2*xCxaxb~4 + Bxb~5)*c)*d"2 + 8x(3*Dx
axb”4*c”2 - Cxb"b*xc™2)*d)*x72 + 8% (3*D*a”~3*b"2*xc"2 - C*a~2%b"3*c”2)*d + 2% (
(15%D*a~4*b - 3*C*xa~3*b"2 — B*xa~2*%b~3 - 3*kA*axb~4)*d~3 - 4% (9*D*a"3*b"2*c -
(2%C*a~2%b~3 + B*a*b~4)*c)*d"2 + 8+ (3*Dxa"2*b"3*c”2 - Ckaxb~4*c™2)*d)*x)*s
qrt(b™2%c - axbxd)*log((bxd*x + 2%b*c - axd + 2*sqrt(b~2*c - axbxd)*sqrt(d*
x + ¢))/(bxx + a)) + 2*x(8*D*a”~2*xb~4*xc~3 - (15*%D*a”5*b — 3*C*xa~4xb~2 - B*a~3
*b~3 + BkA*a"2%b"4)*d"3 + (41%D*a”4*b"2*%c — (9*Cxa~3*%b~3 - B*a"2*b"4 - TxAx
axb”5)*c)*d"2 + 8x(D*b~6%c”3 - 3*D*axb"bkxc"2xd + 3*%D*a”2%b"4*ckd"2 - D*xa~ 3%
b~3%d"3)*x"2 — 2% (17*D*a”3*b"3*c"2 - (3*C*xa~2*b~4 - Bxa*b™5 - A*b~6)*c”~2)*d
+ (16*D*a*xb~5xc~3 - (25%D*a"4%b~2 - 5xC*xa”~3*b~3 + B*xa~2%b~4 + 3*A*xa*xb~5)x*d
~3 + (69*%D*a”3*b"3xc - (13*%C*a~2%b~4 - B*xBxaxb™5 - 3*A*b~6)*c)*d"2 - 4*x(15%
Dxa”2xb~4*xc”2 - (2xC*axb~5 - B*b~6)*c”2)*d)*x)*sqrt(d*x + c))/(a~2*%b~7*c” 3%
d - 3*%a"3*%b"6*c"2%d"2 + 3*a"4xb"5xc*xd”"3 - a~5*b"4xd"4 + (b 9*c~3*d - 3*axb”
8*xc72xd"2 + 3*%a"2%b"T*c*xd"3 - a"3*b"6xd"4)*x"2 + 2*%(a*b"8*c”3xd - 3*a~2*b”7
*C72%d72 + 3*a”"3*b"6xcxd”3 - a~4*b”5*d"4)*x), -1/4x(((15%D*a”5 - 3*C*xa~4x*b
- B*xa"3*b72 - 3*A*a"2*xb"3)*d"3 - 4*(9*D*a"4xbxc - (2*xCxa~3%b~2 + B*a~2*b~3)
*c)*d"2 + ((15%D*a”~3*b~2 - 3*%C*a”2*b~3 - B*a*b~4 - 3*A*b~5)*d"3 - 4*x(9*D*a”
2%b"3*%c - (2*C*xa*xb™4 + B*b~5)*c)*d"2 + 8*(3*xD*xaxb~4*c”2 - C*xb~5*xc™2)*d)*x"2
+ 8% (3*D*a”"3*b"2*xc"2 - C*a~2%b"3*c”"2)*d + 2*x((15%D*a"4*b - 3*C*xa~3*b"2 - B
*a"2%b"3 - 3kAxaxb"4)*d"3 - 4% (9*%D*a”3*b"2xc - (2*xCxa~2%b~3 + Bkaxb~4)x*c)x*d
T2 + 8%(3#D*a"2*b"3*c”2 - Cxaxb"4xc”2)*d)*x)*sqrt(-b~2*%c + axb*d)*arctan(sq
rt(-b"2%c + axbxd)*sqrt(d*x + c)/(bxd*x + b*c)) - (8*D*xa~2xb~4*xc~3 - (15*Dx
a~bxb - 3*C*a~4*b"2 — B*xa~3%b~3 + B5*kA*a”"2*b"4)*d"3 + (41%D*xa"4*b"2*c - (9*C
*a"3%b"3 - B*a"2*b"4 - TxAxaxb~5)*c)*d"2 + 8*x(D*b"6xc”3 - 3*D*xaxb”5xc"2*xd +
3*D*xa~2*b"4*c*d"2 - D*a~3*b"3*%d"3)*x"2 - 2% (17*D*xa"3*b"3*c”2 - (3*Cxa~2*b”
4 - Bxaxb”5 - A*b76)*c”2)*d + (16*D*xaxb~5*xc”3 - (25*D*a”~4*b~2 - 5xC*a~3%b~3
+ B*a"2*b”"4 + 3xA*xaxb~5)*d"3 + (69*D*a”~3*b"3xc - (13*%C*xa~2*b"4 - 5*xB*xaxb”5
- 3*A*b76)*c)*d"2 — 4% (15+%D*a”2*b"4*c”2 — (2*xCxaxb”5 - B*b76)*c”2)*d) *x) *s
qrt(d*x + c¢))/(a"2xb~7*c”3*%d - 3*a”3*%b"6xc”2*d"2 + 3*a”4*b"5xcxd"3 - a~bxb~
4xd"4 + (b"9*c"3*d - 3*axb~8*xc”2*xd"2 + 3*a"2%b " T7*c*xd"3 - a~3*b"6xd"4)*x"2 +
2% (a*b”8*c™3xd - 3*%a”2%b"T7T*c”2*%d"2 + 3*a~3*b"6xc*d”3 - a~4*b”~5xd"4)*x)]

giac [B] time = 1.24, size = 529, normalized size = 1.90

(24 Dab?c? - 8 Cb3c? - 36 Da?bed + 8 Cabed + 4 Bb®cd + 15 Da*d? — 3 Ca?bd? — Bab?d? — 3 Ab*d?) arctan (f

4 (b5c? - 2 abcd + a?b3d2)V-b2c + abd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+Cxx~2+B*x+A)/(b*x+a) "3/ (d*x+c)~(1/2),x, algorithm="giac")

[Out] -1/4%(24xD*axb~2%c™2 - 8*C*xb~3*c™2 - 36%D*a”2xb*ckxd + 8xCkxaxb~2%cxd + 4*Bx*b
“3%cxd + 15%D*xa”3%d"2 - 3*Cxa~2*%b*xd”"2 - Bkaxb"2xd"2 - 3*%Axb~3*%d"2)*arctan(s
grt(d*x + c)*b/sqrt(-b~2xc + axb*d))/((b~5*c™2 - 2%a*b~4*c*xd + a~2%b~3xd"2)
xsqrt (-b"2xc + axb*xd)) - 1/4*%(12*(d*x + c)~(3/2)*Dxa"2*b~2*cxd - 8*(d*x + c
)7 (3/2)*Cxa*xb~3*ckd + 4x(d*xx + c)~(3/2)*B*b"4*c*kd - 12*sqrt(d*x + c)*D*xa”2x
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b~2%c"2*d + 8*sqrt(d*x + c)*Ckaxb~3*c”2*xd - 4*xsqrt(d*x + c)*Bxb~4*c™2*xd - 9
*x(dxx + c)7(3/2)*D*a”3xb*d”~2 + 5x(d*x + c)~(3/2)*C*a~2%b~2*d"2 - (d*x + c)~
(3/2)*B*a*xb~3*%d"2 - 3x(d*x + c)~(3/2)*A*b~4*d"2 + 19*sqrt(d*x + c)*D*xa”3xbx*
ckd”2 - 1lkxsqrt(d*x + c)*C*a”2%b"2xc*d”2 + 3xsqrt(d*x + c)*Bkaxb~3*c*d™2 +
Bksqrt (d*x + c)*Axb~4*xcxd™2 - T*xsqrt(d*x + c)*Dxa”4*d~3 + 3*sqrt(d*x + c)*C
*a"3%b*xd”~3 + sqrt(d*x + c)*B*a~2*b"2%d"3 - 5*xsqrt(d*x + c)*Axa*xb~3*xd~3)/((b
“bxcT2 - 2%axbT4*xckd + a”2*b"3*d"2)*((d*x + c)*b - bxc + axd)”2) + 2*sqrt(d
*x + c)*D/(b~3*d)

maple [B] time = 0.03, size = 1207, normalized size = 4.33

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((D*x~3+Cxx~2+B*xx+A)/(b*x+a) "3/ (dxx+c)~(1/2),x)

[Out] 2*D*(d*x+c)~(1/2)/b73/d+3/4*d"2*b/ (bxd*x+axd) ~2/(a”2*d"2-2*a*bxcxd+b~2*xc~2)
*(d*x+c) " (3/2) *A+1/4xd"2/ (b*xd*x+ax*xd) "2/ (a~2xd"2-2xa*xb*c*d+b~2*xc”2) * (d*x+c)~
(3/2) #*B*a-d*b/ (bxd*xx+a*xd) ~2/ (a~2*d"2-2*a*b*cxd+b~2*xc~2) * (d*x+c) ~(3/2) *c*B-5
/4%d"2/b/ (bxd*x+a*xd) ~2/ (a~2*%d"2-2*a*bxckxd+b~2*xc~2) * (d*x+c) " (3/2) *C*xa~2+2*d/
(b*xd*x+ax*xd) "2/ (a”~2*xd"2-2*xaxb*cxd+b~2*xc~2) * (d*x+c) ~(3/2) *Cxa*xc+9/4%d~2/b"2/(
bxd*x+axd) “2/ (a”2*%d"2-2*ax*bxcxd+b~2xc~2) * (d*x+c) " (3/2) *a~3*D-3*d/b/ (b*d*x+a
*d) "2/ (a"2*xd"2-2*%axbxcxd+b~2*c”2) * (d*x+c) " (3/2) *Dxa~2*c+5/4*d"2/ (b*xd*x+ax*xd)
=2/ (a*d-b*xc)*(d*x+c) ~(1/2)*A-1/4*%d"2/b/ (bxd*x+a*xd) ~2/ (a*d-b*c) * (d*x+c) ~(1/2
)*Bxa-d/ (b*xd*x+axd) "2/ (axd-bxc)* (d*x+c) " (1/2) *c*B-3/4*d"2/b"2/ (b*d*x+ax*xd) "2
/ (a*xd-b*c) *(d*x+c) ~(1/2) *C*xa~2+2*d/b/ (bxd*x+a*d) ~2/ (a*d-b*c) * (d*x+c) ~(1/2) *
Cxaxc+7/4*d"2/b"3/ (b*xd*x+ax*xd) "2/ (a*xd-b*c) * (d*x+c) ~(1/2) *a~3*xD-3*d/b~2/ (b*xd*
x+axd) "2/ (axd-b*c) * (d*x+c) ~(1/2) *D*xa~2xc+3/4+%d"2/ (a~2*d~2-2*a*xbxcxd+b~2%c ™2
)/ ((axd-b*c)*b) " (1/2) *arctan ((d*x+c) ~(1/2) / ((a*d-b*xc)*b) ~(1/2) *b) ¥*A+1/4%d"2
/b/ (a~2*%d"2-2*axbxc*xd+b~2xc”2) / ((axd-b*c)*b) ~(1/2) *arctan ((d*xx+c) ~(1/2)/((a
*d-b*c) *b) " (1/2) *b) *Bxa-d/ (a~2*d"2-2*axb*cxd+b~2xc~2) / ((a*d-b*c) *b) ~(1/2) *a
rctan((dxx+c) ~(1/2)/((a*d-b*xc)*b) ~(1/2) *b) *B*xc+3/4*d"2/b"2/ (a~2*d~2-2*ax*xb*c
*d+b~2*xc”2) / ((a*xd-b*c) *b) ~(1/2) *arctan ((d*x+c) " (1/2) / ((a*xd-b*c)*b) ~(1/2) *b)
*a”"2*xC-2*d/b/ (a”2*xd"2-2*xa*xb*xcxd+b~2*xc~2) / ((a*d-b*xc)*b) ~(1/2) *arctan ( (d*x+c)
~(1/2)/ ((a*xd-b*xc) *b) ~(1/2) *b) *C*xa*c+2/ (a~2xd"2-2*a*xb*c*d+b~2*xc"2) / ((a*xd-b*c
)*b) "~ (1/2) *arctan((d*x+c) " (1/2)/((a*d-b*c) *b) ~(1/2) *b) *Cxc~2-15/4*d"2/b"3/(
a~2xd"2-2*xaxb*xcxd+b~2*xc”2) / ((a*xd-b*c)*b) ~(1/2) *arctan((d*x+c) ~(1/2)/((a*d-b
*c)*b) " (1/2) *b) *a”~3*D+9*d/b"2/ (a"2*d~2-2*a*b*c*d+b~2*xc”2) / ((a*d-b*c) *b) ~ (1/
2)*arctan((d*x+c) ~(1/2)/((axd-b*c)*b) ~(1/2)*b) *D*xa~2*c—-6/b/ (a~2*xd"2-2*ax*xb*c
*d+b"2*c”2) / ((a*xd-b*xc)*b) ~(1/2) *arctan((d*x+c) ~(1/2)/ ((a*d-b*c) *b) ~(1/2) *b)
*Dxa*xc”2

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(1/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(a*xd-b*c>0)', see “assume?” for more
details)Is axd-b*c positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

fA+Bx+Cx2+x3D

(a+bx)3\/c+dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx + Cxx~2 + x~3*D)/((a + b*x) " 3*x(c + d*x)~(1/2)),x)
[Out] int((A + Bxx + Cxx~2 + x~3%D)/((a + bx*x)~3x(c + d*x)~(1/2)), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x**3+Cxx**2+Bxx+A)/ (b*x+a)**3/(d*x+c)**(1/2),x)

[Out] Timed out
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3.8

A+Bx+Cx%+Dx3
f dx
(a+bx)*Ve+dx

Optimal. Leaf size=375

Ve +dx (Ab3 -a (azD —abC + sz)) Ve +dx (—11a3d2D + a?bd(30cD + Cd) — ab? (—de +24c?D + 4c

3b3(a + bx)3(bc — ad) 8b3(a + bx)(bc — ad)3

[Out] 1/8*(5*%a”~3*d~3xD+a~2*b*d~2* (Ckxd-18*D*c)—a*xb~2*d* (-B*d~2+4*C*xc*xd—-24*D*c~2) +b
3% (5xA*d”3-6*Bxc*xd~2+8*C*c”~2*xd-16*D*c~3) ) *arctanh (b™ (1/2) * (d*x+c) ~(1/2) /(-
axd+b*c) " (1/2)) /b~ (7/2) / (—a*d+b*c) " (7/2)-1/3*x (Axb~3-a* (B¥b~2-C*xaxb+D*a~2) ) x
(d*x+c)~(1/2) /b~3/ (—axd+b*xc) / (b*x+a) "3-1/12*% (b~ 3% (-5*xA*xd+6*B*c) —a*b”2* (Bxd+
12*C*xc)—13*a~3*d*D+a”2*xb* (7*Cxd+18*D*c) ) * (d*x+c) ~(1/2) /b~3/ (—a*xd+bxc) "2/ (b*

x+a) "2-1/8% (b~ 3% (5%A*d~2-6*Bxcxd+8*Cxc~2) -11*a~3*d~2*D+a”2xbxd* (Cxd+30*D*c)

—axb” 2% (-Bxd~2+4*Cxcxd+24*D*c~2) ) * (d*x+c) ~(1/2) /b~3/ (—a*d+b*c) "3/ (b*xx+a)

Rubi [A] time = 0.82, antiderivative size = 375, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 32,

numberofrules _ 156, Rules used = {1621, 897, 1157, 385, 208}

integrand size

-1
Ve + dx (a?bd(30cD + Cd) - 11a°d2D — ab? (—Bd? + 24¢2D + 4cCd) + b (5Ad? — 6Bcd + 8c2C)) tanh
B 863 (a + bx)(be — ad)? "

Antiderivative was successfully verified.
[In] Int[(A + B*x + C*x"2 + D*x73)/((a + b*x) 4xSqrt[c + dx*x]),x]

[Out] -((A*b~3 - a*x(b"2%#B - a*bxC + a~2*D))*Sqrt[c + dxx])/(3*b~3*(bxc - axd)*(a
+ b*x)7"3) - ((b™3*%(6%B*c - B*A*d) - axb™2x(12*xc*C + B*d) - 13*a”3*d*D + a~2
*xbx (7*xCxd + 18*c*D))*Sqrtlc + d*x])/(12+%b~3*(b*c - axd) 2x(a + b*x)~2) - ((
b~3%(8*xc"2xC - 6%Bkc*d + B5xA*d"2) - 11xa~3+%d"2+D + a~2*b*xd*x(Cxd + 30%c*D) -
a*xb™ 2% (4*xcxCkd — B*d~2 + 24%c”2*D))*Sqrt[c + d*x])/(8*b~3*(b*c - a*xd) 3*(a
+ b*x)) + ((5*xa~3*%d"3%D + a~2*b*d"2*x(Cxd — 18*c*D) - axb~2*d*x(4*xcxCxd - Bx
d"2 - 24*xc”2*D) + b~ 3% (8*%c”2*Cxd - 6*Bxcxd~2 + 5%A*d"3 - 16*c”3*D))*ArcTanh
[(Sqrt [bl*Sqrtlc + d*x])/Sqrtlb*c - axd]])/(8*b~(7/2)*(b*c - axd)~(7/2))

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 385

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> -S
imp[((b*c - a*d)*x*(a + b*x™n) " (p + 1))/(a*xb*nx(p + 1)), x] - Dist[(axd - b
xcx(nx(p + 1) + 1))/(axb*n*x(p + 1)), Int[(a + bxx™n)~(p + 1), x], x] /; Fre
eQ[{a, b, ¢, d, n, p}, x] && NeQ[b*c - axd, 0] && (LtQ[p, -1] || ILtQ[1/n +
p, 01)

Rule 897

Int[((d_.) + (e_)*(x_))"(m )*x((£f_.) + (g_)*&x_ )" (@ )*x((a_.) + (b_.)*(x_)

+ (c_)*(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int[x"(q*(m + 1) - 1)*((exf - d*xg)/e + (gxx~q)/e) nx((c*d™2 - bxd*e +
axe”2)/e”2 - ((2xc*xd - bxe)*x"q)/e”2 + (c*xx~(2%q))/e"2)7p, x], x, (d + e*x)
~(1/9)]1, x1]1 /; FreeQ[{a, b, c, d, e, f, g}, x] & NeQ[exf - dxg, 0] && NeQ
[b"2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && IntegersQ[n, pl] && Fra
ctionQ [m]
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Rule 1157

Int[((d)) + (e_.)*x(x_)"2)"(q)*((a_) + (b_)*x(x_)"2 + (c_)*x(x_)"4)"(p_.),

x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x74)7p, d + e*xx"2
, x], R = Coeff[PolynomialRemainder[(a + b*x"2 + c*x"4)7p, d + e*x"2, x], x
, 01}, -Simp[(R*xx*(d + e*x"2)7(q + 1))/(2*%d*x(q + 1)), x] + Dist[1/(2*d*(q +
1)), Int[(d + exx"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*x(2xq + 3), x],
x], x]] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d"2 -
bkd¥e + axe”2, 0] && IGtQ[p, 0] && LtQ[q, -1]

Rule 1621

Int[(Px )*((a_.) + (b_)*(x )) " (m )*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*x(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(b*c

- a*xd)), x] + Dist[1/((m + 1)*(b*c - a*d)), Int[(a + bxx)"(m + 1)*x(c + dx*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*¥R*(m + n + 2), x], x], x]] /; Fre
eQ[{a, b, ¢, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],

2]

Rubi steps
b3 (6Bc-5Ad)-ab?(6cC+Bd)—a3dD+a2b(Cd+6cD) _ 3(b
263
fA + Bx + Cx2 + Dx® - _(Ab3 —a(P?B-abC + ﬂZD)) Vetdx J (a+bx)3 Verdx
(a + bxye + dx B 3b3(bc — ad)(a + bx)? 3(bc - ad)

42 (C_ % ) 1, 3cd(be-ad)(bC=aD) _ (v

2

2 Subst f

(Ab3 ! (sz —abC + azD)) Ve + dx

3b3(bc — ad)(a + bx)3

(Ab® - a(b?B - abC + a?D)) Ve +dx  (b*(6Bc - 5Ad) - ab*(12cC + Bd) - 13

3b3(bc — ad)(a + bx)3

1263(be — ad)

(Ab® - a (B - abC + a?D)) Ve +dx  (b3(6Bc - 5Ad) — ab?(12cC + Bd) - 13

3b3(bc — ad)(a + bx)3

12b3(bc — ad)

(Ab® - a(b?B - abC + a?D)) Ve +dx  (b3(6Bc - 5Ad) - ab*(12cC + Bd) - 13

3b3(bc — ad)(a + bx)3

Mathematica [A] time = 1.39, size = 493, normalized size = 1.31

\/E Ve+dx
Vbc—ad

5d(a + bx) (Ab3 -a (aZD —abC + bZB)) (3d2(a + bx)?tanh ™ (

12b3(bc — ad)

)+\/E\/c+dx\/bc—ad(—5ad+2bc—

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + C*x"2 + D*x"3)/((a + b*x) 4*Sqrtlc + d*x]),x]

[Out] (-8*Sqrt[b]l*(b*xc - a*d)~(5/2)*(A*xb~3 - a*(b"2xB - axb*C + a~2+D))*Sqrt[c +

dxx] - 12*Sqrt[b]l*(b*c - a*d)~(5/2)*(b~2%B - 2*axb*C + 3*a~2+D)*(a + b*x)*S
qrtlc + d*x] - 24xSqrt[b]l*(bxc - a*d) ~(5/2)*(b*C - 3*a*D)*(a + b*x) ~2*Sqrt[
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c + d*x] - 48%(bxc - axd) "3*Dx(a + b*x) “3*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/S
qrt[bxc - axd]] + 24xd*(bxc - a*xd) ~2*%(b*C - 3*axD)*(a + bx*x) ~3*ArcTanh[(Sqr
t[b]*Sqrt[c + d*x])/Sqrtlb*c - a*xd]] + 18*d*(b*c - axd)*(b~2*B - 2*axb*C +
3xa”2*xD)*x(a + b*xx) 2x(Sqrt[b]l*Sqrt[b*c - a*d]*Sqrtlc + d*x] - d*(a + b*x)*A
rcTanh [(Sqrt [bl*Sqrt[c + d*x])/Sqrt[b*xc - a*d]]) + Bxdx(A*b~3 - ax(b"24B -
axbxC + a~2*D))*(a + b*x)*(Sqrt[b]l*Sqrt[b*c - axd]*Sqrtl[c + d*x]*(2xb*xc - 5
*xaxd - 3xbxd*x) + 3*d"2x(a + b*x) 2xArcTanh[(Sqrt[b]*Sqrt[c + dxx])/Sqrt [b*
c - axd]]))/(24%b~ (7/2)*(b*xc - a*xd)~(7/2)*(a + b*x)"3)

fricas [B] time = 1.08, size = 2446, normalized size = 6.52

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 4/ (d*x+c)~(1/2),x, algorithm="fricas"
)

[Out] [1/48*(3*(16*D*a~3*%b~3*%c”3 - (5xD*a”6 + Cxa~5%b + B*a~4*b”™2 + bxA*xa~3*xb~3)*
d"3 + (16*D*¥b~6*xc~3 - (5%D*a”~3%b~3 + C*a~2*xb~4 + B*ax*b™5 + 5xA*xb~6)*d"3 + 2
*(9*%D*a”2*b"4*c + (2*xCxa*xb~5 + 3*B*b~6)*c)*d"2 - 8% (3*D*xa*xb”5*c”2 + Cxb~6*c
"2)*d) *x73 + 2% (9*xD*a~bxbxc + (2+%C*a”4*b”2 + 3*Bxa~3%b73)*c)*d”2 + 3*(16*Dx*
axb”5*xc”3 - (5*D*a”4*b"2 + C*a~3%b~3 + B*a"2*b"4 + 5xA*xaxb”5)*d"3 + 2% (9*Dx*
a~3*%b"3*c + (2*xC*xa~2*b~4 + 3*B*a*b”5)*c)*d"2 — 8x(3*%D*xa”2%b"4*c”2 + C*xaxb~5
*C72)*d) *x72 - 8% (3*%D*a~4*b"2*c”2 + C*xa~3*b"3*c”2)*d + 3% (16*Dxa"2*xb"4*c”3
- (5%D*a"b*b + C*xa~4*b~2 + B*a~3%b~3 + BkxA*a"2*xb~4)*d~3 + 2% (9*D*a”4*b~2*c
+ (2%C*a”3*b~3 + 3xB*xa"2%b~4)*c)*d"2 — 8*(3*D*xa~3*b"3*%c”2 + C*xa~2xb"4*xc"2)*
d) *x)*sqrt (b™2xc - axb*xd)*log((b*xd*x + 2%bkc - axd - 2xsqrt(b~2*c - axbxd)*
sqrt(d*x + c))/(bxx + a)) + 2%(44*D*a~3*b~4*c”™3 - 4*(2xC*xa~2*b~5 + B*a*xb”6
+ 2xA*b”7)*c”3 - 3*%(5xD*xa”6*xb + C*xa~5%xb~2 + B*a~4%b~3 - 11*A*a~3*b"4)*d"3 +
(59%D*a~5*b~2*c + (13*C*xa~4*xb~3 - 13*%B*a”3*b~4 - 59*A*a~2xb~5)*c)*d"2 + 3*
(24*D*a*xb”6xc~3 - 8xC*b~7xc”3 - (11*D*xa~4*b~3 - C*xa~3*%b~4 - B*a~2%b”5 - 5x*A
*a*xb”6)*d"3 + (41*D*a”~3xb~4*c - (5xC*xa”2*b”~5 + 7*Bxaxb™6 + 5xA*xb~7)*c)*d"2
- 6% (9*%D*a"2*b"5*xc"2 — (2*C*axb”6 + B*b~7)*c"2)*d)*x"2 - 2% (44*D*a”4*xb"3*c”
2 + (C*a”3%b~4 - 10*B*a~2xb”"5 - 17*A*xaxb”6)*c”2)*d + 2% (54*D*a~2*xb~5*c~3 -
6% (2%C*a*b™6 + B*b~7)*c”3 - 4*(5%D*a”5*b"2 + Cxa~4%b~3 - B*a~3*b™4 - 5xAxa”
2%b75)*d"3 + (79*D*a~4xb~3*c + (11*C*a”3*b~4 - 29%xB*a~2%b~5 - 25xA*xa*xb”6)*c
)*d"2 - (113*#D*a”3*b"4*xc"2 - (5*%C*a~2%b~5 + 31*Bxa*xb~6 + 5xA*xb~7)*c”2)*d)*x
)*sqrt(d*x + ¢))/(a”3*%b"8*c”4 - 4*xa~4*xb~7*c"3*d + 6*a~5*xb"6xc”"2*xd"2 - 4*a”6
*b"5xc*xd”"3 + a”~7*b"4*xd"4 + (b"11*c”4 - 4*xaxb”10%c"3*d + 6*a”"2*xb"9*kc"2%d"2 -
4*xa”3*b"8*xcxd"3 + a"4*b”7*d"4)*x”3 + 3x(a*xb”10*%c”4 - 4*a”2xb"9*c"3xd + 6*a
“3*b78%cT2*xd"2 - 4%a"4*xb"T*ckd"3 + a~5xb"6xd"4)*x"2 + 3x(a”"2*b"9*c”4 - 4xa”
3*b78*c"3*d + 6*a"4*b"T*c”2*%d72 - 4*a"bxb"6xc*xd”3 + a“6*xb"5xd"4)*x), 1/24%(
3*%(16*D*a”~3*b~3*%c~3 - (5#D*a”6 + C*xa"b*xb + B*a~4*b~2 + B5xA*a~3*b~3)*d~3 + (
16x%D*b~6xc”3 — (5*D*a~3%b~3 + C*xa~2%b~4 + Bxaxb~5 + bxA*xb~6)*d"3 + 2% (9*D*a
“2*%b74%c + (2*%C*xaxb”5 + 3*%B*b"6)*c)*d"2 - 8x(3*D*axb”5xc”2 + Cxb~6*c"2)*d)*
X3 + 2% (9*D*a”5*bxc + (2*xC*xa~4*b~2 + 3*B*a~3*b~3)*c)*d"2 + 3*(16*D*a*xb~5*c
~3 - (5*D*a"4*b”2 + C*xa~3%b~3 + B*a~2*b"4 + SxAxaxb~5)*d~3 + 2% (9*D*a”3*b~3
*c + (2*%C*a”2*%b~4 + 3*Bxaxb~5)*c)*d"2 - 8*(3*D*a~2xb~4*c”2 + Ckaxb~5*xc”2)*d
)*x72 — 8% (3*%D*a”4*b"2*%c”2 + Cxa~3*b"3*c”2)*d + 3*x(16*D*a~2%b~4*c”3 - (5*xDx*
a~5*xb + C*xa~4%b”2 + B*a~3%b”3 + 5xA*a~2*%b”"4)*d"3 + 2% (9*D*a”4*xb"2*c + (2*Cx
a~3%b~3 + 3*B*a"2*xb"4)xc)*d"2 - 8*(3*D*a”"3*b"3xc”2 + C*xa~2%b”4*c”2)*d) *x) *s
qrt(-b~2*%c + axb*d)*arctan(sqrt(-b~2*c + axbxd)*sqrt(d*x + c)/(b*d*x + b*c)
) + (44+D*a"3*b"4*c”3 — 4*x(2xCxa~2%b~5 + B*axb™6 + 2xA*xb~7)*c”3 - 3*(5xD*xa”
6%b + C*a”"5*b™2 + B*a~4*xb~3 - 11*%A*a”3*b"4)*d"3 + (59*D*a"5*b~2*c + (13*Cxa
“4*xb"3 - 13xB*a”3*b"4 - 59%A*a~2%b”5)xc)*d"2 + 3*(24*D*axb”6*c”3 - 8*Cxb~7x*
c”™3 - (11#D*a~4%b~3 - C*a~3%b~4 - B*a~2%b~5 - 5*xA*axb~6)*d~3 + (41*D*a”~3*b”~
4dxc — (5*Cxa~2%b~5 + T7*B*xaxb™6 + LxA*xb~7)*c)*d"2 - 6*(9*D*xa”~2xb"5xc"2 - (2%
C*xa*xb™6 + Bxb~7)*c”2)*d)*x"2 - 2*%(44*D*a”~4*xb~3xc”2 + (C*a~3*b”"4 - 10*Bxa~2x
b"5 — 17xA*xa*xb~6)*c”2)*d + 2*%(54*D*a~2*xb"5%c”3 - 6% (2*Cxa*xb”6 + B*b~7)*c”3
- 4% (5%D*a”5*b"2 + C*xa~4*b~3 - B*a 3*b"4 - 5xA*xa~2*xb~5)*d"3 + (79*D*a”4*b~3
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*c + (11%C*a”3*b~4 - 29*B*a~2%b"5 - 25*A*axb”6)*c)*d”2 - (113*D*a”3*b"4*c~2
- (5*%C*a"2xb~5 + 31*B*axb~6 + 5*xA*b~7)*c”2)*d)*x)*sqrt(d*x + c))/(a”3*b~8x
CT4 - 4%a~4xb”7*xc"3*d + 6*a”5*b " 6*c”2*xd"2 - 4*a~6xb"5*xc*d”3 + a~7*b"4%d"4 +
(b~11*c™4 - 4xa*xb”10%c”3*d + 6*a~2*¥b~9*c™2xd"2 - 4*a~3*b"8xc*d”3 + a~4*xb”~7
*d74)*x"3 + 3*(axb"10*%c™4 - 4*a"2%b"9*kc”3*d + 6*a~3*b"8*%c”2*%d"2 - 4*a”4x*b”7
xckd"3 + a~b*xb"6xd"4)*x"2 + 3% (a"2*b"9*c”4 — 4*a”~3%b"8*c”3*d + 6*a~4xb"T7*xc”
2%d"2 - 4*a”5*b"6xcxd”3 + a~6*¥b~5*%d"4)*x)]

giac [B] time = 1.56, size = 976, normalized size = 2.60

(16 Db3c3 — 24 Dab?c?d — 8 Ch3c?d + 18 Da?bed? + 4 Cab?cd? + 6 Bb3cd? — 5 Da®d® — Ca?bd® — Bab?d® — 5 Ab3
8 (b6c3 —3ab>c?d + 3 a?b*cd? - a3b3d3)\/—b2c + abd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 4/ (d*x+c)~(1/2),x, algorithm="giac")

[Out] 1/8%(16%D*b~3%c~3 - 24*Dxa*xb~2%c”2xd - 8*Cxb~3*c~2%d + 18*Dxa~2*b*xcxd™2 + 4
*Cxa*xb~2%cxd"2 + 6*%Bxb~3%c*d"2 - 5*D*a”~3*d"3 - C*a~2xb*d”~3 - Bxa*xb~2*d"3 -
5%Axb~3*d"3) *arctan(sqrt (d*x + c)*b/sqrt(-b"2*c + a*xb*d))/((b"6*c~3 - 3*ax*b
Tb*xc72xd + 3*%a”2%b74xc*d"2 - a”3*b"3%d"3)*sqrt(-b~2%c + axb*xd)) + 1/24x(72x%
(d*x + c)~(5/2)*#*D*axb~4xc~2xd - 24*x(d*x + c)~(5/2)*C*b~5xc™2xd - 144*(d*x +
c)~(8/2)*Dxaxb~4*c”~3*d + 48x(d*x + c)~(3/2)*Cxb~5*xc”3*d + 72*xsqrt(d*x + c)
*xD¥axb~4*xc74*xd - 24*sqrt(d*x + c)*C*xb~5*xc"4xd - 90x(d*x + c)~(5/2)*D*a~2*b~
3xckd™2 + 12x(d*xx + c)”(5/2)*Cxaxb~4*xcxd™2 + 18*(d*x + c)~(5/2)*Bxb~5*xcxd~2
+ 288%(d*x + c)”(3/2)*D*a”2xb~3%c”2*d"2 - 48x(d*x + c)~(3/2)*Ckaxb~4*xc~2*d
T2 - 48x(dxx + c)7(3/2)*B*b"b*c"2xd"2 - 198x*sqrt(dxx + c)*D*a”2%b”~3*c”3*d"2
+ 36*xsqrt(d*x + c)*Cxa*xb~4*c~3+%d"2 + 30*sqrt(d*x + c)*Bxb~5*xc~3*%d"2 + 33%(
dxx + c)7(5/2)*D*a~3xb"2*%d"3 - 3*(d*x + c)~(5/2)*Cxa”2%b~3*d"3 - 3*(d*x + ¢
)~ (5/2)*B*a*xb~4%d"3 - 15%(d*x + c)7(5/2)*A*b"5*d"3 - 184*(d*x + c)~(3/2)*Dx
a”~3%b72%c*kd”"3 - 8x(d*x + c)~(3/2)*C*a”2%b"3*kcxd"3 + 56x(d*xx + c)~(3/2)*Bxax
b~4*cxd~3 + 40*(d*x + c)~(3/2)*Axb~5*xcxd”~3 + 195xsqrt(d*x + c)*D*xa”~3xb~2%c”
2xd"3 + 3*sqrt(d*x + c)*C*a~2%b"3xc”2xd"3 - 57*sqrt(d*x + c)*Bkaxb~4*xc~2*d~
3 - 33*%sqrt(d*x + c)*Axb~5*xc”2xd"3 + 40*(d*x + c)~(3/2)*Dxa"4*b*d~4 + 8x*(dx
X + ¢)7(3/2)*C*a”3*xb"2xd"4 - 8*(d*x + c)~(3/2)*B*xa”2xb~3*d"4 - 40*(d*x + c)
~(3/2)*Axaxb~4*d"4 - 84xsqrt(d*x + c)*D¥a”4xbxc*d~4 - 18*sqrt(d*x + c)*C*a”
3xb~2xcxd"4 + 24*sqrt(d*x + c)*B*a~2*b"3*c*kd"4 + 66xsqrt(dxx + c)*xAxaxb~4*c
xd~4 + 16*xsqrt(d*x + c)*D*a”b*xd"5 + 3*xsqrt(d*x + c)*Cxa~4xb*d~5 + 3*sqrt(d*
X + c)*B*a”3%b72+d"5 - 33*sqrt(d*x + c)*A*a"2*b"3*d"5)/((b~6xc”3 - 3xaxb~b5%
c72%d + 3%a”2%b74xc*d”2 - a”3xb"3xd"3)*((d*x + c)*b - bxc + axd)”3)

maple [B] time = 0.03, size = 1186, normalized size = 3.16

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((D*x~3+Cxx~2+B*xx+A)/(b*x+a) "4/ (dxx+c)~(1/2),x)

[Out] 2*(1/16*%d* (5*xAxb~3*%d~2+B*a*b”2*d~2-6*Bxb~3xc*d+C*a~2*b*d~2-4*Cxaxb~2xc*xd+8*
C*xb~3*c”™2-11*D*a~3*%d~2+30*D*a”2*b*cxd-24*D*xaxb~2*%c~2) /b/ (a~3*d"3-3*a”~2xb*xcx*
d"2+3*a*xb”2xc"2xd-b"3*c"3) * (d*x+c) " (5/2) +1/6% (5xA*¥b~3*d"2+B*axb”~2*xd"2-6*B*Db
~3*xcxd-C*xa~2*b*d"2+6*Cxb~3*c~2-5*%D*a”~3*%d"2+18*D*a”~2*b*cxd-18*D*xa*xb”~2*xc~2) /b
~2xd/ (a”2*xd"2-2*axb*xcxd+b~2*xc”2) * (d*x+c) " (3/2)+1/16% (11*xA*xb~3*d~2-B*axb~2x*d
~2-10*B*b~3*c*xd-C*a”2*b*d~2+4*Cxa*b " 2*xcxd+8*C*xb~3*c~2-5*D*a~3*d~2+18*D*a~ 2%
bxcxd-24*Dxa*xb~2%c”2) /b~ 3*d/ (axd-bxc)* (d*x+c) ~(1/2) )/ (b*x (d*x+c)+a*d-b*c) "3+
5/8/ (a”3*d"3-3*a"2xbxcxd~2+3*a*b”2*xc”"2xd-b"3*c~3) / ((a*d-b*c) *b) ~(1/2) *arcta
n((dxx+c)~(1/2)/((a*d-b*c)*b) ~(1/2) *b) *A*d"3+1/8/b/(a"3*d"3-3*a~2*b*c*d~2+3
*a*b~2%c”2*xd-b~3xc”~3) / ((a*d-b*c)*b) ~(1/2) *arctan((d*x+c)~(1/2)/ ((a*d-b*c)*b
)~ (1/2)*b)*a*B*d~3-3/4/ (a~3*%d"3-3*%a " 2*b*c*d " 2+3*%axb~2xc " 2*d-b~3*c~3) / ((a*d-
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b*c)*b) ~(1/2)*arctan((d*x+c) ~(1/2)/((a*xd-b*c)*b) ~(1/2) *b) *Bxc*xd~2+1/8/b~2/(
a~3xd"3-3*a"2xbxcxd"2+3*axb"2*xc”2*d-b~3*c”3) / ((a*d-b*c) *b) ~(1/2) *arctan ((d*
x+c) ~(1/2) / ((a*xd-bxc) *b) ~(1/2) ¥b) *a~2*xC*d~3-1/2/b/ (a~3*d~3-3*a” 2*b*cxd~2+3*
axb~2%c”2*d-b"3*c”3) / ((a*d-b*xc)*b) ~(1/2)*arctan ((d*x+c) ~(1/2)/((a*xd-b*c) *b)
~(1/2) #b) *Cxa*xcxd~2+1/ (a~3*d~3-3*a"2*b*c*xd~2+3*a*xb~2xc~2*d-b~"3*c~3) / ((a*xd-b
*c)*b) " (1/2) *arctan((d*x+c)~(1/2)/ ((a*xd-b*c)*b) ~(1/2) *b) *C*c~2*d+5/8/b"3/ (a
~3%d"3-3*a " 2*bxcxd"2+3*axb"2xc"2xd-b~3*c~3) / ((a*d-b*c)*b) " (1/2) *arctan ((d*x
+c)~(1/2)/ ((a*xd-bxc) *b) ~(1/2)*b) *a~3*d~3*D-9/4/b"2/ (a~3*d~3-3*a " 2*b*xc*d~2+3
*xa*xb~2%c”2xd-b"3*c”3) / ((a*d-b*c) *b) " (1/2) *arctan((d*x+c) ~(1/2)/ ((a*d-b*c) *b
)~ (1/2)*b) #*D*a~2*xc*d"2+3/b/ (a~3*d~3-3*a~2*b*c*d”~2+3*axb~2xc~2*%d-b"3*c~3) / ((
a*xd-b*c)*b) " (1/2)*arctan((d*x+c) ~(1/2) / ((axd-b*c)*b) ~(1/2) *b) *D*axc”~2xd-2/ (
a~3*d"3-3*a”2xb*xcxd"2+3*a*b~2*c"2%d-b"3*c”3) / ((a*d-b*c)*b) " (1/2) *arctan((d*
x+c) " (1/2)/((axd-b*c)*b) ~(1/2) *b) *D*c~3

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 4/ (d*x+c)~(1/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(a*xd-b*c>0)', see “assume?” for more
details)Is a*d-b*c positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fA+Bx+Cx2+x3D
X

(oz+bx)4 Ve+dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx + C*xx"2 + x~3%D)/((a + b*x)~4x(c + d*xx)~(1/2)),x)
[Out] int((A + B*x + Cxx~2 + x~3%D)/((a + bx*x) ~4x(c + d*xx)~(1/2)), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x**3+Cxx**2+Bxx+A)/ (b*x+a)*x*4/(d*x+c)**(1/2) ,x)

[Out] Timed out
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3.9

f A+Bx+Cx?+Dx> dx
(a+bx)> Ve+dx

Optimal. Leaf size=495

Ve +dx (Ab® - a(a?D - abC + 1?B)) Ve + dx (~59a°d2D + 3a2bd(56cD + Cd) - ab? (~5Bd? + 144c?D + 1

4b3(a + bx)*(bc — ad) 96b3(a + bx)?(bc — ad)3

[Out] -1/64*d*(5*a~3*xd~3*D+3*a”~2*b*d~2* (Cxd-8*D*c)-a*xb~2*d* (-5*Bxd~2+16*Cxcxd-48%
D*c~2) +b~ 3% (35*%A*d~3-40*B*xc*xd~2+48*C*c~2xd-64*D*c~3) ) *arctanh (b™ (1/2) *x (d*xx+
c)~(1/2)/(—axd+b*xc) ~(1/2)) /b~ (7/2) / (—axd+b*xc) ~(9/2)-1/4* (A*b~3-a*x (B*xb~2-C*a
*b+D*a”2) ) * (d*x+c) ~(1/2) /b~3/ (—a*d+b*c) / (bxx+a) ~4-1/24* (b~ 3* (-7*A*d+8*B*c) -

axb” 2% (Bkd+16*C*c) —17*a~3*%d*D+3*a” 2*xb* (3*xCxd+8*D*c) ) * (d*x+c) ~(1/2) /b~3/ (-ax*
d+b*xc) "2/ (bxx+a) ~3-1/96%* (b~ 3* (35*A*d~2-40*B*xcxd+48*C*c~2) -59*a~3*d~2*D+3*a~
2%b*d* (Ckd+56*D*c) —a*xb~ 2% (-5*%B*d~2+16*Cxcxd+144*Dxc~2) ) * (d*x+c) ~(1/2) /b~3/(
—a*d+b*c) "3/ (b*xx+a) “2+1/64* (5xa~3*d"3*D+3*a”~ 2xb*xd 2% (C*d-8*D*c) —a*b~2xd* (-5
*B*xd"2+16*Ckxc*xd-48*D*c~2) +b~ 3% (35%A*d"3-40*Bxc*xd~2+48*C*c~2+%d-64*D*c”3) ) *(d

*x+c) " (1/2) /b~ 3/ (—axd+b*xc) ~4/ (b*x+a)

Rubi [A] time = 1.01, antiderivative size = 495, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 32,

number of rules _ ),188, Rules used = {1621, 897, 1157, 385, 199, 208}

integrand size

Ve + dx (3a2bd?(Cd - 8¢cD) + 5a°d®D — ab?d (~5Bd? - 48¢2D +16cCd) + b° (35Ad® — 40Bcd? + 48c2Cd — 64c
64b3(a + bx)(bc — ad)*

Antiderivative was successfully verified.
[In] Int[(A + B*x + C*x~2 + Dxx"3)/((a + b*x) 5*Sqrtc + dxx]),x]

[Out] -((A*b~3 - a*x(b"2*B - a*b*C + a~2*D))*Sqrt[c + d*x])/(4*xb~3*(b*xc - axd)*(a
+ b*x)74) - ((b™3%(8*B*c - T7*A*d) - axb™2x(16xcxC + B*d) - 17*a”3*d*D + 3*a
~2%b* (3*xC*xd + 8*c*xD))*Sqrtlc + d*x])/(24xb~3*%(bxc - axd) "2*(a + b*x)~3) - (
(b™3%(48%c™2*%C - 40*Bxcxd + 35%A*d~2) - 59*a”3*d"2*D + 3*a~2xb*d*(C*d + 56
c*¥D) - a*b”"2x(16*c*Cxd - 5*B*d”™2 + 144%c™2*D))*Sqrtc + d*x])/(96*b~3* (b*c
- axd)"3*(a + b*x)~"2) + ((5*%a~3*%d"3*D + 3*a”~2xbxd~2x(C*d - 8*c*D) - a*b~2xd
*(16*%c*C*xd - 5*Bxd~2 - 48%c”2%D) + b~ 3*(48*c™2*xCxd - 40%B*c*d™2 + 35%A*d~3
- 64*%c”3*D))*Sqrt[c + dxx])/(64*b~3*(b*c - axd)“4*(a + b*x)) - (d*(5*xa~3*d~
3*D + 3*a"2xbxd"2x(C*d - 8*c*D) - a*b™2xd*x(16*c*C+xd - 5*B*d~2 - 48*%c”~2xD) +
b~3%(48*%c~2xC*d - 40*Bkc*xd~2 + 35%A*d~3 - 64*c~3xD))*ArcTanh[(Sqrt[b]*Sqrt
[c + d*x])/Sqrt[b*c - axd]])/(64xb~(7/2)*(b*c - axd)~(9/2))

Rule 199

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Simp[(x*(a + bxx™n) (p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + bxx"n)~
(p + 1), x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] &% (Integer
Ql2*p] || (n == 2 && IntegerQ[4*pl) || (n == 2 && IntegerQ[3*p]) || Denomin
ator[p + 1/n] < Denominator[p])

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 385

Int[((a_) + (b_)*x(x_)"(m_))~(p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> -3
imp [((b*c - axd)*x*(a + b*xx™n)~(p + 1))/(a*b*n*(p + 1)), x] - Dist[(axd - b
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xcx(nx(p + 1) + 1))/(axbxnx(p + 1)), Int[(a + b*x™n)"(p + 1), x], x] /; Fre
eQ[{a, b, c, d, n, p}, x] && NeQ[b*c - axd, 0] && (LtQ[p, -1] || ILtQ[1/n +
p, 01)

Rule 897

Int[((d_.) + (e_)*x_))"(m_ )*x((f_.) + (g_.)*x_)) " (m_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int [x"(gq*(m + 1) - 1)*((exf - d*xg)/e + (gxx~q)/e) nx((c*d™2 - bxd*e +

axe”2)/e”2 - ((2%c*xd - bxe)*x"q)/e”2 + (c*xx~(2%q))/e”2)7p, x], x, (d + e*x)
~(1/9)]1, x1]1 /; FreeQ[{a, b, c, d, e, £, g}, x] & NeQ[exf - dxg, 0] && NeQ
[b"2 - 4xaxc, 0] && NeQ[c*d™2 - b*d*e + axe”2, 0] && IntegersQ[n, pl && Fra
ctionQ[m]

Rule 1157

Int[((d_) + (e_.)*(x_)72)7(q)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.),

x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x74)7p, d + e*xx"2
, x], R = Coeff[PolynomialRemainder[(a + b*x"2 + c*x"4)7p, d + e*x”2, x], x
, 01}, -Simp[(R*kx*(d + exx"2)7(q + 1))/(2xd*(q + 1)), x] + Dist[1/(2*xd*(q +
1)), Int[(d + exx"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*x(2xq + 3), x],
x], x11 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b™2 - 4xaxc, 0] && NeQ[cxd"2 -
bxdxe + a*xe”2, 0] && IGtQlp, 0] && LtQlq, -1]

Rule 1621

Int[(Px )*((a_.) + (b_.)*(x )) " (m_ )*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(b*c
- axd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x)"(m + 1)*x(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R+x(m + n + 2), x], x], x]] /; Fre
eQl{a, b, c, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],
2]

Rubi steps
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_ b3(8Bc-7Ad)-ab?(8cC+Bd)—a3dD+a2b(Cd+8cD) _ 4(b

253
fA+Bx+Cx2+Dx3 gy — _(Ab3—ﬂ(b2B—ﬂbC+ﬂ2D)) VC+dx _ f (a+bx)4m
(a+bx)5Ve +dx 4b3(be — ad)(a + bx)* 4(bc — ad)

_ _ A2(b3(8
B 452(5- % )D+ 4cd(be-ad)(bC-aD) d*(b°(

A

(

Subst f
(Ab3 —a (sz —abC + azD)) Ve + dx

4b3(bc — ad)(a + bx)*

(Ab® - a(b?B - abC + a?D)) Ve +dx  (b*(8Bc - 7Ad) - ab*(16¢C + Bd) - 17

4b3(bc — ad)(a + bx)*

24b3(bc — ad)

(Ab® - a(b?B - abC + a?D)) Ve +dx  (b*(8Bc - 7Ad) - ab*(16¢C + Bd) — 17

4b3(bc — ad)(a + bx)*

24b3(bc — ad)

(Ab® - a (b?B - abC + a?D)) Ve +dx  (b3(8Bc - 7Ad) - ab*(16cC + Bd) - 17

4b3(bc — ad)(a + bx)*

24b3(be — ad)

(Ab® - a(b?B - abC + a?D)) Ve +dx  (b3(8Bc - 7Ad) - ab*(16cC + Bd) - 17

4b3(bc — ad)(a + bx)*

Mathematica [A] time = 2.42, size = 621, normalized size = 1.25

7d(a + bx) (Ab3 -a (aZD —abC + bZB)) (8\/5 Ve + dx (be — ad)®? — 5d(a + bx) (3d2(a + bx)?tanh ™ (

24b3(bc — ad)

\/EM)

bc—ad

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x"2 + D*x73)/((a + bx*x) 5*Sqrtlc + dx*x]),x]

[Out] (-48x*Sqrt[bl*(bxc - axd)~(7/2)*(A*b~3 - a*x(b~2*%B - axb*C + a~2*D))*Sqrt[c +

dxx] - 64*Sqrt[b]*(b*xc - a*xd)~(7/2)*(b"2+%B - 2*axb*C + 3*a~2+D)*(a + b*x)*
Sqrtlc + d*x] - 96%Sqrt[bl*(b*c - axd)~(7/2)*(b*C - 3*axD)*(a + bxx) 2xSqrt
[c + d*x] - 192xSqrt[bl*(b*c - axd)~(7/2)*D*(a + b*x) 3*Sqrt[c + d*x] + 192
*xd* (bxc - a*d) "3*D*(a + b*x) 4xArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sqrt[b*c - a
xd]] + 144xd*(b*c - axd) 2% (b*C - 3*axD)x(a + b*xx) 3% (Sqrt[b]*Sqrt[b*c - ax
dl*Sqrtc + d*x] - d*(a + b*x)*ArcTanh[(Sqrt[b]*Sqrtlc + d*x])/Sqrt[b*c - a
xd]]) + 40xd*(b*c - axd)*(b~2+B - 2*axb*C + 3*a~2+D)*(a + b*x) 2*x(Sqrt[b]*S
qrt[bxc - axd]*Sqrtlc + dxx]*(2*¥bxc - b*axd - 3xb*xd*x) + 3*d"2x(a + bx*x) 2%
ArcTanh [(Sqrt [b]*Sqrt[c + d*x])/Sqrtlb*xc - axd]]) + 7*d*(Axb~3 - ax(b"2*B -

axb*C + a”2xD))*(a + b*x)*(8*Sqrt[b]l*(b*c - axd)~(5/2)*Sqrt[c + d*x] - 5*d
x(a + bxx)*(Sqrt[b]*Sqrt[b*xc - a*d]*Sqrtlc + d*x]*(2*¥bxc - b*a*xd - 3*b*xd*x)

+ 3%d"2x(a + bxx) "2*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sqrt[b*c - axd]])))/(1
92%b~ (7/2) *x (b*c - a*d)~(9/2)*(a + b*x)~4)

fricas [B] time = 1.21, size = 3624, normalized size = 7.32

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 5/ (d*x+c)~(1/2),x, algorithm="fricas"
)

[Out] [-1/384*(3*(64*D*xa”~4*xb~3*c~3*d - (5*D*xa”7 + 3*Cxa”~6%b + 5*Bxa”~5xb~2 + 35%Ax
a~4xb~3)*d"4 + (64*xD*b~7xc”3*%d - (5*D*a”3*b”"4 + 3*Cxa~2%b~5 + 5*B*axb”™6 + 3
5%Axb~7)*d"4 + 8x(3*D*a~2%b~5*xc + (2*Cxaxb™6 + 5xBxb~7)*c)*d"3 - 48*(D*xaxb”
6%c”2 + Cxb~7*c"2)*d"2)*x"4 + 8*(3*D*a”6*xbxc + (2*xCxa~5+b~2 + 5*Bxa~4*xb~3)*
c)*d~3 + 4% (64*D*axb”6xc”3*xd - (5%D*a”4*b"3 + 3*C*xa~3*b~4 + 5+B*xa”~2*b”5 + 3
5xA*axb”~6)*d"4 + 8*(3xD*a~3*b~4xc + (2*xC*a~2*b~5 + 5xBxa*xb~6)*c)*d”~3 - 48x(
D*a~2*b~5*xc”2 + C*xaxb~6*c”2)*d"2)*x~3 - 48*(D*a~5*xb"2*%c”2 + C*xa~4*xb~3*c”2)*
d"2 + 6*%(64*D*a”"2*%b"5xc"3*d — (5*D*a~5*%b”"2 + 3*Cxa~4*b~3 + 5*xBxa~3*b~4 + 35
*A*xa"2+%b75) *d"4 + 8x(3*xD*xa~4*b"3*xc + (2*C*xa~3*b~4 + 5xB*xa~2%b"5)*c)*d"3 - 4
8% (D*a~3*b"4*c”2 + C*xa~2%b"5*xc”2)*d"2)*x"2 + 4x(64*D*a"3*%b"4*c"3*d - (5*xD*a
“6%b + 3*C*a”"5*b"2 + 5xBxa~4%b~3 + 35kA*a”"3*b"4)*xd"4 + 8+ (3*%D*a”5*b"2*xc + (
2%C*a~4*b~3 + 5*B*a~3*b~4)*c)*d"3 - 48*%(D*a”~4*xb"3*c”2 + C*xa~3*b~4*c”2)*d"2)
*xx)*sqrt (b”2*c - axbxd)*log((bxd*x + 2*bxc - axd - 2*sqrt(b~2*%c - axbx*d)*sq
rt(dxx + c))/(b*xx + a)) + 2*%(48*D*a”~3*b"5*xc~4 + 16+ (C*a”2*%b”~6 + B*xa*xb~7 + 3
*A*¥b"8)*c"4 - 3*x(5xD*xa~T7xb + 3*%C*a”~6*b”"2 + 5*xBxa~5%b~3 - 93*%A*a"4*xb”~4)*d"4
+ (77xD*a~6*xb"2xc + (51*C*xa~5xb~3 - 131*Bxa~4*xb~4 - 605*xA*a~3*b~5)*c)*d”~3 +
3% (64*D*b"8*c~4 + (5*D*a”4%b~4 + 3*C*xa~3*b~5 + 5+xB*xa~2*xb”~6 + 35xA*axb”7)*d
4 - (29*%D*a”3*b"5xc + (19%C*a~2%b~6 + 45*Bxaxb”~7 + 35%A*b~8)*c)*d~3 + 8*(9
*D*a"2*%b"6*c”2 + (8*Cxaxb”~7 + 5+xB*b~8)*c”2)*d"2 — 16%(7*D*a*xb”7*c”~3 + 3*Cx*b
“8%c”3)*d) *x"3 - 2*(83*D*a~5*b"3*%c”2 - (23*C*xa~4*b~4 + 109%B*a”3*b"5 + 263%
A*a~2*%b"6)*c”2)*d"2 + (288*Dxa*b”7xc”4 + 96*%Cxb~8+c”4 - (73*D*xa”5%xb~3 - 33%
C*a~4*b~4 - 55xBxa~3%b~5 - 385*A*a”2*b~6)*d~4 + (311*D*a~4*b~4*c - 5*x(43*Cx
a~3*%b”5 + 101*B*a”~2*b~6 + 91*A*xaxb”7)*c)*d"3 - 2x(215+%D*a~3*b"5*xc”2 - (371
C*a”2*b~6 + 265*Bxa*xb”7 + 35xA*b~8)*c"2)*d"2 - 16*(6*%D*a”2*b"6xc~3 + (41*C*
axb”7 + BxB*b"8)*c”3)*d)*x"2 + 8*(7*D*a”"4*b"4*xc~3 - (13%C*a”3*b"5 + 11*Bxa”
2%b~6 + 31kA*a*xb”~7)*c”3)*d + (192*D*a”2*b"6*xc~4 + 64%(C*xaxb”7 + B*xb~8)*c”4
- (55*%D*a”6*b”2 + 33*xCxa~5xb~3 - 73*B*a~4*b"4 - 511xA*xa~3%b~5)*d"4 + (283*D
*a"5*xb~3*%c + (85%Cxa~4*xb~4 - 693*%B*a”~3*%b”5 — 763*A*xa”2*b~6)*c)*d~3 - 4%(131
*D*xa”4*b"4*xc”2 - (77*Cxa~3%b~5 + 229*B*a”2*b~6 + 77xA*xa*xb~7)*c”2)*d"2 + 8*(
13*xD*a”3*b~5xc”3 - (53*xC*a”~2%b~6 + 45*Bxaxb”7 + TxA*xb~8)*c”3)*d)*x)*sqrt (dx*
X + ¢))/(a"4*b"9*c”5 - 5*a"bxb"8*c"4*xd + 10*a"6*b"7*c"3*d"2 - 10*a~7*b"6*c”
2%d”~3 + 5*%a~8*b " bxc*d"4 - a~9*b"4*d”5 + (b~13*%c”5 - 5*axb~12*c"4*d + 10*a”2
*b711%c”3*d"2 - 10%a"3*b~10*c"2%d"3 + 5*a”~4xb~"9*cxd"4 - a~5*b"8*%d"5)*x"4 +
4x (axb”12%c”5 — 5*a"2xb"11*xc"4*d + 10*a”~3*%b~10*%c"3*d"2 - 10*a~4*xb~9*c~2*xd~3
+ 5%a~5xb"8%c*d"4 - a"6xb"7xd"5)*x"3 + 6%(a”2%b"11%c”5 — 5*a"3xb"10*%xc"4x*d
+ 10%a"4*xb~9%c”~3*%d"2 - 10*a”~bxb"8*%c~2*%d"3 + 5*a~6xb”7xc*d"4 - a”7*xb~6*d”5)*
x"2 + 4x(a”3*%b"10*c”5 - B*xa"4xb”"9xc”4*d + 10%a"5*b"8*c”3*d"2 - 10*a”~6xb”T*c
“2xd”"3 + 5*a~7xb"6*xc*d”"4 - a"8*b~5*xd"5)*x), -1/192x(3*(64*D*a~4xb"3*c”3*d -
(5xD*a”~7 + 3*C*a”6*b + 5*Bxa~5xb~2 + 35*%A*a”4*xb~3)*d~4 + (64*D*b~7*c”3*d -
(5%D*xa~3%b~4 + 3*C*xa~2*b~5 + 5xBxa*xb™6 + 35xA*b~7)*d"4 + 8*x(3xD*xa~2%b~5*c
+ (2*C*xa*xb”™6 + 5xB*b~7)*c)*d"3 - 48*(D*axb~6%c”2 + C*b~7*c"2)*d"2)*x~4 + 8%
(3*D*a”~6*b*c + (2*Cxa~5*xb~2 + 5xB*a~4*b~3)*c)*d”~3 + 4*(64xD*axb~6+xc”~3*xd - (
5%D*xa”4*b”3 + 3*C*xa~3*b~4 + 5*B*a”2*b”5 + 35xAxaxb~6)*d"4 + 8*(3*D*xa”~3xb"4x
c + (2%C*a"2%b”5 + B5*Bxa*xb~6)*c)*d~3 - 48*(D*a”~2*xb~5*xc”2 + Ckxaxb~6*c”2)*d"2
)*x~3 - 48+ (D*a”5*b"2*c”2 + Cxa~4*b~3*c”2)*d"2 + 6% (64*xD*xa~2%b~5+xc”3*d - (5
*D*a~5*xb"2 + 3*Cxa~4*xb~3 + 5xBxa~3*b~4 + 35xA*a”~2*xb~5)*d~4 + 8% (3*%D*xa~4*b"3
xc + (2*%C*a”3*b~4 + 5xBxa~2%b~5)*c)*d”3 - 48*(D*xa~3%b"4*c”2 + C*xa~2xb~5*xc”~2
I*d"2)*x72 + 4% (64*xD*a”~3*xb~4xc"3*%d - (5*D*a”6*xb + 3*Cxa~5xb~2 + 5*B*xa~4*b”3
+ 35*%A*a”3*b"4)*d"4 + 8+ (3*%D*a”5*b"2*xc + (2*%Cxa~4%b~3 + 5*B*a”~3*b~4)*c)*d”
3 - 48%(D*a”4%b”3*c”2 + C*xa~3*b~4*c”2)*d"2)*x)*sqrt (-b~2*c + axbxd)*arctan(
sqrt (-b"2*c + a*bxd)*sqrt(d*x + c)/(bxd*x + b*c)) + (48*D*a~3*b~5*c™4 + 16%
(C*xa~2%b~6 + B*axb”™7 + 3*xA*b~8)*c~4 - 3*%(5kD*a”7*b + 3*Cxa~6%b~2 + 5*Bkxa 5
b~3 - 93%xAxa~4%b~4)*d"4 + (77*D*xa”~6xb~2xc + (51*%C*a”5*b~3 - 131*Bxa~4%b~4 -
605*A*a~3*b"5)*c)*d~3 + 3*%(64*D*b”~8*c”4 + (5xD*a~4%b~4 + 3*C*xa”~3*b~5 + 5xB
*a"2%b"6 + 35kA*axb~7)*d"4 - (29%D*a”3*b"5*xc + (19%Cxa~2%b~6 + 45*B*xaxb”7 +
35%A*b78) *c)*d"3 + 8x(9*xD*a~2*%b"6*c”2 + (8*Cxaxb”~7 + 5+xBxb~8)*c”2)*d"2 - 1
6% (7*D*a*xb”7*c"3 + 3*Cxb~8*c~3)*d) *x~3 - 2*x(83*D*xa~5+xb~3*c”2 - (23*C*xa”~4*b~
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4 + 109*%B*a”3*%b~5 + 263*%A*xa~2*xb"6)*c”2)*d"2 + (288*D*xa*xb”7*xc~4 + 96*Cxb”~8*c
~4 - (73*D*a”5*b"3 - 33*%C*xa~4*b~4 - 55*B*a”~3*b~5 - 385%A*a”2*%b"6)*d"4 + (31
1*D*a~4xb~4xc - 5% (43*C*a”3*b~5 + 101xB*a~2%b~6 + 91*xA*xa*b~7)*c)*d~3 - 2%(2
15%D*a~3%b~5*c”2 - (371*C*xa”~2*xb~6 + 265%B*a*xb™7 + 35xA*b~8)*c~2)*d"2 - 16%*(
6*%D*xa”2*b"6*c”3 + (41*Cxa*xb”7 + B5*B*b~8)*c~3)*d)*x"2 + 8*(7*D*a”4*xb~4*xc~3 -
(13*%C*a~3*b~5 + 11*B*a”~2*b~6 + 31*A*xaxb”7)*c”3)*d + (192xD*xa~2*b"6*c”4 + 6
4% (C*xaxb~7 + Bxb~8)*c~4 - (55%D*a”~6*%b"2 + 33*Cxa~5*xb~3 - 73*xBxa~4*xb~4 - 511
*A*a~3*%b75)*d"4 + (283xD*a~5*b~3*c + (85*C*xa~4*xb~4 - 693*%B*a”3*b”5 - 763*xAx
a~2%b76)*c)*d"3 - 4x(131xD*xa~4*b"4*xc”2 - (77*Cxa”~3*b~5 + 229%B*a”2*b~6 + 77
*Axaxb”7)*c"2)*d"2 + 8x(13*%D*a~3*b"5*xc”3 - (53*Cxa~2%b~6 + 45*B*axb”7 + 7T*A
*b~8) *c~3) xd) *x) *sqrt (d*x + c))/(a"4*b"9*c”5 - B*a~b*b~8*c”"4xd + 10%a~6%b~7
*c"3%d"2 - 10*%a"7*b"6xc"2%d"3 + 5*%a"8*%b " 5xcxd"4 - a”~9*b~4xd"5 + (b"13%c”5 -
B*xaxb"12*%c”"4xd + 10*%a"2*b"11xc"3*xd"2 - 10*%a”3*xb"10*c”~2*xd"3 + 5*a~4*b~9xc*d
“4 - a~5*b"8%d"5)*x74 + 4% (axb~12*c”5 - 5*a"2*%b"11%c”4*xd + 10*a~3*b~10*c” 3%
d"2 - 10*a~4*b~9%c”2*d"3 + 5*a~5*b"8*ckd"4 - a"6xb”7*d"5)*x"3 + 6x(a”2*b"11
*c™5 - 5xa”3xb710*xcT4xd + 10*%a"4xb"9*c”3*%d"2 - 10*a"5*b"8*xc”2xd"3 + 5*a”6x*b
“Txcxd"™4 - a~T7*b"6x%d"5)*x"2 + 4% (a”"3%b~10%c”5 - bxa~4*xb~9*c”4*xd + 10*a”5xb”
8%c~3*%d"2 - 10*%a~6*b”7xc"2*d"3 + 5%a~7*b"6xc*d"4 - a~8xb"5xd"5)*x)]

giac [B] time = 1.65, size = 1512, normalized size = 3.05

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 5/ (d*x+c)~(1/2),x, algorithm="giac")

[Out] -1/64%(64*xDxb~3*c”3*d - 48*D*a*b~2*xc~2*d"2 - 48*Cxb~3*c™2+%d"2 + 24*D*xa”2xbx*
cxd™3 + 16*xCxaxb™2xc*d”3 + 40*B*b~3*c*d"3 - 5*xD*xa”3*%d"4 - 3*Cxa"2xbxd"4 - 5
*Bkxaxb~2*%d"4 - 35xA*b~3*d"4)*arctan(sqrt(d*x + c)*b/sqrt(-b~2%c + axbx*d))/(
(b™7*c”4 - 4*xa*xb~6*c™3*%d + 6*%a~2*xb~5xc"2+%d"2 - 4*a”3xb"4*cxd”3 + a~4xb”3*d”
4)*xsqrt(-b"2xc + axb*d)) - 1/192%(192*(d*x + c)~(7/2)*Dxb~6*%c~3*d - 576x*(d*
X + ¢)7(5/2)*D*xb"6xc”4*xd + 576*(d*x + c)~(3/2)*Dxb~6*c~5*xd - 192*sqrt(d*x +
c)*Dxb~6*c”6xd — 144*(d*x + c)~(7/2)*D*xa*xb”™5*xc™2%d"2 - 144x(dxx + c)~(7/2)
*Cxb~6xc”2+%d"2 + 720*(d*x + c)”(5/2)*D*xaxb”5xc”3+%d"2 + 528+ (d*x + c)~(5/2)*
Cxb~6*c~3*d"2 - 1008+ (d*x + c)~(3/2)*D*a*xb”~bxc~4*d"2 - 624x(dxx + c)~(3/2)*
Cxb~6*xc™4*d"2 + 432*sqrt(d*x + c)*D*a*xb~5xc~5xd"2 + 240*sqrt(d*x + c)*Cxb~6
*Cc7bxd"2 + T2x(d*x + c)~(7/2)*D*a”2%b~4xc*xd”"3 + 48x(d*x + c)~(7/2)*C*xa*xb~5b*
cxd”3 + 120x(d*x + c)~(7/2)*B*b~6%c*d~3 - 24*(d*x + c)~(5/2)*D*xa”~2xb~4*c~2x
d~3 - 704x(d*x + c)”(5/2)*Cxaxb~5xc”"2%d"3 - 440*(d*x + c)~(5/2)*Bxb~6*xc”2*d
"3 + 24x(d*x + c)”(3/2)*xD*a"2%b"4*c”3*d”3 + 1328x(d*x + c)~(3/2)*Cxaxb~5xc”
3*xd"3 + 584x(d*x + c)~(3/2)*B*b~6%xc"3*%d"3 - 72*sqrt(d*x + c)*D*a~2*%b~4*xc”4x
d”3 - 672*sqrt(d*x + c)*Cka*xb~5xc~4*d~3 - 264*sqrt(d*x + c)*Bxb~6xc”4*d~3 -
16 (d*x + c)~(7/2)*D*a”3*b~3*d"4 - 9*x(d*x + c)~(7/2)*Cxa~2*xb~4*d~4 - 15*%(d
*x + )7 (7/2)*Bxaxb™5xd"4 - 105%x(d*x + c)”~(7/2)*A*b~6*xd"4 - 193*(d*x + c)~(
5/2)*D*a”3*b~3*cxd"4 + 209*(d*x + c)~(5/2)*C*xa~2xb~4*c*d"4 + 495x(d*x + c)”
(5/2)*B*axb~b*xcxd"4 + 385x(d*x + c)~(5/2)*A*xb~6xc*d~4 + 727*x(d*x + c¢)~(3/2)
*D*xa”~3*b~3*%c"2xd"4 - 751x(d*x + c)~(3/2)*C*xa”2%b~4xc~2*xd"4 - 1241x(d*x + c)
~(3/2)*#B*axb~5xc"2*d"4 - 511k (d*x + c)”(3/2)*A*b"6%c"2%xd"4 - 471xsqrt(d*x +
c)*D*a”3*%b"3xc”3*d"4 + 567*sqrt(d*x + c)*Cxa~2%b~4*c™3xd"4 + T77xsqrt(d*x
+ c)*Bkaxb~bkc”3*%d"4 + 279*sqrt(d*x + c)*A*b~6*xc”3*%d"4 + 73*x(d*x + c)”(5/2)
*D*a”~4*b”"2xd"5 - 33*(d*x + c)~(5/2)*C*a~3*b~3*d"5 - 55x(d*x + c)~(5/2)*B*a”
2xb~4*xd"5 - 385x(d*x + c)~(5/2)*A*axb~5xd"5 - 374x(d*x + c)~(3/2)*D*a”4%b~2
xcxd™5 + 14%(d*x + c)~(3/2)*C*xa”3*b~3*cxd"5 + 730*(d*x + c)~(3/2)*B*a”2%b~4
xc*d”5 + 1022x(d*x + c)~(3/2)*A*axb~5xc*d"5 + 405*sqrt(d*x + c)*D*a~4*b~2xc
“2%d"5 - 69*sqrt(dxx + c)*Cxa~3*b~3*c”2xd”"5 - T47*sqrt(d*x + c)*Bxa~2xb~4x*c
~2%d"5 - 837xsqrt(d*x + c)*Axaxb~5*xc"2*d"5 + 55x(d*x + c)~(3/2)*D*a"5*xb*d"6
+ 33*%(d*x + c)~(3/2)*C*xa~4*b~2*%d"6 - 73x(d*x + c)~(3/2)*B*a”3*b"3*d"6 - 51
1x(d*x + c)~(3/2)*A*a~2*b~4*d"6 - 117*sqrt(d*x + c)*D*a~b*bxc*d™6 - 75*sqrt
(d*x + c)*C*ka~4*b~2%c*d"6 + 219*sqrt(d*x + c)*B*a~3*b~3*c*xd~6 + 837*sqrt (dx*
X + c)*xA*xa”2*%b"4xcxd"6 + 15*xsqrt(d*x + c)*Dxa”6*xd”7 + 9xsqrt(d*x + c)*C*a”b
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*xb*d”~7 + 15*%sqrt(d*x + c)*Bxa~4*xb~2*d"7 - 279*sqrt(d*x + c)*A*a~3*b~3*xd"7)/
((b~7*xc™4 - 4*xaxb~6xc”3*%d + 6%a”2*%b~5xc”2*d”"2 - 4xa”3*b"4*xc*xd”~3 + a~4xb~3x*d
“4)*((d*x + c)*b - b*c + axd)~4)

maple [B] time = 0.03, size = 3252, normalized size = 6.57

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((D*x~3+Cxx~2+B*x+A)/(b*x+a)~5/(d*x+c) " (1/2),x%)

[Out] 3/4/b/(a”~4*xd~4-4*a~3*b*c*d"3+6*a”2xb~2*xc~2xd~2-4*a*xb~3*c~3*d+b"4*xc~4) / ((a*d
-b*c)*b) " (1/2) *arctan((d*x+c) ~(1/2)/ ((a*xd-b*c)*b) ~(1/2) *b) *D*a*xc”~2xd"2+73/1
92/ (b*xd*x+ax*xd) "4/ (a~2xd~2-2*a*xb*c*d+b~2*c”2) * (d*x+c) ~(3/2) *a*B*d~4+11/64/ (b
*d*x+ax*xd) "4/ (a”3*xd"3-3xa"2*b*c*d"2+3*axb"2xc"2xd-b"3*c"3) * (d*x+c) " (5/2) *a”~2
*C*xd"4-d/ (a"4*d"4-4*a "~ 3xb*c*d~3+6*a”2*b~2xc"2xd"2-4*a*xb~3*c " 3*d+b"4*xc"4) / ((
axd-bxc)*b) ~(1/2)*arctan((d*x+c)~(1/2)/((axd-b*xc)*b) ~(1/2) *b) *D*xc~3+3/4/(a~
4*xd"~4-4*a”~3xb*ckd"3+6%a”2*b"2*xc"2xd"2-4*a*xb"3*c”"3*d+b"4*c”4) / ((a*xd-b*c) *b) "
(1/2)*arctan((d*xx+c) ~(1/2)/((a*xd-b*c)*b) ~(1/2) *b) *Cxc~2*d~2-d/ (b*xd*x+ax*xd) ~4
/ (axd-b*c) * (d*x+c) " (1/2) #*D*c~3+5/64/ (bxd*x+a*xd) ~4/ (a~4*d~4-4*a" 3*xbxcxd~3+6%
a~2¥b"2*c”2xd"2-4*axb"3xc " 3*d+b"4*c”4) * (d*x+c) " (7/2) *a~3*d"4*D+385/192/ (b*xd
*x+ax*xd) "4*xb”2/ (a"3*%d"3-3*a"2*b*c*d"2+3*axb"2xc"2xd-b"3*c"3) * (d*x+c) " (5/2) *A
*d~4-1/4/ (bxd*x+a*xd) ~4/ (a~4*d"4-4*a"3*b*xcxd"3+6*a~2xb"2%c"2+%d"2-4*a*xb"3*c”3
*d+b~4*c”4) x (d*x+c) " (7/2) *Cxaxb~2*xcxd~3-11/12/ (bxd*x+a*xd) “4*b/(a~3*d~3-3*a”
2xb*xc*xd~2+3%axb~2kxc 2xd-b~3%c"3) *x (d*x+c) ~(5/2) *Cxa*xc*xd~3-5/8/ (a~4*d~4-4*a"~3
*b*c*d"3+6*a”2xb"2xc"2xd " 2-4*a*xb"3*c"3*d+b"4*xc"4) / ((a*d-b*c) *b) "~ (1/2) *arcta
n((dxx+c)~(1/2)/((a*d-b*c) *b) " (1/2) *b) *B*xc*d~3+511/192/ (bxd*x+a*d) ~4+*b/ (a™2
*d"2-2%axbxckxd+b"2xc"2) * (d*x+c) " (3/2) *A*d"4+5/4/ (b*d*x+a*xd) "4/ (axd-b*c) * (d*
x+c) " (1/2)*Cxc™2%d"2-11/8/ (b*d*x+axd) "4/ (a*d-b*c) * (d*x+c) ~(1/2) *Bxc*d~3+35/
64/ (b*xd*x+ax*xd) "4/ (a~4*xd~4-4*a~3*b*c*d"3+6*a” 2xb~2*xc " 2xd"2-4*a*xb~3*c”~3*d+b~4
*c74) % (d*x+c) " (7/2) *Axb~3+%d~4+35/64/ (a”4*xd~4-4*a~3*xb*c*d~3+6*a”2xb~2xc~2xd~
2-4xaxb~3xc~3*d+b~4*c"4) / ((axd-b*c)*b) " (1/2) *arctan ((d*x+c) ~(1/2) / ((a*d-b*c
)*b) ~(1/2) #b) *A*d"4+93/64/ (bxd*x+a*d) ~4/ (a*d-b*c) * (d*x+c) ~(1/2) *A*d~4-3/8/(
bxd*x+axd) ~4/ (a~4*d"4-4*a" 3*xbkckxd"3+6*a”2*¥b " 2*%c”2*xd"2-4*a*xb"3*xc"3*%d+b"4*c"4
)x(d*x+c) ~(7/2) *D*a”2xbxcxd~3+11/8/ (b*d*x+a*d) “4/b/ (a~2xd~2-2*a*b*c*d+b~2*c
~2)*(d*x+c) " (3/2) *D*xa~2xc*d~3+3/4/ (bxd*xx+axd) “4/ (a~4*d"4-4*a"3*bxcxd~3+6*a”
2¥b72%c”2xd"2-4*axb " 3*xc " 3*%d+b"4*c”4) * (d*xx+c) T (7/2) *D*xaxb”2xc”2*xd"2+1/4/ (b*xd
*x+ax*xd) "4/ (axd-b*xc) /bx (d*xx+c) ~(1/2) *Cxa*xc*xd~3+3/8/ (bxd*x+a*d) "4/ (a*d-b*c) /b
2% (d*x+c) " (1/2) *D*xa~2xc*d~3-3/4/ (b*xd*xx+a*xd) ~4/ (a*xd-b*c) /b* (d*x+c) ~(1/2) *D*
axc™2xd"2-1/4/b/(a"4*d"4-4*a" 3xb*cxd~3+6*a"2%b " 2xc " 2*xd"2-4*a*xb~3*c”3xd+b"4x*
c~4)/((a*xd-b*c)*b) ~(1/2) *arctan ((d*x+c) ~(1/2) / ((axd-b*c)*b) ~(1/2) *b) *Ckax*cx
d"3-3/8/b"2/(a"4*d"4-4*a~3*b*ckd"3+6*%a”"2xb"2xc"2*%d"2-4*a*b”"3*c"3*d+b"4*c"4)
/ ((a*d-b*c)*b) " (1/2)*arctan ((d*x+c) ~(1/2) / ((a*xd-b*c)*b) ~(1/2) *b) *D*a”~2*c*xd~
3+3/4/ (bxd*xx+a*xd) ~4*b/ (a”~3*d"3-3*a" 2*xb*cxd~2+3*a*xb~2*c”2*d-b"3*c”3) * (d*x+c)
~(5/2)*D*axc”2*d~2-55/192/ (bxd*x+ax*xd) “4/b~2/ (a~2*xd~2-2*a*xb*cxd+b~2*c~2) * (d*
x+c) ~(3/2)*a"~3*d"4*D+5/8/ (b*d*x+a*xd) "4/ (a”~3*d~3-3*a " 2*b*cxd~2+3*a*b~2xc"2*d
-b~3%c”3) * (d*x+c) " (5/2) *D*a~2*c*d"3-5/64/ (bxd*x+axd) ~4/ (a*d-b*c) /b*x (d*x+c)~
(1/2) *a*B*d"4-d/ (bxd*x+a*xd) ~4/ (a~4*d"4-4*a"3*xbxcxd~3+6*a~2%b~2+%c~2*xd"2-4*ax*
b~ 3*%c"3*xd+b~4*c"4) * (d*x+c) " (7/2) *Dxb~3*%c~3-5/64/ (b*xd*x+a*xd) “4/ (a*xd-b*c) /b~ 3
*(d*xx+c) " (1/2)*a~3%d"4*xD-73/192/ (bxd*x+ax*xd) “4/b/ (a~3*d~3-3*a”2xb*c*xd~2+3*ax*
b 2*c”2%d-b"3*c”3) * (d*x+c) " (5/2) *a~3*d~4*xD+3/4/ (bxd*x+axd) ~4/(a~4*xd"4-4*a"3
*b*c*xd”"3+6*a”2xb"2xc"2xd " 2-4*a*xb~3*c”3*d+b"4*c"4) x (d*xx+c) " (7/2) *Cxb~3*c"2*d
~2+55/192/ (bxd*x+a*xd) “4xb/ (a”~3*d"3-3*a” 2*xbxcxd~2+3*a*xb~2*xc”"2*xd-b"3*c”"3) * (d*
x+c) " (5/2) *a*B*d"4-55/24/ (bxd*x+a*xd) ~4*xb~2/ (a”~3*d"3-3*a" 2xb*cxd~2+3*a*xb~2*c
~2%d-b"3*c”3) * (d*x+c) " (5/2) *B*xc*d"3-5/8/ (bxd*x+a*xd) ~4/ (a~4*d"4-4*a” 3xbxcxd™
3+6*a”2xb"2xcT2xd " 2-4*a*xb~3*c”"3*kd+b"4*xc"4) x (d*x+c) ~(7/2) *B*b~3*c*xd"3+5/64/b
/(a”4xd"4-4xa~3*xbxc*xd"3+6%a”2xb"2*%c”2xd"2-4*xa*xb”3*xc 3*d+b~4*c”4) / ((a*xd-b*c)
*b) " (1/2) *arctan((d*x+c) ~(1/2)/ ((axd-b*c)*b) ~(1/2)*b) *a*xBxd~4+5/64/b"3/(a"4
*d"4-4%a" 3*xbxcxd"3+6*a"2x%b 2+ c"2+%d"2-4*axb"3*xc"3xd+b~4*c"4) / ((a*d-b*xc) *b) ~(
1/2)*arctan ((d*x+c) ~(1/2)/ ((a*xd-b*c)*b) ~(1/2) *b) *a~3*d"4*D-3/4/ (b*xd*x+a*xd) "
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4/ (a~2xd"2-2*a*xb*c*d+b~2*xc”2) * (d*xx+c) ~(3/2) #*D*xa*c”2*d"2-3*d/ (bxd*x+a*d) ~4*b
"2/ (a”3*%d"3-3*a" 2xbxcxd " 2+3*a*xb"2*%c”2*d-b"3*c”"3) * (d*x+c) ~(5/2) *D*c~3+3/64/b
"2/ (a~4*d"4-4*a~3*xb*xcxd"3+6*a”2x%b"2*xc”2*d"2-4*axb"3*c”3*d+b”"4*c”~4) / ((a*d-b*
c)*b) " (1/2)*arctan((d*x+c)~(1/2)/((axd-b*c) *b) ~(1/2) *b) *a~2*¥Cxd~4-3/64/ (b*d
*x+ax*xd) "4/ (axd-b*xc) /b~ 2x (d*x+c) ~(1/2) *a~2*xCxd~4-5/12/ (b*d*x+ax*d) "4/ (a~2*d"2
-2%axb*ckd+b"2*xc”"2) * (dxx+c) " (3/2) *Cxaxc*xd~3+3/64/ (b*xd*x+a*xd) "4/ (a~4*xd"4-4*a
~3*b*c*kd"3+6*%a"2xb"2xc"2x%d " 2-4*axb"3*c"3kd+b"4*c"4) * (d*x+c) " (7/2) *a"2xb*xCxd
~4+5/64/ (bxd*x+axd) ~4/(a~4*d"4-4*a" 3xb*xcxd~3+6*a”"2%b " 2xc " 2*%d"2-4*a*xb~3*c” 3%
d+b~4*xc”4) *x (dxx+c) "~ (7/2) xaxb™2*B*d~4-73/24/ (bxd*x+a*d) ~4*b/ (a~2*xd~2-2*a*xb*c
*d+b"2%c”2) * (d*x+c) " (3/2) *B*xc*d~3-11/64/ (bxd*x+a*xd) ~4/b/ (a”2%d~2-2*a*xb*xcxd+
b~2xc”"2) * (d*x+c) " (3/2) *a~2xC*xd~4+13/4/ (b*d*x+ax*xd) ~4*b/ (a~2xd"2-2*axb*c*xd+b~
2%c72) % (d*xx+c) " (3/2) *Cxc~2+%d"2+11/4/ (bxd*x+a*xd) ~4*b~2/ (a"~3*d"3-3*a"2xb*cxd~
2+3*%axb”"2*xc"2*%d-b"3%c”3) * (d*x+c) " (5/2) ¥C*xc~2%d~2-3*d/ (bxd*x+a*xd) “4*b/ (a”2*d
“2-2%axb*ckd+bT2xc”2) x (d*x+c) ~(3/2) *D*c”3

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 5/ (d*x+c)~(1/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(a*d-b*c>0)', see “assume?” for more
details)Is a*d-b*c positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fA+Bx+Cx2+x3D

(a+bx)5 Ve+dx

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x + C*x~2 + x73%D)/((a + b*x) 5%(c + d*xx)~(1/2)),x)
[Out] int((A + Bxx + C*x~2 + x~3*%D)/((a + b*xx) 5*x(c + d*x)~(1/2)), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Ckx**2+Bxx+A)/ (b*x+a)**5/ (d*x+c)**(1/2) ,x)

[Out] Timed out
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(a+h@3@4+Bx+Cx2+EM3)
f (c+dx)3/2

3.10 dx

Optimal. Leaf size=434

2(c + dx)¥2(be - ad) (a?d?(Cd — 3¢D) — abd (-3Bd? - 15¢2D + 8cCd) + b (3Ad® - 6Bcd? —15¢3D +10c2C
- 3d7

[Out] -2/3*%(-axd+b*xc)* (a~2%d"2* (Ckxd-3*D*xc)—a*xbxd* (-3*B*d~2+8*Cxcxd—15*xD*xc~2) +b~ 2%
(3*%A*d"3-6*B*c*d"2+10*Cxc~2xd-15+%D*c~3) ) * (d*x+c) ~(3/2) /d"7+2/5* (a~3*d"3*D+3
*a " 2%b*d" 2% (Ckd—4*D*c) —3*a*xb~2*d* (-Bxd~2+4*Cxcxd—10%D*c™2) +b~3* (A*xd~3-4*B*c
*d72+10*%Cxc~2%d-20%D*c”3) ) * (d*x+c) " (5/2) /d~T+2/7T*xb* (3*a~2*d~2*xD+3*a*xb*d* (C*
d-5*D*c) -b~ 2% (-Bxd~2+5%C*c*d-15*D*c~2) ) * (d*x+c) ~(7/2) /A" 7+2/9*b~ 2% (Cxbxd+3*
Dxaxd—6*Dxbxc) * (d*x+c) ~(9/2) /d~7+2/11xb~3*D* (d*x+c) ~(11/2) /d"7+2x (—a*d+b*c)
3% (A*d"3-B*xc*d"2+Cxc~2xd-D*c~3) /A" 7/ (d*x+c) ~(1/2) -2* (—a*d+b*c) ~2* (axd* (-B*
d"2+2*Ckxcxd—3*D*c”2) —~b* (3*A*d"3-4*Bkxcxd~2+5*xCxc~2+%d-6+D*c”3) ) * (d*x+c) ~(1/2)
/a7

Rubi [A] time = 0.36, antiderivative size = 434, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 32,

numberofrules _ 031, Rules used = {1620}

integrand size
2(c + dx)*2 (3a2bd?(Cd - 4cD) + a°d®D — 3ab?d (~Bd? - 10c*D + 4cCd) + b (Ad® - 4Bcd? +10c2Cd — 20¢
547

Antiderivative was successfully verified.
[In] Int[((a + b*x)73%(A + Bkx + C*x"2 + D*x"3))/(c + d*x)~(3/2),x]

[Out] (2x(bxc - axd) ~3*%(c™2xC*d - Bkcxd™2 + A*d~3 - c~3*D))/(d”7*xSqrt[c + d*x]) -
(2% (b*xc - ax*xd) "2*(axd*(2xc*xCxd — B*d™2 - 3*c”2*D) - b*x(5xc”2%C*d - 4*B*xc*d

T2 + 3%Axd"3 - 6%c”3*D))*Sqrtlc + dxx])/d”7 - (2x(b*c - a*xd)*(a”2xd"2*(C*d

- 3%c*D) - axbxd*(8*xcxCxd - 3*%B*d~2 - 15%c™2*D) + b~ 2% (10*c™2*C*d - 6*Bxcx*d

"2 + 3*%A*d”3 - 15%c”3%D))*(c + d*x)~(3/2))/(3*%d"7) + (2+%(a”~3*d"3*D + 3*xa~2x

b*d"2*x (Cxd - 4*c*D) - 3*axb™2xd*(4*xcxCxd - B*d™2 - 10*c™2*D) + b~ 3x(10*c™2%

Ckd - 4*Bxcxd™2 + A*d~3 - 20%c”3*D))*(c + d*x)~(5/2))/(5%d"7) + (2*b*x(3*a”~2

*d"2%D + 3*axbxd*x(Cxd — 5%c*D) - b~ 2% (5xc*xCkxd — B*xd~2 - 15%c”2*D))*(c + d*x

)"(7/2))/(7*d"7) + (2*%b~2%(b*Cxd - 6xb*xcxD + 3xa*xd*D)*(c + d*xx)~(9/2))/(9%d

7)) + (2%b73%D*x(c + d*xx)~(11/2))/(11%d"7)

Rule 1620

Int[(Px )*x((a_.) + (b_.)*(x ))"(m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(a+ bx)? (A +Bx + Cx? + Dx3) ; (=bc + ad)® (CZCd — Bed? + Ad® - C3D) (bc — ad)? (—ad (ZCC
f (C + dx)2 *= f B5(c + dx)o2 "

2(bc — ad)® (CZCd — Bed? + Ad® - c3D) 2(bc — ad)? (ad (ZCCd —1

d7c + dx

Mathematica [A] time = 1.16, size = 391, normalized size = 0.90
2 (<1155(c + dx)*(be — ad) (ad?(Cd — 3¢D) + abd (3Bd? +15¢2D - 8cCd) + b? (3Ad® - 6Bcd? — 15¢°D + 10,
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Antiderivative was successfully verified.

[In] Integrate[((a + b*x)~3*(A + B*x + Cxx~2 + D*x73))/(c + d*x)~(3/2),x]

[Out] (2*%(3465*%(bxc - a*d) ~3*(c”2*Cxd — Bxcxd™2 + A*d~3 - c~3*D) - 3465*(bxc - a*

d) "2*x (- (axd* (-2*xc*xC*d + B*d"2 + 3*c™2*D)) + b*(-5*xc™2*C*d + 4*Bxcxd™2 - 3*A

*d"3 + 6*%c”3*D))*(c + d*x) - 1155*%(b*c - a*xd)*(a~2*%d"2+*(C*d - 3*c*D) + axbx

d* (-8*c*xCxd + 3*Bxd~2 + 15%c™2*D) + b~ 2% (10*c~2*%C*d - 6*B*c*d™2 + 3*xA*xd~3 -
15%c™3*D) )x(c + d*x) "2 + 693*(a”3*d"3*D + 3*a~2%b*d"2*(Ckxd - 4*xcxD) + 3*ax

b~ 2*xd* (—4*xcxC*d + B*d~2 + 10*c”™2*D) + b~ 3% (10*c™2*C*xd - 4*Bxcxd~2 + A*d~3 -
20*%c”3*D) ) *(c + d*x)~3 + 495%b*(3*a”~2xd"2*D + 3xaxb*d*(C*d - 5*xc*D) + b~2x
(-5*c*C*d + B*d™2 + 15%xc”™2*D))*(c + d*x) "4 + 385*xb~2*(b*xCxd - 6*b*c*D + 3*a
*d*D)*(c + d*x)75 + 315%b~3*D*(c + d*x)~6))/(3465+%d"7*Sqrt[c + d*x])

fricas [A] time = 1.22, size = 677, normalized size = 1.56

2 (315 DB3d6x® — 15360 Db3c® — 3465 Aa3d® — 9240 (Ca3 +3Ba?b+3 Aabz)c2d4 + 6930 (Ba3 +3 Aazb)cd5 _

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 3% (D*x~3+Cxx~2+B*x+A)/(d*x+c) ~(3/2),x, algorithm="fricas"
)

[Out] 2/3465%(315*%D*b~3*%d"6*x"6 — 15360*D*b~3*c”6 — 3465%A*a”~3*%d"6 — 9240%(C*a~3
+ 3*B*a"2*%b + 3xAxaxb"2)*c”2%d"4 + 6930*(B*xa~3 + 3*A*a”2%b)*ckd"5 - 35x(12%
D*b~3*c*xd™5 - 11%(3*Dxa*b”™2 + Cxb~3)*d"6)*x"5 + 5% (120%D*b~3*c~2*xd~4 + 99%(
3*D*a”2*%b + 3*Cxaxb~2 + B*b~3)*d"6 - 110*(3*xD*xa*xb~2%c + C*b~3*c)*d~5)*x~4 +
11088* (D*xa~3%c~3 + (3*C*a~2*b + 3*Bxaxb~2 + A*xb~3)*c”3)*d"3 - (960*D*b~3*c
~3%d"3 - 693*(D*a”~3 + 3*C*xa~2%b + 3*Bxa*b"2 + A*b~3)*d"6 + T792*(3*D*a”2xb*c
+ (3*C*xa*xb”™2 + B*b~3)*c)*d"5 - 880*(3*D*axb~2*xc~2 + C*b~3*c"2)*d"4)*x"3 -
12672* (3xD*a”2xb*c”™4 + (3*Cxa*xb”™2 + B*b~3)*c”4)*d"2 + (1920%D*b~3*c~4*d~2 +
1155%(C*a~3 + 3*B*a~2*b + 3*Axaxb~2)*d"6 - 1386*(Dxa”3*c + (3*C*xa~2xb + 3x
Bxaxb~2 + Axb~3)*c)*d”5 + 1584x*(3*D*xa~2%b*c”2 + (3*Cxa*b”™2 + B*b~3)*c~2)*4"
4 — 1760* (3*xD*a*xb~2*%c”3 + Cxb~3*c~3)*d"3)*x"2 + 14080*(3*D*axb~2*xc~5 + Cxb~
3*c”B)*d — (7680*D*xb~3*c”5*xd + 4620%(C*xa”~3 + 3*xBxa~2%b + 3*kA*xaxb~2)*cxd~5 -
3465% (B*a~3 + 3*xA*xa”2*b)*d”~6 - 5544x(D*a”3xc”2 + (3*C*xa~2%b + 3*B*xaxb™2 +
Axb~3)*c"2)*d"4 + 6336*(3*D*ka”2xbxc~3 + (3*%C*a*xb”2 + B*b~3)*c~3)*d~3 - 7040
*x (3*xD*axb~2xc”4 + C*xb~3*c”4)*d"2)*x)*sqrt(d*x + c)/(d"8*x + c*xd~7)

giac [B] time = 1.49, size = 1067, normalized size = 2.46

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 3% (D*x~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="giac")

[Out] -2*(D*b~3*c”6 — 3*D*a*xb~2%c”5xd — Cxb~3*xc~5xd + 3*D*a”2*b*c”™4*xd"2 + 3*Cxaxb
“2xcT4*xd72 + Bxb73*%cT4%d"2 - D*a”3%c”3*%d"3 - 3*C*a~2xbxc"3*d"3 - 3*kBkxaxb 2%
c"3xd"3 - A*¥b73%c"3*%d"3 + Cxa~3*%c”2*%d"4 + 3*xBxa"2xb*c”2*%d"4 + 3*xAxaxb"2xc”2
xd~4 - B*a"3*cxd"5 - 3*Axa”2*bxc*d”5 + Axa”3%d"6)/(sqrt(dxx + c)*d~7) + 2/3
465*%(315*(d*x + ¢)~(11/2)*D*b~3*d"70 — 2310*(d*x + ¢)~(9/2)*D*b~3*c*xd~70 +
7425% (d*xx + ¢)~(7/2)*D*b~3%c~2*xd"70 - 13860*(d*x + c)~(5/2)*D*b~3*c~3*d"70
+ 17325%(d*x + ¢)~(3/2)*D*b~3*%c~4xd"70 - 20790*sqrt(d*x + c)*D*b~3*c~5xd~70
+ 1155%(d*x + c)~(9/2)*D*a*xb~2*d"71 + 385x(d*x + c)~(9/2)*C*b~3*d~71 - 742
5% (d*x + c)~(7/2)*D*axb~2%c*d”71 - 2475%(d*x + c)~(7/2)*C*xb~3*c*d~71 + 2079
O*x(d*x + c)~(5/2)*D*xa*xb~2*%c”2*d"71 + 6930*(d*x + c)~(5/2)*C*xb~3*c~2*xd"71 -
34650% (dxx + c)~(3/2)*Dxa*xb”~2xc~3*d"71 - 11550x(d*x + c)~(3/2)*Cxb~3xc~3*xd~
71 + 51976%sqrt(d*x + c)*D*axb~2*%c™4*d"71 + 17325*sqrt(d*x + c)*Cxb~3*c™4x*d
71 + 1485%(d*x + c)~(7/2)*D*a”2xb*d~72 + 1485%(d*x + c)~(7/2)*Cxaxb~2*xd"72
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+ 495%(d*x + ¢c)~(7/2)*B*¥b~3*%d"72 - 8316*x(d*x + c¢)~(5/2)*D*a”2*b*c*xd~72 - 8
316*(d*x + c)~(5/2)*Cxa*xb~2%cxd~72 - 2772x(d*x + c)~(5/2)*B*b~3*c*xd~72 + 20
790* (d*x + )~ (3/2)*D*a”~2*b*xc”~2*%d~72 + 20790*(d*x + c)~(3/2)*C*xaxb™2%c~2*d"
72 + 6930*(d*x + c)”(3/2)*Bxb~3%c”2*d"72 - 41580*sqrt(d*x + c)*Dxa”2xb*c”3%
d~72 - 41580*sqrt(d*x + c)*Ckxa*xb™2xc~3*d~72 - 13860*sqrt(d*x + c)*Bxb~3%c~3
*d772 + 693%(d*x + ¢)~(5/2)*%D*a"3*%d"73 + 2079*x(d*x + c¢)~(5/2)*C*a”2*xb*xd"~73
+ 2079*%(d*x + c¢)~(5/2)*B*a*xb~2*xd"73 + 693x(d*x + c)~(5/2)*A*b~3*%d~73 - 3465
*(d*x + c)~(3/2)*D*a~3xc*d~73 - 10395*%(d*x + c)~(3/2)*C*a~2*b*c*d~73 - 1039
5% (d*x + c)~(3/2)*B*xaxb™2%cxd"~73 - 3465*(d*x + c)”(3/2)*A*xb~3*c*xd~73 + 1039
Bksqrt (d*x + c)*D*a”3*%c”2*%d"73 + 31185*sqrt(d*x + c)*Cka~2*bxc~2*xd~73 + 311
85*sqrt (d*x + c)*Bxaxb™2xc”2xd"73 + 10395*%sqrt(d*x + c)*Axb~3%c”2xd~73 + 11
55x (d*x + c)~(3/2)*C*a~3+%d"74 + 3465*(d*x + c)~(3/2)*Bxa”2*b*d~74 + 3465x*(d
*x + ¢)7(3/2)*A*axb”2xd"74 - 6930*sqrt(d*x + c)*C*a~3xc*d”74 - 20790*sqrt(d
xX + c)*B*a~2*bxcxd~74 - 20790*sqrt(dxx + c)*Axaxb~2xc*xd"74 + 3465*sqrt(dxx

+ c)*B*a”3%d”75 + 10395*sqrt(d*x + c)*A*a~2%b*xd~75)/d~77

maple [B] time = 0.01, size = 841, normalized size = 1.94

2 (—315b3Dx6d6 — 385C b3d®x® — 1155Da b?d®x® + 420Db3c d°x° — 495B b3dx* — 1485Ca b2d®x* + 550C b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((bxx+a) 3% (D*x~3+Cxx"2+B*x+A)/(d*x+c) " (3/2) ,x%)

[Out] -2/3465/(d*x+c)~(1/2)*(-315*D*b~3*d"6*x~6-385*%C*b~3*d"6*x"5-1155*D*a*xb~2*d"
6xx"5+420*D*b " 3*c*xd"5*x~5-495*B*b~3*d " 6*x"4-1485*C*axb~2*d"6*xx"4+550*Cxb~3*
cxd"b*xx"4-1485%xD*xa” 2*%b*d " 6*x"4+1650*D*a*xb"2xcxd " 5*xx"4-600*D*b"3*xc"2*xd"4*x"4
-693*%A*xb"3*xd"6xx"3-2079*B*xa*xb”2*d"6*x"3+792*xBxb~3*c*d " 5*x"3-2079*C*xa”~2*xb*xd”
6%x"3+2376*Cxa*xb”~2xc*d~5*xx"3-880*Cxb~3*xc™2*d"4*x~3-693*D*a”~3*xd"6*xx~3+2376%D
*a" 2%bxcxd"5*xx"3-2640%D*axb”2*xc”2*%d"4*xx"3+960*D*xb"3*xc”3*%d"3*x"3-3465*%A*xaxb”
2%d"6xx"2+1386*%A*b 3% ckxd"5*x"2-3465*%Bxa”2xb*d"6xx"2+4158%B*axb”2*xcxd " 5xx"2-
1584%B*b"3*c™2*xd"4*xx"2-1155%C*xa~3*xd"6*x"2+4158*C*a~2*b*c*xd~5*xx"2-4752*xC*xax*xb
T2%cT2%dT4xxT2+1760*xCxb T 3% cT3*%d " 3*x"2+1386*D*a”"3xckxd"5*xx"2-4752xD*a” 2*%b*c”2
*d"4*x"2+5280*%D*xa*b”2*%c”3*xd"3*x"2-1920%D*b"3*%c"4xd"2*x"2-10395*%A*xa” 2*xb*xd " 6%
x+13860*A*a*xb”2*%cxd"5*x—-5544*%Axb"3*c”2*%d"4*x-3465%B*a”~3*%d"6xx+13860*B*xa”2*b
*cxd"5*x—-16632*%B*axb”2*%xc”2*%d"4*x+6336*%B*b " 3%c”3*xd"3*x+4620*C*xa”3*kxcxd"5*xx-16
632*C*a”2%b*xc™2*xd"4*xx+19008*C*a*xb™2*xc~3*xd~3*x-7040*%Cxb~3*c™4*d"~2*xx-5544*D*a
T3*%cT2xd"4xx+19008*D*a”"2*xb*xc"3*xd"3*%x-21120*D*a*xb”2xc"4*xd " 2*%x+7680*%D*b"3*c”5
*d*xx+3465%xA*a”"3xd"6-20790%A*xa”2xb*ckxd"5+27720%A*xa*b~2%c"2xd"4-11088*A*xb~3*c
“3x%d"3-6930%B*a~3%c*xd"5+27720%Bxa”2*xb*xc”2*xd"4-33264*B*xa*xb”2*%c"3*%d"3+12672%B
*b"3%cT4xd"2+9240*%C*ka”~3*%c”2*%d"4-33264*C*a”~ 2*¥b*xc~3*d"3+38016*C*kxaxb™2xc~4*d"2
-14080*%C*xb~3*xc~5*%d-11088*D*xa”~3*xc~3*xd~3+38016*D*xa”~2*xbxc~4*d~2-42240*%D*xa*xb”~ 2%
c~5%d+15360*D*b~3*c~6) /d”7

maxima [A] time = 0.47, size = 629, normalized size = 1.45

11 9 7
315 (dx+c) Z Db3-385 (6 Db3c—(3 Dab?+Ch®)d)(dx-+c)2 +495 (15 Db3c2-5 (3 Dab?+Cb? )cd+(3 Da?b+3 Cab?+Bb®)d?)(dx-+c) 2 -693 (20 Db>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 3% (D*x~3+C*xx~2+B*x+A)/(d*x+c) ~(3/2),x, algorithm="maxima"
)

[Out] 2/3465%((315*x(d*x + c)~(11/2)*D*b~3 - 385*(64D*b~3*c - (3*D*a*xb™2 + Cxb~3)*
d)*(d*x + c)~(9/2) + 495%(15*%D*b~3*c”2 — 5*(3*D*xa*xb”2 + Cxb~3)*c*xd + (3*D*a
~2%b + 3*C*xaxb”2 + Bxb~3)*d"2)*(d*x + c)”(7/2) - 693*%(20%D*b"3*c”3 - 10* (3%
D*a*xb~2 + Cxb~3)*c™2%d + 4*x(3*xD*a~2*b + 3*Cxa*b”2 + B*b~3)*cxd"2 - (D*a"3 +
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3*%C*a~2*%b + 3*Bxaxb~2 + A*b~3)*d"3)*(d*x + c)~(5/2) + 1155%(15*D*b~3*c~4 -

10* (3*xD*a*b~2 + C*b~3)*c”3*d + 6% (3*xD*xa~2%b + 3*Cka*xb”™2 + B*b~3)*c~2%d"2 -
3% (D*a”~3 + 3*C*xa~2xb + 3*Bxaxb™2 + A*xb~3)*c*xd~3 + (C*a~3 + 3*B*xa~2*b + 3*A
*a*xb~2)*d"4) *x(d*x + ¢)~(3/2) - 3465*%(6*D*b~3*c”5 - 5% (3*%D*a*b”2 + Cxb~3)*c”
4xd + 4x(3xD*a”2%b + 3*C*xa*xb”™2 + B*b~3)*c”3%d"2 - 3*(D*a”~3 + 3*xCxa~2%b + 3*
Bxaxb~2 + A*b~3)*c”2*%d"3 + 2% (C*xa~3 + 3*%B*a~2%b + 3*kA*axb"2)*xcxd"4 - (B*a"3
+ 3xAxa”2%b) *d~5) *sqrt (d*x + c))/d"6 - 3465%(D*b~3*xc”6 + A*a~3*xd"6 - (3*Dx
a*b”2 + Cxb~3)*c™5xd + (3%D*a”2xb + 3*Ckaxb™2 + B*b~3)*c"4*d"2 - (D*a~3 + 3
*Cxa”~2*%b + 3*Bxa*b”™2 + A*xb~3)*c”3*d"3 + (C*a”~3 + 3*xBxa”™2*b + 3xAxaxb~2)*c"2
xd~4 - (B*a”3 + 3xA*a”2xb)*c*d"5)/(sqrt(d*x + c)*d~6))/d

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

f(a+bx)3 (A+Bx+Cx2+x3D)

(c+dx)°*?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)"3*x(A + Bxx + Cxx~2 + x~3%D))/(c + d*x)~(3/2),x%)
[Out] int(((a + b*x)"3%(A + B*x + C*xx~2 + x~3x%D))/(c + d*x)~(3/2), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**3% (Dxx**3+Ckx**2+B*xx+A) / (d*x+c)**(3/2) ,x)

[Out] Timed out
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(a+bx)2(A+Bx+Cx2+Dx3)
f (c+dx)3/2

3.11 dx

Optimal. Leaf size=322

2(c + dx)? (a2d*(Cd - 3cD) — 2abd (~Bd? — 6¢*D + 3¢Cd) + b? (Ad® - 3Bcd? — 106D + 6c2Cd))  2(c + dx
+
346

[Out] 2/3*%(a”~2xd~2* (C*d-3*D*c)-2*axbxd* (-Bxd~2+3*C*c*d-6*D*c”2) +b~ 2% (Axd~3-3*B*c*
d"2+6*xCxc”~2xd-10*D*c~3) ) * (d*x+c) ~(3/2) /d"6+2/5x (a~2+%d~2*D+2*axb*xd* (Cxd—4*Dx*

c)—b" 2% (-B*d"2+4*Cxc*xd-10*D*c”~2) ) * (d*x+c) " (5/2) /d"6+2/T*b* (C¥b*d+2*D*a*xd-5%
Dxb*c)* (d*xx+c) "~ (7/2) /A"6+2/9*%b~2*xD* (d*x+c) ~(9/2) /A"6-2* (—a*d+b*xc) ~2* (A*d~3-
Bxc*d~2+C*c~2xd-D*c”3) /d"6/ (d*x+c) ~ (1/2) +2* (—axd+b*c) * (a*xd* (-B*d~2+2*C*xc*xd-
3*D*Cc”2) —b* (2xAxd~3-3*B*c*d”2+4*Ckxc~2xd-5xD*c~3) ) * (d*x+c) ~(1/2)/d"6

Rubi [A] time = 0.26, antiderivative size = 322, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 32,

number of rules _ ) 031, Rules used = {1620}

integrand size

2(c + dx)*2 (a2d%(Cd - 3cD) — 2abd (~Bd? — 6¢2D + 3cCd) + b? (Ad® — 3Bcd? + 6¢2Cd —10¢°D))  2(c + dx
+
36

Antiderivative was successfully verified.
[In] Int[((a + b*x)"2%(A + B*x + Cxx"2 + D*x73))/(c + d*x)~(3/2),x]

[Out] (-2*(b*c - a*d)~2*(c"2*C*d - B*cxd™2 + A*d~3 - c¢~3*D))/(d"6*Sqrtlc + dx*x])
+ (2% (b*c - axd)*(a*d*(2*c*Cxd - B*d"2 — 3*c~2%D) - b*(4*c™2*Cxd - 3*Bxcxd~

2 + 2%A*d"3 - b*c73+%D))*Sqrtlc + d*x])/d76 + (2%(a”2%d"2%(Cxd - 3*c*D) - 2%
axb*d* (3*ckCxd — Bxd~2 - 6%c”2%D) + b~ 2% (6xc”2*xCxd - 3*B*c*d™2 + A*d~3 - 10
*c73%D))*(c + d*x)~(3/2))/(3%d"6) + (2*x(a~2xd"2*xD + 2*axb*d*(Cxd - 4*xc*xD) -

b~ 2% (4xc*xC*xd - B*d™2 - 10*c™2*D))*(c + d*x)~(5/2))/(5xd"6) + (2xbx(b*Cxd -
5xb*xc*D + 2*xa*xd*D)*(c + d*x)~(7/2))/(7*d"6) + (2xb~2*D*(c + d*x)~(9/2))/(9
*d~6)

Rule 1620

Int[(Px_ )*((a_.) + (b_.)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] && PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(a + bx)? (A +Bx + Cx* + Dx3) ; (=bc + ad)? (csz — Bed? + Ad® - c3D) (bc — ad) (ad (ZCCd -
f (C+ dx)? *= f B(c + dx)? "
2(bc — ad)? (csz — Bed? + Ad® - c3D) 2(bc — ad) (ad (2ch -~

+
do+c + dx

Mathematica [A] time = 0.67, size = 287, normalized size = 0.89

2 (105(c + dx)? (a2d?(Cd - 3¢D) + 2abd (Bd? + 6¢2D - 3cCd) + 1? (Ad® - 3Bed? —10¢°D + 6Cd) ) + 63(c -

Antiderivative was successfully verified.
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[In] Integrate[((a + b*x)"2x(A + Bxx + C*x~2 + D*x73))/(c + d*x)~(3/2),x]

[Out] (2%(315%(b*xc - a*d) 2% (-(c”2*C*d) + B*c*d~2 - A*d"3 + c”3*D) + 315x(b*c - a
*d) * (- (a*xd* (-2xc*xCxd + B*d~2 + 3*%c™2*D)) + bx(-4xc™2%C*d + 3*Bkxcxd™2 - 2xAx

d"3 + 5%c”3*D))*(c + d*x) + 105%(a”2xd"2*x(Cxd - 3*c*D) + 2*axbxd*(-3*c*xCxd

+ B*d"2 + 6xc”2xD) + b72%(6*%c”2*Ckxd — 3*Bxcxd”2 + A*d"3 - 10*c”3*D))*(c + d

*x) 72 + 63%(a"2xd"2*D + 2%axb*d*(Ckd - 4*c*xD) + b~ 2% (-4*c*Cxd + Bxd"2 + 10x%
c”2xD))*(c + d*x)”3 + 45xbx(b*xCxd - 5*b*c*D + 2*a*xd*D)*(c + d*x)~4 + 35%b~2

*Dx(c + d*x)75))/(315%d"6*Sqrt[c + d*x])

fricas [A] time = 0.88, size = 419, normalized size = 1.30

2 (35 Db2d5x5 + 1280 Db?c5 — 315 Aa2d® — 840 (Ca2 +2Bab + Abz)c2d3 +630 (Ba2 +2 Aab)cd4 -5 (10 Db?cd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2x(D*x~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="fricas"
)

[Out] 2/315%(35%xD*b~2xd~5*x"5 + 1280%D*b~2xc”5 - 315xA*xa~2*xd~5 - 840*(Cxa~2 + 2x*B
*axb + A*b72)*c”2*xd"3 + 630*(Bxa~2 + 2¥A*xaxb)*c*d”4 - 5x(10*D*b~2*c*xd"4 - 9
*(2«D*xa*xb + Cxb~2)*d"5)*x~4 + (80*D*b~2*c”~2*d~3 + 63*x(D*a”2 + 2*C*a*b + Bx*b
~2)*d75 - 72*x(2*D*xaxbxc + C*b~2%c)*d"4)*x”3 + 1008*(D*a~2*c”3 + (2*xCkxaxb +
Bxb"2)*c"3)*d"2 - (160*D*b~2*c~3*d"2 — 105%(C*a”2 + 2*B*xaxb + A*b~2)*d~5 +

126*% (D*xa~2*c + (2*Ckaxb + B*b"2)*c)*d~4 - 144*(2*D*xaxb*c™2 + Cxb~2%c~2)*d"3

)*x72 - 1152%(2*D*axb*c”4 + Cxb~2%c~4)*d + (640*D*b~2*xc~4*xd - 420%(C*a”2 +
2%Bxa*xb + A*b~2)*cxd"4 + 315%(B*a”2 + 2kAxaxb)*d~5 + 504*(D*a”2*c”2 + (2xCx

axb + Bxb~2)*c"2)*d"3 - B576%(2xD*axb*c”3 + Cxb~2%c~3)*d"2)*x)*sqrt(d*x + c)

/(A" 7xx + c*xd”6)

giac [B] time = 1.37, size = 651, normalized size = 2.02

IﬂDW&—ZD@&d—CW&d+D%@¥+2CM@¥+J%%%2—Qﬁﬂﬁ—2&Mﬁﬁ—Aﬁﬁf+B¥aﬂ+2
Vdx + ¢ dé

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) "2x(D*x~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="giac")

[Out] 2% (D*b~2xc”5 - 2*Dxaxbxc~4*d - Cxb~2*%c~4*d + D*a~2*c~3+d”2 + 2*Cxa*xbxc~3*d~
2 + B*b72%c73xd"2 - C*a~2*c"2%d"3 - 2*Bxaxbxc"2xd"3 - A*b"2%c”"2%d”3 + B*a"2
xc*d"4 + 2xAkxaxbkxckd”4 - A*a”2xd"5)/(sqrt(d*x + c)*d”6) + 2/315x(35x(d*x +
c)~(9/2)#Dxb~2*d"48 - 225x(d*x + c)~(7/2)*D*b~2*cxd~48 + 630*(d*x + c)~(5/2
) *D*b~2%c"2*%d"48 - 1050*(d*x + c)~(3/2)*D*b~2%c~3xd"48 + 1575*sqrt(d*x + c)
*xD*b"2%c”4xd"48 + 90x(d*x + c)~(7/2)*#D*axb*d~49 + 45*(d*x + c)~(7/2)*Cxb~2%
d~49 - 504x(d*x + c)~(5/2)*D*axb*cxd~49 - 252*x(d*x + c)”(5/2)*C*b~2xc*d~49
+ 1260*(d*x + c)~(3/2)*D*axbxc”™2xd"49 + 630*(d*x + c)~(3/2)*Cxb~2xc~2xd~49
- 2520*sqrt(d*x + c)*Dxa*xbxc”3*%d"49 - 1260*sqrt(d*x + c)*Cxb~2xc~3*%d"49 + 6
3x(d*x + c)~(5/2)*D*a"2*%d"50 + 126%(d*x + c)~(5/2)*C*xa*xb*d~50 + 63*(d*x + c
)~ (5/2)*Bxb~2xd"50 - 315*%(d*x + c)~(3/2)*D*xa”2xc*d"50 - 630*(d*x + c)~(3/2)
*Cxaxb*cxd~50 - 315*(d*x + c¢)~(3/2)*Bxb~2*c*d"50 + 945*sqrt(d*x + c)*D*xa”2x
c"2xd"50 + 1890*sqrt(d*x + c)*Ckxaxb*c™2xd"50 + 945*sqrt(d*x + c)*Bxb~2%c™2x
d"50 + 105%(d*x + c)~(3/2)*C*xa~2+d"51 + 210*(d*x + c)~(3/2)*B*a*bxd~51 + 10
Bk (dxx + ¢)”(3/2)*A*xb"2xd"51 - 630*sqrt(d*x + c)*Cxa~2*xc*d"51 - 1260*sqrt(d
*x + c)*Bxaxbxc*d"51 - 630*sqrt(d*x + c)*A*b~2%c*d~51 + 31b*sqrt(d*x + c)*B
*a~2+%d"52 + 630*sqrt(d*x + c)*A*xaxb*d~52)/d"54

maple [A] time = 0.01, size = 505, normalized size = 1.57

2 (—35b2Dx5d5 —45C b?d°x* — 90Dab d°x* + 50Db?c d*x* — 63B b2d°x3 — 126Cab d°x3 + 72C b?c d*x® — 63D«
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((bxx+a) ~2% (D*x~3+C*xx~2+B*x+A) /(d*x+c) ~(3/2) ,x%)

[Out] -2/315/(d*x+c)~(1/2)*(-35*D*b~2*d~5*x~5-45%C*b~2*d"5*x~4-90*D*a*xb*xd ~5*x~4+5
0*D*b~2*%c*xd " 4*xx~4-63*B*xb"2xd"5*x"3-126*Cxa*xbxd " 5xx~3+72*xCxb~ 2% c*d " 4*x~3-63%
Dxa~2*%d"5%x"3+144xD*xa*xbxc*d"4*x"3-80%D*b~2%c"2xd"3*x"3-105*%A*xb"2*%d"b5xx"2-21
0*Bxaxbxd~5*x~2+126*%Bxb~2%c*d~4*xx~2-105%C*xa”~2xd " 5*xx"2+252*C*xa*xb*cxd~4*xx~2-1
A4xCxD"2*%c™2*%d"3*%x"2+126*%D*xa” 2xckxd"4xx"2-288*Dxa*xbkxc”2*¢d"3*%x"2+160*D*xb"2xc”
3*%d"2*x"2-630*A*xaxb*d " 5*x+420%xA*xb"2xcxd"4*x-315*%B*xa”2*xd " 5*xx+840*B*a*xb*xcxd"4
*x-504*%B*xb"2xCc”2%d " 3*x+420*%Cxa~2xc*d"4*x-1008*C*a*b*c~2*xd~3*xx+576*C*b~2*c~3
*d"2%x-504*D*xa”2*%c”2*%d"3%x+1152%D*a*xb*xc”3*xd"2*x—-640*%D*b"2xc " 4*xd*x+315*%A*a”"2
*d"5-1260*%A*a*xbxc*d~4+840%xAxb~2xc”2*d~3-630*%B*a~2*c*xd"4+1680*B*a*xb*xc”2*xd~3-
1008*B*xb~2xc~3*%d"2+840*C*a”~2*c~2*%d"3-2016*Cxa*xb*xc~3*d"2+1152*Cxb~2*xc~4*d-10
08*D*a”~2%c~3*d~2+2304*D*a*b*c~4*xd-1280*D*b~2*c~5) /d"6

maxima [A] time = 0.46, size = 395, normalized size = 1.23

9 7 5
35 (dx-+c) 2 Db?-45 (5 Db%c—(2 Dab+Cb?)d)(dx+c) 2 +63 (10 Db?c?~4 (2 Dab+Cb?)cd-+(Da?+2 Cab+Bb?)d2)(dx-+c) 2-105 (10 DF?c3~6 (2 Da

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2x(D*x~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="maxima"
)

[Out] 2/315%x((35*(d*x + ¢)~(9/2)*D*b~2 - 45x(5*xD*b~2*c - (2*D*axb + Cxb~2)*d)*(d*
X + ¢c)7(7/2) + 63%(10*%D*b~2*c”2 — 4x(2xD*a*xb + C*b~2)*cxd + (D*a~2 + 2*Cxax

b + Bxb"2)*d"2)*(d*x + c)~(5/2) - 105x(10#D*b~2*c~3 - 6x(2*xD*xaxb + Cxb~2)*c

~2%d + 3% (D*a”2 + 2*xCxaxb + B¥b~2)*ckd"2 - (Cxa~2 + 2*Bxaxb + A*xb~2)*d"3)*(

d*x + ¢c)”(3/2) + 315%(5%D*b"2*c"4 - 4x(2*xDxaxb + C*b~2)*c”~3*d + 3*x(D*xa~2 +
2*%Cxaxb + Bxb~2)*c"2%d"2 - 2*x(Cxa”2 + 2*Bxaxb + A*b~2)*cxd"3 + (B*a™2 + 2x*A

*xaxb) *d"4) xsqrt (d*x + c))/d"5 + 315%(D*b~2*c~5 - Axa~2xd"5 - (2#D*axb + Cxb
“2)*c”4*xd + (D*a”2 + 2xCxaxb + B*b~2)*c”3*d"2 - (C*xa”2 + 2*B*axb + Axb~2)*c
~2%d”3 + (B*a"2 + 2%Axaxb)*c*d~4)/(sqrt(d*x + c)*d~5))/d

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

f(a+bx)2 (A+Bx+Cx2+x3D)

(c+dx)°?
Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)"2%(A + B*x + C*x"2 + x~3*D))/(c + d*x)~(3/2),x)
[Out] int(((a + b*x)"2*%(A + Bxx + C*x"2 + x~3*D))/(c + d*x)~(3/2), x)

sympy [A] time = 148.60, size = 435, normalized size = 1.35

7 5
2DV (c + dxﬁ (c +dx)2 (2Cb2d + 4Dabd — 10Db%c) (c + dx)2 (2Bb?d? + 4Cabd? - 8Cb?cd + 2Da?d? - 1
+ +
946 7d6 546

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**2% (Dxx**3+Cxx**2+B*x+A) / (d*x+c)**(3/2) ,%)

[Out] 2*xD*b**2*(c + d*x)**(9/2)/(9*%d*x6) + (c + d*x)*x(7/2)*(2*%Cxb**2xd + 4*D*xaxb
*d — 10%D*xb*xx2x%c)/(7*d**6) + (c + d*xx)**x(5/2)*(2xBxb*x*x2xd*x*2 + 4*xCkaxbkxd**2

— 8%Cxb*x2%c*xd + 2*%Dkxax*2xd**x2 — 16xDxaxb*xckd + 20%D*xb*xx2xc*x*x2)/(5xd*x*x6) +

(c + d*xx)**x(3/2) % (2%xAxb*x*x2xd*x*3 + 4*Bkaxbkxd*x*3 — G*xBxb*xx2kxckd**2 + 2%xCkakx*
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2%d*x3 — 12*%Ckaxbkxckd*x*x2 + 12*%Ckb*kx*2%c*x*x2%xd — 6*xDxa*x*2kckd**x2 + 24%xDkxaxbkxc*
*2xd - 20%D*b**2kc**3) / (3*xd**6) + sqrt(c + dkx)*(dxAxaxbkd**4 — 4xAxbx*k2kcx*
d**x3 + 2*%Bkax*2xd*x*x4 - 8xBxgakxbkxckd**x3 + O*kBxbx*2xckx2kd**x2 — 4*xCkax*k2Qxckd**
3 + 12x%Cxa*xbkxcx*x2xd**x2 — 8xCkxb*x*2xc*kx*x3xd + O*kDkax*x2xckx2kd**x2 — 16*xDka*xbxc*
*3%d + 10%D*xb*x*2%c**x4)/d*x*6 + 2k (a*xd — b*xc)**x2x (—Axd**3 + Bkxckd**2 — Ckckx*2
xd + Dxc**3)/(d**6*xsqrt(c + dx*x))
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(a+bx)(A+Bx+Cx2+Dx3)
f (c+dx)3/2

3.12 dx

Optimal. Leaf size=210

2V + dx (ad (~Bd? - 3¢*D + 2cCd) — b (Ad® - 2Bed? — 4D + 3¢2Cd))  2(be - ad) (Ad® - Bed? + ¢(-L

+
d° d°Ve + dx

[Out] 2/3*(a*xd*(Cxd-3*D*c)-b* (~B*d~2+3*Cxcxd-6*Dxc~2) ) * (d*x+c) ~(3/2)/d"5+2/5* (Cxb
*d+D*a*d-4*Dxbxc) * (dxx+c) ~(5/2) /d"5+2/7*b*D* (d*xx+c) ~(7/2) /A" 5+2* (—axd+b*c) *
(A*d~3-B*c*d~2+C*xc~2xd-D*c”~3) /d~5/ (d*x+c) " (1/2) -2* (axd* (-B*d~2+2*C*c*d-3*Dx*

c”2) -b* (A*d"3-2*B*xc*d~2+3*Cxc~2xd-4*D*c~3) ) * (d*x+c) ~(1/2)/d"5

Rubi [A] time = 0.17, antiderivative size = 210, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 30,

number of rules _ ) 033, Rules used = {1620}

integrand size

2V + dx (ad (~Bd? - 3¢2D + 2cCd) — b (Ad® - 2Bcd? + 3c2Cd - 4c°D))  2(be - ad) (Ad® - Bed? + c2Cd.

+
d° d°Ve + dx

Antiderivative was successfully verified.
[In] Int[((a + b*x)*(A + B*x + C*x"2 + D*x"3))/(c + dx*xx)~(3/2),x]

[Out] (2x(b*c - a*xd)*(c”2+C*d - Bxc*d”™2 + Axd~3 - c¢~3%D))/(d"5*Sqrtlc + d*x]) - (
2% (a*xd* (2xc*Cxd — B*xd~2 - 3%c”2#D) - b*(3*c™2*xCxd - 2%B*c*d™2 + A*d~3 - 4xc
~3xD) ) *Sqrt[c + d*x])/d"5 + (2x(axd*(Ckd - 3*c*D) - b*(3*c*Cxd - B*d™2 - 6%
c”2xD))*(c + d*x)~(3/2))/(3*%d"5) + (2% (b*C*xd - 4*xbxcxD + axd*D)*(c + d*x) ~(
5/2))/(5%d"5) + (2*b*D*x(c + d*x)~(7/2))/(7*d"5)

Rule 1620

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)7n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(a + bx) (A +Bx + Cx% + Dx3) (=bc + ad) (csz — Bed? + Ad® - c3D) —ad (2ch — Bd? - 3¢*
f (C + dx)o2 *= f A5(c + dx)o2 "

_ 2(bc - ad) (2Cd - Bed? + Ad® - D) 2 (ad (2¢Cd - Bd? - 3¢D)

d°Vc + dx -

Mathematica [A] time = 0.33, size = 188, normalized size = 0.90

14ad (@ (x (15B + 5Cx + 3Dx2) = 15A) + 2cd?(15B — x(10C + 3Dx)) + 48¢>D - 8c2d(5C — 3Dx)) + b (4cd®

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)*(A + B*x + Cxx~2 + D*x73))/(c + d*x)~(3/2),x]

[Out] (14xaxd*(48*c”~3%D - 8xc”2%d*x(5%C - 3*D*xx) + 2*%c*d~2%(15%B - x*(10*%C + 3*Dx*x
)) + d”3%(-15%A + x*(15*%B + 5*Cxx + 3*D*x"2))) + b*(-768*%c~4*xD + 96%c~3*dx*(
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7*C — 4%D*x) + 16%c™2*%d" 2% (-35%B + 3xx*(7*C + 2*D*x)) + 4*xc*d~3*(105%A - x*
(70%B + 3*xx*k(7*%C + 4*D*x))) + 2%d"4xx*x(105%A + x*(35%B + 3*xx*(7*C + 5%D*x))
)))/(105*%d~5*Sqrt [c + d*x])

fricas [A] time = 0.75, size = 213, normalized size = 1.01

2 (15 Dbd*x* - 384 Dbc* - 105 Aad* — 280 (Ca + Bb)c%d? + 210 (Ba + Ab)cd® — 3 (8 Dbed® - 7 (Da + Ch)d*)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (D*x~3+Cxx~2+B*x+A)/(d*x+c)~(3/2) ,x, algorithm="fricas")

[Out] 2/105%(15*%D*b*xd~4*x~4 - 384*D*b*c~4 — 105%A*a*d”4 - 280*(C*xa + Bxb)*c~2%d"2
+ 210%(B*a + A*b)*c*d~3 - 3*(8*Dxb*xc*xd~3 — 7x(D*a + Cxb)*d"4)*x"3 + (48*Dx*
b*c”™2%d"2 + 35%(C*a + Bxb)*d~4 - 42*x(D*a*c + Ckxb*xc)*d~3)*x"2 + 336*(D*a*xc”3

+ C*xb*c™3)*d - (192xD*b*c~3*d + 140*%(C*xa + Bxb)*c*d~3 - 105*%(B*a + Axb)*d~
4 - 168*(D*axc”2 + C*xbxc~2)*d~2)*x)*sqrt(d*x + c)/(d"6*x + c*d~b)

giac[A] time = 1.27, size = 323, normalized size = 1.54

7 5
2 (Dbc4 — Dac®d — Cbc3d + Cac?d? + Bbc?d? — Bacd® — Abed® + Aad4) 2 (15 (dx + )2 Dbd™ — 84 (dx + ¢)?1
- +

Vdx + cd®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (D*x~3+Cxx~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="giac")

[Out] -2*x(D*b*c”™4 - D*a*xc”™3xd - Cxb*c~3*d + Ckaxc™2xd~2 + B*bxc~™2*d"2 - B¥akxc*xd™3
- Axbxc*d”3 + Axaxd”4)/(sqrt(d*x + c)*d”5) + 2/105x(15*x(d*x + c)~(7/2)*Dxb

*d~30 - 84x(d*x + c)~(5/2)*D*bxc*d~30 + 210*(d*x + c)~(3/2)*D*b*xc~2*d~30 -
420*sqrt (d*x + c)*D*b*xc”~3%d~30 + 21x(d*x + c)~(5/2)*D*axd~31 + 21x(d*x + c)
~(5/2)*%C*bxd~31 - 105*%(d*x + c)~(3/2)*D*axc*d~31 - 105x(d*x + c)~(3/2)*C*bx*
c*d”~31 + 316xsqrt(d*x + c)#*D*axc™2xd"31 + 315*xsqrt(d*x + c)*Cxb*c™2xd~31 +
35%(d*xx + c)7(3/2)*C*a*xd~32 + 35x(d*x + c)”(3/2)*B*b*d~32 - 210*sqrt(d*x +
c)*Ckxaxc*d~32 - 210*sqrt(d*x + c)*Bxbkcxd~32 + 105*%sqrt(d*x + c)*Bxa*d~33 +
105*sqrt (d*x + c)*A*b*d~33)/d"35

maple [A] time = 0.01, size = 241, normalized size = 1.15

2 (—15Db x*d* — 21Cb d*x® — 21Da d*x3 + 24Dbc d®x3 — 35Bb d*x? — 35Ca d*x? + 42Cbc d®x? + 42Dac d°x? —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)* (D*x~3+C*x~2+B*x+A)/(d*x+c)~(3/2) ,x%)

[Out] -2/105/(d*x+c)~(1/2)*(-15*D*b*xd~4*x~4-21*Cxb*d~4*x"3-21*D*a*xd~4*x~3+24*D*b*
c*xd"3%x"3-35%B*b*xd"4*x"2-35*Crxaxd " 4*x"2+42*%Cxbxcxd " 3xx"2+42xD*a*xckd"3*x"2-4
8*D*b*c”™2xd"2*xx"2-105%A*b*d"4*x-105%B*xa*d~4*x+140*Bxb*xcxd~3*x+140*C*xa*xc*xd”~3
*x-168*Cxbxc™2%d ™ 2*%x-168*D*xa*xc™2xd~2*%x+192*D*b*xc~3*xd*x+105*%A*a*d~4-210*Axbx*
cxd”3-210*Bxa*c*xd~3+280*B*xbxc™2xd"2+280*C*xa*c”2xd~2-336*Cxb*c~3*xd-336*D*a*xc
~3*%d+384*D*b*c”4)/d"5

maxima [A] time = 0.46, size = 206, normalized size = 0.98

7 5 3
15 (dx+c) 2 Db—21 (4 Dbc—(Da+Ch)d)(dx+c) 2 +35 (6 Dbc?~3 (Da-+Ch)cd-+(Ca+Bb)d2)(dx-+c) 2~105 (4 Dbc>~3 (Da+Ch)c?d+2 (Ca+Bb)cd?~(Ba-+/

q4

1054
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(D*x~3+C*kx~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="maxima")

[Out] 2/105%x((15*(d*x + c)~(7/2)*D*b — 21*(4*xDxb*c - (D*a + Cxb)*d)*(d*x + c)~(5/
2) + 35*%(6*D*bxc”2 — 3x(D*a + Cxb)*ckd + (Cxa + Bxb)*d"2)*(d*x + c)~(3/2) -

105*% (4*xDxbxc~3 - 3*(D*a + Cxb)*c™2*xd + 2*x(Cxa + B*b)*ckd™2 - (B*a + Axb)*d
~3)*sqrt(d*x + c))/d"4 - 105%(D*b*c”4 + A*axd™4 - (Dxa + C*b)*c~3*d + (Cxa

+ B*b)*c"2%d"2 - (B*a + Ax*b)*c*d”3)/(sqrt(d*x + c)*d~4))/d

mupad [F]  time = 0.00, size = -1, normalized size = -0.00

dx

f(a+bx) (A+Bx+Cx2+x3D)

(c+dx)°?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)*(A + B*x + C*x~2 + x~3%D))/(c + d*x)~(3/2),x)
[Out] int(((a + b*x)*(A + Bxx + Cxx"2 + x73%D))/(c + d*x)~(3/2), x)

sympy [A] time = 60.71, size = 230, normalized size = 1.10

3
2Db(c+dx)? (c+dx)? (2Chd + 2Dad - 8Dbc) (c +dx)2 (2Bbd? + 2Cad? — 6Cbed — 6Dacd +12Dbc?)
+ +

7 55 3 i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (D¥x**3+Cxx**2+B*x+A) / (d*x+c)**(3/2) ,x)

[Out] 2*Dxbx(c + d*x)**x(7/2)/(7*d**5) + (c + d*x)*x(5/2)*(2*+C*b*d + 2*D*axd — 8*D
xbxc)/(5xd*x*5) + (c + dxx)*x*(3/2)*(2%B*xb*xd**x2 + 2*Cxkxa*xd**2 — 6*Cxbkxcxd - 6%
Dxaxc*d + 12*Dxbxc**2)/(3*d**5) + sqrt(c + d*x)*(2%A*xb*d**3 + 2xBxa*xd**3 -
A%xBxbxckd*x*x2 — 4xCxakxckd**x2 + 6*xCkbkxc*x*x2kxd + 6*xDxakc*x*x2xd - 8*D*b*c**3)/d**

5 + 2%(a*d - bxc)*(—Axd**3 + Bxckd**2 - Ckcx*2xd + D*c**3)/(d**5*xsqrt(c + d

*x) )
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3.13

A+Bx+Cx2+Dx3
f — dx
(c+dx)%/

Optimal. Leaf size=113

2 (Ad® - Bed? + ¢3(-D) + 2Cd) 2Vc + dx (-Bd? = 3¢2D +2cCd)  2(c + dx)??(Cd - 3cD)  2D(c + dx)*?
e+ dx ) i " 3 T
[Out] 2/3%(Cxd-3*D*c)*(d*x+c)~(3/2)/d"4+2/5*%D* (d*xx+c) "~ (5/2)/d"4-2% (A*xd~3-B*c*xd~2+

Cxc~2%d-Dxc”~3)/d~4/ (d*x+c) ~(1/2) -2% (-Bxd~2+2*C*c*d-3*D*c~2) * (d*xx+c) ~(1/2) /d
~4

Rubi [A] time = 0.08, antiderivative size = 113, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 25,

number of rules _ ) 040, Rules used = {1850}

integrand size

2 (Ad® - Bed? + ¢2Cd + c3(-D)) 2V + dx (-Bd? - 3¢*D + 2cCd) 2+ d0P(Cd - 3eD) 2D(c +dy?
d4Ve + dx d* 3d* 5d*

Antiderivative was successfully verified.
[In] Int[(A + B*x + C*x"2 + D*x73)/(c + d*x)~(3/2),x]

[Out] (-2*(c™2xC*d - B*cxd™2 + A*d™3 - c73*D))/(d"4*Sqrtlc + d*x]) - (2x(2xc*Cxd
- Bxd™2 - 3%c™2xD)*Sqrtlc + d*x])/d"4 + (2x(Cxd - 3*c*D)*(c + d*x)~(3/2))/(
3*%d~4) + (2#D*(c + dxx)~(5/2))/(5*d"4)

Rule 1850

Int[(Pg )*((a_) + (b_.)*x(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pg*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 |l EqQ[n, 11)

Rubi steps

f A+ Bx + Cx? + Dx® f[cZCd — Bed? + Ad® - 3D —2cCd + Bd? + 3¢*D . (Cd — 3cD)Vc + dx . I
Y =

(c + dn)2 B(c + dx)o2 T avea ik P )
2(c2Cd - Bed? + Ad® - D) 2(2cCd - Bd? - 3¢2D) Ve +dx  2(Cd - 3¢D)

=- - +
d4e + dx a 3d

Mathematica [A] time = 0.09, size = 82, normalized size = 0.73

2 (43 (x (15B + 5Cx + 3Dx?) — 15A) + 2cd?>(15B — x(10C + 3Dx)) + 48¢3D — 8¢?d(5C — 3Dx)
(

15d4Vc + dx

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + Cxx~2 + D*x~3)/(c + dx*x)~(3/2),x]

[Out] (2%(48%c™3%D — 8*c~2xd*(5*%C — 3*D*xx) + 2%c*xd"2%(15%B - x*x(10%C + 3*D%*x)) +
d"3*(-16%A + x*(15%B + B5*Ckx + 3*D*x72))))/(15%d"4xSqrt[c + d*x])

fricas [A] time = 0.81, size = 100, normalized size = 0.88

2 (3 Dd3x3 + 48 Dc3 — 40 Cc2d + 30 Bed? — 15 Ad® — (6 Dcd? -5 Cd3)x2 + (24 Dc2d — 20 Ced? +15 Bd3)x)@
15 (d5x + cd4)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(d*x+c)”(3/2),x, algorithm="fricas")

[Out] 2/15%(3#D*d~3*x~3 + 48*D*c”3 - 40*%Cxc~2*xd + 30*%Bxc*d™2 - 15%xA*d~3 - (6*Dxc*
d”2 - 5xC*d"3)*x"2 + (24xD*c”2+d - 20%Ckcxd~2 + 15%B*d~3)*x)*sqrt(d*x + c)/
(d75*x + c*xd™4)

giac[A] time = 1.29, size = 127, normalized size = 1.12

5 3 3
2 (Dcs _C2d + Bed? — Ad3) 2 (3 (dx + ¢)2Dd® — 15 (dx + ¢)2Ded'® + 45 Vdx + ¢ Dc2d" + 5 (dx + ¢)2Cd

Vdx + cd* * 15 420

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(d*x+c)”(3/2),x, algorithm="giac")

[Out] 2*(D*c”3 - Cxc~2*%d + Bxc*d™2 - A*d"3)/(sqrt(d*x + c)*d~4) + 2/15*(3*(d*x +
c)~(5/2)*D*d~16 - 15x(d*x + c)~(3/2)*D*c*d~16 + 45*xsqrt(d*x + c)*D*xc~2*d~16
+ Bx(d*x + c)~(3/2)*%C*d~17 - 30*sqrt(d*x + c)*Cxc*d~17 + 15*sqrt(d*x + c)*

B*d~18)/d~20

maple [A] time = 0.00, size = 91, normalized size = 0.81

2 (—3Dx3d3 —5Cd3x2 + 6Dc d?x% —15B d®x + 20Cc d?x — 24Dc?dx + 15A d° — 30Bc d? + 40C c2d — 48D¢?

- 15Vdx + ¢ d4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(d*x+c)~(3/2),x)
[Out] -2/15/(d*x+c)~(1/2)*(-3*D*d~3*x"3-5%C*d~3*x~2+6*D*c*d~2*x~2-15%B*d~3*x+20*C
*ckd T 2%xx—24*Dxc”2%d*x+15%A*d"3-30*Bxcxd"2+40*Ckc~2*%d-48*D*xc”~3) /d"4

maxima [A] time = 0.43, size = 102, normalized size = 0.90

5 3
3 (dx+c)2 D=5 (3 De~Cd)(dx-+c)2+15 (3 Dc?-2 Ced+Bd?) Vdx+c 15 (Dc3~Cc?d+Bed?-Ad®)
3 +
d Vdx+cd3
15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="maxima"

[Out] 2/156%((3*%(d*x + c)~(5/2)*D - 5% (3*D*c - Cxd)*(d*x + c)~(3/2) + 15%(3*D*c~2
- 2xCxcxd + Bxd~2)*sqrt(d*x + c))/d"3 + 156x(D*c”3 - C*c™2xd + B*c*xd™2 - Axd
~3)/(sqrt(d*x + c)*d~3))/d

mupad [F] time = 0.00, size = -1, normalized size = -0.01

X

fA+Bx+Cx2+x3D
(c+dx)3/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx + C*x~2 + x~3*%D)/(c + d*x)~(3/2),x)
[Out] int((A + Bxx + C*xx"2 + x~3%D)/(c + d*x)~(3/2), x)

sympy [A] time = 20.14, size = 114, normalized size = 1.01

2D (c+dx)? (c+dx)? 2Cd—6Dc) Ve +dx (2Bd2 —4Ccd + 6Dc?) 2 (~Ad® + Bed? — Cd + Dc)
+ + +
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x**3+Cxx**2+Bxx+A)/(d*x+c)**(3/2),x%)

[Out] 2#D*(c + d*xx)**(5/2)/(5*xd**4) + (c + d*x)**x(3/2)*(2+C*xd - 6%D*c)/(3*d**4) +
sqrt(c + dxx)*(2+Bkd**2 — 4xCkxckd + 6*D*xc*x*2)/d*x*4 + 2% (—A*d**3 + Bxckxd**2
— Cxc*x*2%d + Dxc*x3)/(d**4*sqrt(c + d*x))
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fA-I—Bx+Cx2-+Dx3
(a+bx)(c+dx)3/?

Optimal. Leaf size=193

3.14

3 2 2 -1 \/E VC+dx
2 (Ab -a (a D -abC +b B)) tanh (W)_}_Z (Ad3 — Bed? + 3(=D) + csz) +2m(—adD _ b
b>2(be — ad)¥? 3¢ + dx (bc — ad) b2d>

[Out] 2/3*Dx(d*x+c)~(3/2)/b/d"3-2*%(A*b~3-a*x (B*b~2-C*ax*b+D*a~2) )*arctanh (b~ (1/2)*(
d*xx+c)~(1/2)/(—a*d+b*c)~(1/2)) /b~ (5/2) / (ma*xd+b*c) ~(3/2) +2* (A*xd~3-Bxc*d~2+C*

¢~ 2xd-D*c~3) /d"3/ (—axd+b*xc) / (d*x+c) ~(1/2) -2*c*D* (d*x+c) ~(1/2) /b/d"3+2* (Cxbx*
d-D*a*xd-Dxbx*c)* (d*x+c)~(1/2)/b"2/d4"3

Rubi [A] time = 0.24, antiderivative size = 193, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 4, integrand size = 32,
number of rules _ ) 125, Rules used = {1619, 43, 63, 208)

integrand size

3 ’ 5 ~1 { Vo Ve+dx
_2 (Ab -a (a D—abC+b B)) tanh (ﬁ) +2 (Ad3 — Bed? + c2Cd + c3(_D)) +2\/c + dx (—adD — b
b52(be — ad)3?2 ABe + dx (be — ad) b2d?

Antiderivative was successfully verified.
[In] Int[(A + Bxx + Cxx"2 + D*x"3)/((a + b*x)x(c + d*x)~(3/2)),x]

[Out] (2%(c™2*C*d - B*c*xd™2 + A*d™3 - c¢73%D))/(d"3*%(b*xc - axd)*Sqrtlc + d*x]) - (
2*xc*¥D*Sqrt[c + d*x])/(b*d"3) + (2% (b*Cxd - b*c*D - a*d*D)*Sqrtl[c + d*x])/(b
~2%d”"3) + (2#D*x(c + d*x)~(3/2))/(3*%b*xd"3) - (2%(A*b~3 - ax(b"2+#B - a*b*xC +
a~2xD) ) *xArcTanh [(Sqrt [b]*Sqrt[c + d*x])/Sqrtlb*xc - a*d]])/(b~(5/2)*(b*c - a
*d)~(3/2))

Rule 43

Int[(Ca_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 1619

Int [((Px_)*((c_.) + (d_)D)*(x_))"(n_.))/((a_.) + (b_.)*(x_)), x_Symbol] :> I
nt [ExpandIntegrand[1/Sqrt[c + d*x], (Px*x(c + d*x)~(n + 1/2))/(a + b*x), x],
x] /; FreeQ[{a, b, ¢, d, n}, x] & PolyQ[Px, x] && ILtQ[n + 1/2, 0] && GtQ
[Expon[Px, x], 2]

Rubi steps
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A+Bx+Cx?+Dx® f c?Cd - Bed? + Ad® - 3D . bCd — bcD - adD L Dx Ab® - a (bZB
(a + bx)(c + dx)3? d%(~bc + ad)(c + dx)*? b2d2\c + dx bdve +dx  b2(be - ad)(a
_ 2(c*Cd - Bad? + Ad® - D) , 2(6Cd —beD — adD)Ve +dx DJ 7 ™
d3(bc — ad)\c + dx b2d? bd

c

2(c*Cd - Bed? + Ad® = D) 2(bCd - beD - adD)Ve + dx .\ D[ (‘d\/—m i

= +
d3(be — ad)Ve + dx b?d3 bd
2 (CZCd — Bed® + Ad® - CSD) 2cDVc + dx .\ 2(bCd - bcD — adD)Vc + dx . :
d3(be — ad)Ve + dx bd? b2d3

Mathematica [A] time = 0.53, size = 174, normalized size = 0.90

3 ) 2 -1 Vb Ve+dx
, (A4b° - a (a*D - abC + b7B)) tanh ( Voo ) , AP ~Bad® + (D) + *Cd Ve + dx (-adD — 2beD.
b2(be — ad)3? dBC + dx (be — ad) v*dd

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + C*x"2 + D*x~3)/((a + b*x)*x(c + d*x)~(3/2)),x]

[Out] 2*((c™2#C*d - Bxc*d"2 + Axd~3 - c~3%D)/(d"3*(b*c - axd)*Sqrt[c + d*xx]) + ((
b*xC*d - 2%bxc*D - a*xd*D)*Sqrtl[c + d*x])/(b"2+%d"3) + (Dx(c + dxx)~(3/2))/(3*
bxd~3) - ((A*b~3 - a*x(b"2#B - axbxC + a~2*D))*ArcTanh[(Sqrt[b]*Sqrtc + d*x
1)/8qrt[bxc - axd]l])/(b~(5/2)*(bxc - a*xd)~(3/2)))

fricas [B] time = 0.97, size = 866, normalized size = 4.49

bdx+2 be—ad—2 Vb?c—abd

bx+a

3 ((Da3 — Ca?b + Bab® - Ab3)d4x + (Da3c - (Cazb — Bab? + Ab3)c)d3)\/bzc — abd log(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+Bxx+A)/(b*x+a)/(d*x+c)~(3/2),x, algorithm="fricas")

[Out] [-1/3*(3*((D*a~3 - C*a~2*b + B*a*b~2 - Axb~3)*d"4*x + (D*a”"3*c - (Cxa~2%b -
Bxa*b~2 + Axb~3)*c)*d"3)*sqrt(b~2*c - axbxd)*log((bxd*x + 2%bxc - a*xd - 2%
sqrt (b™2*%c - axb*d)*sqrt(d*x + c))/(bxx + a)) + 2%(8xDxb~4*c™4 + 3*A*xaxb~3*
d~4 + 3*x(D*a"3*bxc - (Cxa"2*b~2 + B*a*xb”™3 + A*b~4)*c)*d~3 - (D*xa"2*b~2%c”2
- 3% (3*C*ax*xb”3 + B*b~4)*c"2)*d"2 - (D*xb"4*c”™2+%d"2 - 2*D*axb”~3*cxd”"3 + D*a”2
*b72+%d74) *x"2 — 2% (5xDxaxb~3*%c”3 + 3*Cxb~4*xc"3)*d + (4*D¥b~4*c”3*d + 3*(D*a
~3%b - C*a”"2*b"2)*d"4 - 2% (D*a"2%b"2*c - 3*Cxaxb~3xc)*d”3 - (5*D*xaxb~3*xc”2
+ 3*%Cxb~4*c~2)*xd"2) *x) *sqrt (d*x + c))/(b~5*c™3*%d"3 - 2xa*b~4*c"2xd"4 + a”2%
b~3*cxd”5 + (b~5*c”2%d"4 - 2*axb"4xcxd”5 + a"2*%b"3*d"6)*x), -2/3*%(3*%((D*a"3
- C*a”2*b + B*axb~2 - A*b~3)*d"4*x + (D*a~3xc - (C*a"2%b - B*xa*b™2 + Axb~3
)xc)*d"3) *sqrt (-b"2%c + axb*d)*arctan(sqrt(-b~2*c + axb*d)*sqrt(d*x + c)/(b
*d*x + b*c)) + (8*D*b~4xc”4 + 3*xA*a*xb”3*d"4 + 3x(D*a~3*b*c - (C*a"2*b”"2 + B
*a¥xb”3 + A*b74)*c)*d"3 - (D*xa"2%b"2*c”2 - 3*(3*Cxaxb~3 + Bxb~4)*c”"2)*d"2 -
(D*b~4*c™2%d"2 - 2*D*a*xb~3*xc*xd~3 + D*a " 2*%b"2xd"4)*x"2 — 2x(5xD*axb”3*%c”3 +
3*Cxb~4*xc™3)*d + (4*D*b~4*c”3*d + 3*(D*a”~3*b - C*a~2%b~2)*d"4 - 2*x(D*xa~2xb~
2xc — 3*%C*xaxb~3xc)*d"3 - (5xD*axb”™3*c”2 + 3*C*b~4*c™2)*d"2)*x)*sqrt(d*x + c
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))/(b75%c™3%d"3 - 2%axb”4*xc”2*%d"4 + a"2xb"3*cxd”5 + (b"5xc"2%d"4 - 2%axb"4x
c*d”5 + a~2%b”3*%d"6)*x) ]

giac [A] time = 1.33, size = 200, normalized size = 1.04

Vdx+cb 3
3 2 2 3 2 46
2 (Da — Ca®b + Bab® — Ab ) arctan( —— ) 7 (Dc3 —Ccd + Bed? - Ad3) 2 ((dx +¢)2Db2d6 - 6 V.

- — +

(63 - ab?d) V=b>c + abd (bed? - ad*)Vdx + c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(3/2),x, algorithm="giac")

[Out] -2x(D*a”3 - C*a”"2%xb + B*a*b~2 - A*b~3)*arctan(sqrt(d*x + c)*b/sqrt(-b~2xc +
axbxd))/((b"3*c - a*b”™2*xd)*sqrt(-b~2*c + axbxd)) - 2x(D*c~3 - Ckc~2xd + Bx

c*d”2 - Axd"3)/((b*c*d™3 - a*d”4)*sqrt(d*x + c)) + 2/3%((d*x + c)~(3/2)*D*b
“2%d"6 - 6*xsqrt(d*x + c)*D*xb”"2xc*d”6 - 3*sqrt(d*x + c)*Dxa*xbxd”7 + 3*sqrt(d

*x + c)*Cxb~2%d~7)/(b~3%d~9)

maple [B] time = 0.02, size = 366, normalized size = 1.90

Vdx+c b Vdx+c b 2 Vdx+c b 3 ( Vdx+c b )
2Ab arctan ( T ) 2Ba arctan ( T ) 2C a“ arctan ( R ) 2Da° arctan s

(ad —bc)\(ad —bc)b  (ad — be)\(ad —bc)b  (ad — be)\(ad —bc)b b (ad — be) v/(ad — be) b b (ad -
Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(b*x+a)/(d*x+c)~(3/2),x%)

[Out] 2/3*D*(d*x+c)~(3/2)/b/d"3+2/d"2/b*Cx (d*x+c)~(1/2)-2/d"2/b"2*D*a* (d*x+c) ~(1/
2) —4*c*D* (d*x+c) " (1/2) /b/d~3-2/ (a*d-b*c) *b/ ((a*xd-b*c) *b) ~(1/2) *arctan ( (d*x+
c)~(1/2)/((axd-b*xc)*b) ~(1/2) *b) *A+2/ (a*xd-b*c) / ((axd-b*c)*xb) ~(1/2) *arctan((d

*x+c) " (1/2) / ((axd-b*c)*b) ~(1/2) *b) *B*xa-2/ (a*xd-b*xc) /b/ ((a*d-b*c) *b) ~(1/2) *ar
ctan((d*x+c)~(1/2)/((a*d-bxc)*b) ~(1/2) *b) *Cxa~2+2/ (axd-b*c) /b~2/ ((a*xd-b*c) *

b) ~(1/2)*arctan((d*x+c) " (1/2)/((axd-b*xc)*b) ~(1/2) *b) *D*a~3-2/ (a*xd-b*c) / (d*x

+c) " (1/2)*A+2/d/ (a*d-b*c) / (d*x+c) " (1/2) *Bxc-2/d"2/ (a*d-b*c) / (d*x+c) ~(1/2) *C
*c"2+2/d73/ (axd-b*xc) / (d*xx+c) "~ (1/2) *D*c"3

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(axd-b*c>0)', see “assume?” for more
details)Is axd-b*c positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.01

fA+Bx+Cx2+x3D
(a+bx) (c+dx)*?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x + C*x~2 + x~3%D)/((a + b*x)*(c + d*x)~(3/2)),x)
[Out] int((A + B*x + C*x~2 + x"3*D)/((a + b*x)*(c + d*x)~(3/2)), x)
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sympy [A] time = 85.73, size = 172, normalized size = 0.89

2 (—Ab3 + Bab? — Ca?b + Da

3
2D (c +dx)2 2(-Ad® + Bed? - Cc%d + Dc3) , Vet dx (2Cbd - 2Dad - 4Dbc) |

+
3bd? dBc + dx (ad — be) b*d° B3 (g -
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x**3+Ckxx*x*2+B*xx+A)/(b*x+a)/(d*x+c)**(3/2),%)

[Out] 2%D*(c + d*x)**x(3/2)/(3*b*xd**3) + 2% (-A*xd**3 + Bkxc*xd*x*x2 — Ckc**2%d + Dkxc**3
)/ (d**3*%sqrt(c + d*x)*(a*d - bxc)) + sqrt(c + d*x)*(2xCxbxd - 2xD*xaxd - 4*D
xb*c) / (b**2xd**3) + 2% (—A*b**3 + Bkxaxb**2 - Ckax*2xb + D*a*x*3)*atan(sqrt(c

+ dx*x)/sqrt((axd - bxc)/b))/(b*x*3*xsqrt((a*xd - bxc)/b)*(a*xd - b*c))
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3.15

fA-I—Bx+Cx2-+Dx3
(a+bx)?(c+dx)3/2

Optimal. Leaf size=253

-1 Vb
a®dD - a?bCd® + ab?Bd® - (b° (3Ad® - 2Bed? — 26D + 2¢2Cd)) tanh (ﬁ

a(azD—abC+sz)
A - b—3

- +
(a + bx)Vc + dx (bc - ad) b3d2+/c + dx (bc — ad)?

[Out] -(b~3*%(-3*Axd+2*B*c)-a*b~2* (-Bkd+4*C*xc)-3*a~3*d*D+a”2*b* (Cxd+6*xD*c) ) *arctan
h(b~(1/2)*x(d*xx+c)~(1/2)/ (—a*d+bxc) " (1/2)) /b~ (5/2) / (~a*xd+b*xc) " (5/2)+(axb”~2*B
*d"3-a"2*b*C*xd"3+a"3*%d " 3*%D-b " 3* (3*kA*d"3-2*Bkcxd"2+2*%C*c~2+%d-2*%D*c”3) ) /b"3/d

~2/ (—axd+b*c) "2/ (d*xx+c) ~(1/2)+ (-A+a* (Bxb~2-Cxa*xb+D*a~2) /b~3) / (—axd+bxc) / (b*

x+a)/ (d*x+c) ~(1/2)+2*D* (d*x+c) ~(1/2) /b"2/4d"2

Rubi [A] time = 0.60, antiderivative size = 253, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 32,

numberofrules _ 4 125, Rules used = {1621, 897, 1261, 208}

integrand size

2D-abC+b%B -1
~a?bCd + 3D + ab?Bd® + b (- (3Ad® - 2Bed? +2¢Cd - 26°D)) A - % tanh (1

b3d2+c + dx (bc — ad)? _(a + bx)Vc + dx (bc — ad) B

Antiderivative was successfully verified.
[In] Int[(A + B*x + C*x~2 + D*x"3)/((a + b*x)~2%(c + d*x)~(3/2)),x]

[Out] (a*xb™2*Bxd~3 - a~2xb*C*xd~3 + a~3*d"3*D - b~ 3*(2*c~24C*kd - 2*B*c*d™2 + 3*A*xd
73 - 2%c”3*D))/(b~3*d"2* (b*c - axd)"2xSqrt[c + d*x]) - (A - (ax(b™2*B - ax*b

*C + a”2xD))/b~3)/((b*xc - a*d)*(a + b*x)*Sqrt[c + d*x]) + (2*xD*Sqrt[c + d*x

1)/ (®72%xd"2) - ((b73*%(2*B*c - 3*%Axd) - a*b™2x(4*cxC - Bxd) - 3*a~3*d+D + a~

2xb* (C*xd + 6%c*D))*ArcTanh[(Sqrt[b]l*Sqrt[c + d*x])/Sqrt[bxc - axd]])/(b~(5/
2)*(bxc - axd)~(5/2))

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 897

Int[((d_.) + (e_.)*x(x_))"(m_)*((£f_.) + (g_.)*x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int[x"(q*(m + 1) - 1)*((exf - d*xg)/e + (gxx~q)/e) nx((c*d”2 - bxd*e +

axe”2)/e”2 - ((2xc*d - b*xe)*x~q)/e”2 + (c*xx~(2%q))/e"2)7p, x], x, (d + e*x)
~(1/9)], %11 /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - d*xg, 0] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - b*d*xe + axe”2, 0] && IntegersQ[n, pl] && Fra
ctionQ [m]

Rule 1261

Int [CCE_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (
c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) m*x(d + e*x~2) q*
(a + b*x"2 + c*x74)7p, x], x] /; FreeQ[{a, b, ¢, d, e, £, m, g}, x] && NeQ[
b~2 - 4xaxc, 0] && IGtQ[p, 0] && IGtQlq, -2]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_ )*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*x(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(b*c



82

- a*xd)), x] + Dist[1/((m + 1)*(bxc - a*d)), Int[(a + b*x)~(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fre
eQ[{a, b, c, d, n}, x] & PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],
2]

Rubi steps
(sz . 2D) _h3(2Bc—3Ad)—gb2(2cC—B?t’i)+g3dD—a2b(Cd—2cD)_(bc—ad)(sz—aD)x_(c_j
a(b*B—abC+a 2b b
A+ Bx + Cx? + Dx3 dx = — A- B’ + f (a+bx)(c+dx)3/2
(a + bx)?(c + dx)32 (be — ad)(a + bx)Ve + dx ~bc + ad
2 (C_ % )D+ cd(bc—ad)z(hc—aD) ~ 42 (h3(ZBc—3Ad)—ub2(20C—f
b 20
2 Subst f &
a(sz—abC+a2D) X
_ o 4- B3 _
(bc — ad)(a + bx)Vc + dx
V2 B—abC+a2D _ (bc-ad)D ab?Bd®-a2bCdl®+a%d® D-b3(2c2Cd-
- w 2 Subst (f ( 2 T 2b3d(be—ad)x2
" (be - ad)(a + bx)Vc + dx
v?B-
ab?Bd® — 2?bCd® + 3D - b (2°Cd - 2Bed® + 3AP - 26°D) A~ d “l
- b3d2(bc — ad)*Vc + dx (bc —ad)(a +
v?B-
ab?Bd® — 2?bCd® + D - b (2c°Cd - 2Bed® + 3AP - 26°D) A~ d :
- b3d2(be — ad)®Ne + dx (be — ad)(a + L
Mathematica [A] time = 0.72, size = 283, normalized size = 1.12
3 2 2 -1 \/E Ve+dx -1 \/E Ve+dx
Ve + dx (a (azD _abC + sz) _ Ab3)+d (Ab —-a (a D —-abC+b B)) tanh ( — )_Ztanh ( —
b2(a + bx)(bc — ad)? b52(bc — ad)>/?

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx"2 + D*x"3)/((a + b*x)~2*(c + dxx)~(3/2)),x]

[Out] (2%x(-(c™2*%Cxd) + Bxc*d™2 - Axd~3 + c~3xD))/(d"2*(b*c - a*xd) 2xSqrt[c + d*x]
) + (2«D*Sqrtlc + d*x])/(b~2*%d"2) + ((-(A*b~3) + a*x(b”"2*%B - a*xb*C + a~2xD))
*xSqrt[c + d*x])/(b"2x(b*c - a*xd)"2*(a + b*x)) + (d*x(A*b~3 - a*x(b~2*B - axbx

C + a”2*D))*ArcTanh[(Sqrt [b]*Sqrt[c + d*x])/Sqrt[bxc - axd]])/(b~(5/2)*(b*c

- axd)~(5/2)) - (2x(-2%axb”2xc*xC + b~3%(Bxc - Axd) - 2*%a~3*%dxD + a~2*bx(Cx

d + 3%cx*D))*ArcTanh[(Sqrt[bl*Sqrtlc + d*x])/Sqrt[b*c - a*xd]l])/(b~(5/2)*(b*c

- axd)~(5/2))

fricas [B] time = 1.00, size = 1583, normalized size = 6.26

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(3/2),x, algorithm="fricas"
)

[Out] [1/2*(((3*xD*xa~4*xc - (C*xa~3*b + B*a~2%xb~2 — 3*A*xa*xb~3)*c)*d~3 — 2% (3*xD*xa”3*b
*c72 - (2xC*a~2*b~2 - B*xa*b"3)*c"2)*d"2 + ((3*%D*a”3*xb - C*xa~2*xb~2 - B*xa*xb~3
+ 3%A*xb"4)*d"4 - 2% (3*D*a”"2*%b"2%c - (2*%Cxa*xb~3 - Bxb~4)*c)*d"3)*x"2 + ((3%
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D*a~4 - Cxa~3%b - B*a 2*%b”2 + 3*xA*a*xb~3)*d~4 - 3*(D*a”3*b*c - (Cxa~2xb~2 -
Bxa*xb~3 + A*b~4)*c)*d"3 - 2% (3*xD*a"2*xb"2%c"2 - (2*C*axb”3 — B*b~4)*c"2)*d"2
)*x)*sqrt (b"2%c - axb*d)*log((b*d*x + 2xb*c - a*xd + 2*xsqrt(b™2%c - axb*d)x*s
qrt(d*x + ¢))/(b*x + a)) + 2x(4*Dxaxb~4*xc”4 + 2%A*a”2*b~3xd"4 - (3*D*a”~4xbx
c - (C*a"3%b~2 - 3*B*a~2*b~3 - Axa*xb~4)*c)*d”3 + (7*D*a~3xb"2%c”2 + (C*xa™2x%
b~3 + 3*Bxaxb~4 - A*b75)*c”"2)*d"2 + 2x(D*b~5*c”3*d - 3*D*kaxb"4*xc"2xd"2 + 3%
D*a”~2*b~3*c*d~3 - D*a”3*b"2*d"4)*x"2 - 2% (4*D*a”2*b"3*c”3 + Cxaxb~4*c”3)*d
+ (4%D*b~5%c”4 + 2% (Cxaxb”4 + B*b~5)*c”2*xd"2 - (3*D*a~4%b - C*xa~3*b~2 + Bxa
“2%b~3 - 3kAxaxb"4)*d"4 + (5%D*a”3*b”"2*xc - (C*xa~2xb~3 + B*a*b”™4 + 3*xA*b”75)x
c)*d”~3 - 2x(3*D*xaxb~4*c”3 + Cxb~5xc”3)*d)*x)*sqrt(d*x + c))/(a*xb™6*c”4*d"2
- 3*%a"2%b"bxc"3*d"3 + 3*a~3*b"4*xc”2*xd"4 - a~4*b"3xc*d”5 + (b"7xc"3*xd"3 - 3%
axb"6xc”2xd~4 + 3%a”2xb"5xckxd”5 - a~3*%b"4*xd"6)*x"2 + (b~ 7*c"4*xd"2 - 2*a*xb”6
*Cc"3*d"3 + 2%a~3*b"4*c*d”5 - a"4*b”3*%d"6)*x), -(((3*D*a"4*c - (Cxa”"3*b + Bx
a~2%b”2 - 3kA*axb~3)*xc)*d"3 - 2% (3*D*ka”3*xbxc”2 - (2%C*a~2%b"2 - Bkaxb~3)*c”
2)*%d"2 + ((3*D*a”~3*b - C*a~2%b~2 - B*axb™3 + 3*xAxb~4)*d"4 - 2*(3*D*xa”~2xb~2x
c - (2%C*axb”3 - B*b"4)*c)*d"3)*x"2 + ((3*D*a”4 - C*xa~3*b — B*a~2%b~2 + 3*A
*a*xb”3)*d"4 - 3*x(D*a~3xb*xc - (C*xa”™2*b”"2 — B*a*xb~3 + A*b~4)*c)*d"3 - 2% (3*Dx*
a~2%b"2xc”2 - (2*Ckaxb~3 - B*b~4)*c”~2)*d"2)*x)*sqrt(-b~2*c + axbxd)*arctan(
sqrt (-b~2%c + axbxd)*sqrt(d*x + c)/(bxd*x + bxc)) - (4xD*a*xb~4xc”4 + 2xAxa”
2%b~3*d"4 - (3*D*a~4xbxc - (C*xa~3*b~2 - 3*Bxa~2*xb~3 - Axaxb”4)*c)*d~3 + (7
D*a”~3*b"2*xc”2 + (C*a~2*b~3 + 3*Bxa*xb~4 - A*b~5)*c”2)*d"2 + 2x(D*b~5*xc~3*d -
3*xDxaxb”4xc”2%d"2 + 3*xD*xa”2%b~3*c*xd~3 - D*xa~3*b"2%d"4)*x"2 — 2% (4xDxa”2*b~
3*%c”™3 + Cxaxb~4*xc~3)*d + (4*%D*b"5*c”4 + 2*x(Cxa*xb~4 + B*b~5)*c™2xd"2 - (3*D*
a~4xb - C*a”3*b"2 + B*xa~2%b~3 - 3*A*xaxb”4)*d"4 + (5%D*a”3*b"2*c - (Cxa~2xb~
3 + B*axb”™4 + 3%Axb75)*c)*d"3 - 2% (3*Dxaxb"4xc”3 + Cxb~5*xc”3)*d)*x)*sqrt (d*
X + ¢))/(axb”6%c”4*%d"2 - 3*a"2xb"5*xc"3*%d"3 + 3*a"3*b"4*cT2xd"4 - a~4*b"3*c*
d"5 + (b™7*c"3%d"3 - 3*axb”"6xc”2*d"4 + 3*xa~2%b"bxc*d"5 - a"3*b"4*xd"6)*x"2 +
(b~7*c™4%d"2 - 2*a*xb™6xc”3*d"3 + 2*a~3*b"4*c*d"5 - a~4*b~3*%d"6)*x) ]

giac [A] time = 1.33, size = 388, normalized size = 1.53

Vdx+cb

2 2 3 3 2 2 3
(6Da bc — 4 Cabc + 2 Bb°c — 3 Da°d + Ca“bd + Bab“d — 3 Ab d)arctan(m)+2(dx+c)1)b3 3_971

(b*c? — 2ab3cd + a2b2d2)V-b2c + abd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x~3+C*x~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(3/2) ,x, algorithm="giac")

[Out] (6*D*a”2xbxc — 4*Ckaxb~2*c + 2*Bxb~3*c - 3*D*a~3*d + C*a~2*xbxd + Bxaxb~2xd
- 3xA*b~3x*d) *arctan(sqrt (d*x + c)*b/sqrt(-b~2*c + axb*d))/((b"4*c”2 - 2%axb
“3%ckxd + a”2%b"2+d"2)*sqrt(-b"2*%c + axb*xd)) + (2%(d*x + c)*Dxb”~3*c”3 - 2*Dx*
b"3*c"4 - 2x(d*x + c)*C*xb"3*c™2xd + 2*xD¥xaxb”2*%c”3*d + 2*xCxb~3*xc”3xd + 2% (d*
X + c)*Bxb"3*cxd"2 - 2%Ckaxb~2*%c”2%d"2 - 2%Bxb~3%c”2*xd"2 + (d*x + c)*D*a”~3%

d~3 - (d*x + c)*Cxa”2*b*d~3 + (d*x + c)*Bxaxb~2*d”~3 - 3x(d*x + c)*Axb~3*d"3

+ 2*kBkxaxb"2xcxd"3 + 2%A*xb"3*c*kd”3 - 2xAxaxb"2xd"4)/((b"4*c”2xd"2 - 2*axb”3
xc*d”3 + a”2+b"2xd"4)* ((d*x + ¢)~(3/2)*b - sqrt(d*x + c)*b*xc + sqrt(d*x + c
)*axd)) + 2*sqrt(d*x + c)*D/(b"2xd"2)

maple [B] time = 0.03, size = 604, normalized size = 2.39

Vdx+c b Vdx+c b Vdx+c b 2 ( Vdx+c b )
3Abd arctan (W) Bad arctan ( N ) 2Bbc arctan (—\/M ) C a“d arctan T

- (ad—bc)2 V(ad —bec)b (ad bc) V(ad —bc)b (ad bc) \/(ad—bc) (ad bc) V(ad —bc)b b (ad

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((D*x~3+Cxx~2+B*xx+A)/(b*x+a) "2/ (d*x+c) " (3/2),x%)

[Out] 2*D*(d*x+c)”~(1/2)/b"2/d"2-d/ (a*xd-b*xc) ~2*b* (d*x+c) ~(1/2)/ (b*xd*xx+ax*xd) *A+d/ (ax*
d-bxc) "2* (d*x+c) ~(1/2) / (b*xd*xx+ax*xd) *Bxa-d/ (a*d-b*xc) ~2/bx (d*x+c) ~(1/2) / (bxd*x
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+axd) *C*xa~2+d/ (axd-b*c) "2/b"2* (d*x+c) " (1/2) / (b*d*x+a*d) *a~3*D-3*d/ (a*xd-b*c)
~2xb/ ((a*xd-b*c)*b) ~(1/2) *arctan((d*x+c) ~(1/2)/ ((a*xd-b*c) *b) " (1/2) *b) *A+d/ (a
*d-bxc) "2/ ((axd-b*c)*b) ~(1/2)*arctan ((d*xx+c) ~(1/2)/((a*d-b*c)*b) ~(1/2) *b) *B
xa+2/ (axd-b*c) ~2xb/ ((a*d-b*c)*b) ~(1/2)*arctan((d*x+c) ~(1/2) / ((a*d-b*c)*b) ~(
1/2) *b) *Bxc+d/ (a*d-b*xc) ~2/b/ ((axd-b*c) *b) ~(1/2) *arctan ((d*xx+c) ~(1/2) / ((axd-
bxc)*b) ~(1/2) *b) *Cxa~2-4/ (axd-b*xc) ~2/ ((a*xd-b*xc)*b) ~(1/2) *arctan ((d*x+c) ~(1/
2)/ ((a*d-b*c) *b) ~(1/2) *b) *Cxa*xc-3*d/ (a*xd-b*xc) ~2/b"2/ ((a*d-b*c) *b) ~(1/2) *arc
tan ((d*x+c) ~(1/2)/((axd-b*c)*b) ~(1/2) *b) *a~3*D+6/ (a*xd-b*c) ~2/b/ ((a*d-b*c) *b
)~ (1/2) *arctan((d*x+c) ~(1/2)/ ((a*d-b*xc)*b) " (1/2) *b) *D*a~2*xc-2*d/ (a*xd-b*c) "2
/ (dxx+c) " (1/2) *A+2/ (axd-b*c) "2/ (d*x+c) ~(1/2) ¥*B*xc-2/d/ (axd-b*xc) ~2/ (d*x+c) ~ (1
/2)*%C*xc~2+2/d"2/ (axd-b*xc) "2/ (d*x+c) ~(1/2) *D*c~3

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(3/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(axd-b*c>0)', see “assume?” for more
details)Is axd-b*c positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fA+Bx+Cx2+x3D
(a+bx)*(c+dx)*?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B¥x + C*x~2 + x~3%D)/((a + bx*x) " 2%(c + d*xx)~(3/2)),x)
[Out] int((A + Bxx + C*x"2 + x~3*D)/((a + b*xx) " 2*(c + d*x)~(3/2)), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x**3+Cxx**2+Bxx+A)/ (b*x+a)**2/(d*x+c)**(3/2) ,x)

[Out] Timed out
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3.16

fA-I—Bx+Cx2-+Dx3
(a+bx)3(c+dx)3/2

Optimal. Leaf size=350

A3 —a (aZD —abC + bZB) B3d3D — a?bCd3 + ab®Bd® - (b3 (5Ad3 — 4Bcd? — 473D + 402Cd)) Ve + d
2b3(a + bx)2Vc + dx (bc — ad) 2b3dvc + dx (bc — ad)3

[Out] -1/4*(b~3*(15%A*d~2-12*B*xc*d+8*C*c~2)-3*a”~3*xd~2*D-a~2*b*d* (Cxd-12*D*c)+ax*xb™
2% (=3*B*d~2+8*Cxc*xd-24*D*c”2) ) *arctanh (b~ (1/2) * (d*x+c) ~(1/2) / (—axd+b*c) ~(1/
2))/b7(5/2) / (maxd+b*xc) ~(7/2)+1/2* (—a*xb”™2*xBxd~3+a~2*¥b*C*d~3-a"~3*d~3*D+b~3* (5
*A*xd"3-4*Bxcxd"2+4*Cxc"2%d-4*D*c"3) ) /b~3/d/ (—axd+bxc) "3/ (d*x+c) " (1/2)+1/2*(
-A*¥b~3+ax* (Bxb~2-C*xaxb+D*a~2) ) /b~3/ (—a*xd+b*c) / (bxx+a) "2/ (d*x+c) ~(1/2)-1/4*(b

“3* (=5%xA*xd+4*B*c) —a*xb” 2% (-Bxd+8*C*c) —7*a”~ 3xd*D+3*a~2*b* (C*xd+4*D*c) ) * (d*x+c)
~(1/2)/b"2/ (—axd+b*c) ~3/ (bxx+a)

Rubi [A] time = 0.83, antiderivative size = 350, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 32,

number of rules _ ) 156, Rules used = {1621, 897, 1259, 453, 208}

integrand size

-1 (Vb Ve+d
~a2bCd® + a*dD + ab?Bd® + b (~ (5Ad® — 4Bed? + 42Cd - 4¢°D))  tanh ( — ) (~a%bd(Cd - 12c

2b3dVc + dx (be — ad)?

Antiderivative was successfully verified.
[In] Int[(A + B*x + C*x"2 + D*x"3)/((a + bxx) 3x(c + d*x)~(3/2)),x]

[Out] -(axb™2*B*d~3 - a~2*¥b*C*d"3 + a~3*d"3*D — b~ 3% (4*c™2*%C*kd - 4*Bxcxd™2 + 5*Ax
d”3 - 4xc”3%D))/(2xb~3*dx(b*xc - a*xd) ~3*Sqrtlc + d*x]) - (A*xb~3 - a*x(b"2xB -

axbxC + a~2*D))/(2xb~3x(bxc - a*xd)*(a + b*x) 2*xSqrt[c + d*x]) - ((b~3%(4xB

xCc — BxA*xd) - axb”2*(8xc*C - B*d) - 7xa”~3*d*D + 3*%a~2xb*x(Cxd + 4xc*D))*Sqrt

[c + d*x])/(4xb"2x(bxc - a*d) "3*(a + b*x)) - ((b~3*%(8+%c™2*C - 12*Bxcxd + 15
*A*d72) - 3*a"3xd"2*xD - a”2%b*d*(Ckd - 12*c*D) + axb”2*(8*c*Cxd - 3*Bxd~2 -
24xc”2+D) ) xArcTanh [(Sqrt [b]*Sqrt[c + d*x])/Sqrt[b*c - axd]])/(4xb~(5/2)*(b

xc — axd)~(7/2))

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 453

Int[((e_)*(x_))"(m_.)*((a_) + (b_)*(x_)"(_ )" (p_.)*((c_) + (d_.)*x_)"(n
_)), x_Symbol] :> Simp[(c*(e*xx)"(m + 1)*(a + b*x™n) " (p + 1))/(axex(m + 1)),
x] + Dist[(axd*(m + 1) - b*cx(m + nx(p + 1) + 1))/(a*xe"n*(m + 1)), Int[(ex
x)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c
- axd, 0] && (IntegerQ[n] || GtQl[e, 0]) && ((GtQ[n, 0] && LtQ[m, -1]1) || (
LtQn, 0] && GtQm + n, -11)) && !'ILtQlp, -1]

Rule 897

Int[((d_.) + (e_.)*x(x_))"(m_)*((£f_.) + (g_.)*x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int[x"(gq*(m + 1) - 1)*x((exf - d*xg)/e + (gxx~q)/e) nx((c*d”2 - bxd*e +

axe”2)/e”2 - ((2xc*xd - b*xe)*x~q)/e”2 + (c*xx~(2xq))/e"2)7p, x], x, (d + e*x)
~(1/q9)]1, x1]1 /; FreeQl{a, b, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && NeQ
[b"2 - 4xaxc, 0] && NeQ[c*d™2 - b*d*xe + axe”2, 0] && IntegersQ[n, pl] && Fra
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Rule 1259

Int[(x_)"(m_)*((d_) + (e_.)*(x_)"2)"(q)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)~
4)~(p_.), x_Symbol] :> Simp[((-d)~(m/2 - 1)*(c*d"2 - bxd*e + a*xe”2) p*xxx*(d
+ exx"2)7(q + 1))/ (2%xe”(2%p + m/2)*(q + 1)), x] + Dist[(-d)"(m/2 - 1)/(2xe”
(2%p)*(q + 1)), Int[x"mx(d + exx"2)"(q + 1)*ExpandToSum[Together [(1*(2*x(-d)
“(-(m/2) + 1)*e”(2xp)*(q + 1)*(a + b*x"2 + c*xx"4)"p - ((c*d”2 - bxd*e + axe
~2)7p/(e”(m/2)*x"m))*(d + ex(2xq + 3)*x72)))/(d + exx"2)], x], x], x] /; Fr
eeQ({a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[p, 0] && ILtQlq, -1]
&& ILtQ[m/2, 0]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_ )*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + b*x, x]}, Simp[(R*x(a + b*x)~(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(b*c

- axd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x)"(m + 1)*x(c + d*x)
“n*ExpandToSum[(m + 1)*(bxc - a*d)*Qx - d*¥R*(m + n + 2), x], x], x]] /; Fre
eQl{a, b, ¢, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],

2]

Rubi steps
_ b3 (4Bc-5Ad)-ab?(4cC~Bd) +a3dD-a?b(Cd—4cD) _ 2(bc-ad)(bC-aD)
3 5 5 f 263 2
A + Bx + Cx? + Dx® o Ab’ —a (b B-abC+a D) _ (a+bx)2(ctdx) 2
(a + bx)3(c + dx)32 263(be — ad)(a + bx)2Ve + dx 2(bc — ad)

o ad\,. 2cd(bc-ad)(bC—aD) d2(b>(@Be-5Ad)—ab?
—2c (c—?)D+ 2 -

Subst f &2

Ab® - a (B — abC + a?D)
2b3(be — ad)(a + bx)?Vc + dx

Ab® - a (b?B - abC +a?D)  (b*(4Bc - 5Ad) — ab(8cC - Bd) — 7a%dD + 3a

263(be — ad)(a + bx)2Ve + dx 46%(be - ad)3(a + b)

ab?Bd3 — a2bCd® + a343D - b3 (462Cd — 4Bcd? + 5Ad3 - 4c3D) A3 —a (sz
2b3d(be — ad)3c + dx 2b3(be — ad)(

ab?Bd3 — a2bCd® + a3d3D - b3 (4C2Cd — 4Bcd? + 5Ad3 - 4c3D) A3 —a (sz

2b3d(bc — ad)3vc + dx 2b3(be — ad)(

Mathematica [A] time = 1.42, size = 482, normalized size = 1.38

VT (a (2D - abC + 12B) — AB?) 3 (A6~ a (aD -~ abC + 2B)) (d(a + by tanh ™ (L) E

2b2(a + bx)2(bc — ad)? 4b52(a + bx)(bc — ad)’2

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx"2 + D*x73)/((a + b*x)~3*(c + d*x)~(3/2)),x]
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[Out] (2x(c™2#C*d - Bxc*d"2 + Axd~3 - c~3%*D))/(d*x(bxc - axd) ~3*Sqrtlc + d*x]) + (
(-(A*b~3) + a*x(b~2*%B - axb*C + a~2xD))*Sqrtlc + dxx])/(2%b~2*(b*c - axd) 2%
(a + b*x)72) - ((-2%a*b”™2*%cxC + b™3%(Bkc - Axd) - 2%a”3*d*D + a~2%bx(Cxd +
3xc*xD) ) *Sqrt[c + d*x])/(b"2*(b*xc - axd)"3*(a + b*x)) - (2%(b"3x(c”2*C - Bx*c
xd + Axd”2) - 3*axb”2xc"2*D + 3*%a~2*bxc*d*D - a~3*d"2xD)*ArcTanh[(Sqrt [b]*S
grtlc + d*x])/Sqrtlb*c - a*d]])/(b~(56/2)*(b*c - a*xd)~(7/2)) + (d*(-2xa*xb~2x
c*C + b73x(Bxc - A*d) - 2*%a"3xd*D + a"2xbx(Cxd + 3*c*D))*ArcTanh[(Sqrt[b]*S
qrtlc + d*x])/Sqrt[bxc - a*xd]])/(b~(5/2)*(bxc - a*xd)~(7/2)) - (3*d*x(A*b~3 -
ax(b”"2xB - axb*C + a~2xD))*(-(Sqrt[b]*Sqrt[b*c - a*xd]*Sqrtlc + dxx]) + dx*(
a + b*x)*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sqrt[bxc - axd]]))/(4*b~(5/2)*(b*c
- axd) " (7/2)*(a + b*x))

fricas [B] time = 1.16, size = 2594, normalized size = 7.41

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x~3+C*x~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(3/2) ,x, algorithm="fricas"
)

[Out] [-1/8*(((3*D*a~b*c + (C*a~4*b + 3*B*a~3*b~2 - 15%A*a”2*b”3)*c)*d~3 + ((3*D*
a~3*%b"2 + C*xa"2*xb”"3 + 3xBxaxb”4 - 15xA*xb”"5)*d"4 - 4% (3*%D*a”2*b"3*c + (2*xCxa
*b~4 - 3*B*b”"5)*c)*d"3 + 8*(3*xD*a*b”4*xc”2 — Cxb~5xc”2)*d"2)*x"3 - 4*(3*D*a”
dxb*xc”2 + (2*C*xa~3*b"2 - 3*B*xa~2*b~3)*c"2)*d"2 + (2*(3*%D*a”~4xb + Cxa~3*b~2
+ 3*%Bxa”2*b"3 - 15xA*axb”4)*d"4 - 3x(7*D*a"3*b"2*xc + (5xC*xa”2*b~3 - 9*B*axb
4 + BxA*b7B)*c)*d"3 + 12%x(3*%D*a"2*b"3*c”2 - (2*Cxaxb~4 - Bxb~5)*c”2)*d"2 +
8% (3*D*axb~4*c~3 — C*xb~5+c”3)*d)*x"2 + 8*(3*D*xa~3*b~2%c”3 - C*a~2*xb~3*c~3)
*d - (24*%(C*a”"2*b~3 — Bxa*xb~4)*c”2*d"2 - (3*D*a”5 + Cxa~4*b + 3*B*a"3*b"2 -
15%A*a~2*xb"3)*d~4 + 6x(D*a”~4xb*c + (C*xa~3%b~2 - 3*B*a~2*%b~3 + 5xAxa*xb”4)*c
)*d"3 - 16%(3*D*a”2%b~3*c”~3 - Cxaxb~4*c”3)*d)*x)*sqrt(b~2*c - axb*d)*log((b
xd*x + 2%bxc - axd - 2*sqrt(b”2*xc - axb*d)*sqrt(d*x + c))/(b*x + a)) + 2*(8
*D*a~2%b"4*xc"4 + 8xA*a~3xb"3*d"4 + (3xD*a”bxbxc + (C*xa~4*xb~2 - 13%B*xa~3%b"3
+ A*a”2*b"4)*c)*d"3 - (13*%D*a"4*b"2*c”2 - (13*Cxa~3%b~3 + 11*B*a"2*b"4 - 1
1xA*xa*xb~5)*c~2)*d"2 + (8*xD*b~6*xc~4 + (5%D*a”4*b"2 - C*xa~3*b~3 - 3*B*xa~2%b"4
+ 16%A*axb™5)*d~4 - (17#D*a"3*b~3*c - 3*(3*Cxa~2%b~4 - 3*B*a*b”™5 - 5xA*b~6
Y*xc)*d"3 + 12*%(D*a”2*b~4*c”2 + B*b"6%c”2)*d”2 - 8*(D*axb~5%c”3 + C*b~6*c”3)
*d)*x"2 + 2% (D*a”~3*b"3*%c”3 - (7*C*a”2*b"4 - B*xaxb™5 - A*b~6)*c”3)*d + (16*D
*axb~5*xc”4 + (3*D*a”~5xb + C*xa~4%b”2 - 5*B*a”3*b~3 + 25%A*xa”2+%b"4)*d"4 - 4x*(
2xDxa”~4*xb~2%c - (C*xa~3%b~3 - 4*B*a~2%b~4 - SxA*xaxb~5)*c)*d~3 - (7*xD*xa”~3*b"3
*c72 - (19*%C*a”2*b~4 + 17+B*a*xb”5 - BkA*b~6)*c"2)*d~2 - 4*(D*a”2*b~4*c”3 +
(6xC*a*xb”5 - B*b~6)*c”3)*d)*x)*sqrt(d*x + c))/(a”2*b"7xc 5*xd - 4*a~3*b~6*c”
4%d"2 + 6%a"4*xb"5*xc”3*%d"3 - 4*a"5*b"4*xc"2%d"4 + a"6xb"3*xcxd”5 + (b"9*c”4*xd”
2 — 4xaxb”"8xc”3*d"3 + 6%a”2*b"7xc"2%xd"4 - 4xa”3*b"6*ckxd”5 + a~4*xb"5xd"6) *x~
3 + (b79*%c~5*d - 2*axb~8*c”4*xd"2 - 2%a"2*b~7*c~3*%d"3 + 8*a~3*b"6*c"2*%d"4 -
T*a~4*xb~5xcxd™5 + 2%a~5*xb"4*d"6)*x"2 + (2*axb"8*c”5*xd - T*a"2*xb"7*xc"4*xd"2 +
8*a~3*%b"6xc"3*%d"3 - 2*a~4xb " 5xc”2*d"4 - 2*%a~5*xb"4*xc*d”5 + a~6xb~3*d”6)*x),
-1/4*%(((3*D*a”~5*xc + (C*a~4%b + 3*B*a~3*b~2 - 15xA*xa~2%b~3)*c)*d~3 + ((3*Dx
a~3*%b”2 + C*xa"2*xb~3 + 3xBxaxb”4 - 15xA*xb"5)*d~4 - 4% (3*%D*a”2*b"3*c + (2*xCxa
*b~4 - 3*B*b”"5)*c)*d"3 + 8+ (3*xD*a*b”4*xc”2 — Cxb~5xc”2)*d"2)*x"3 - 4*(3*D*a”
dxb*xc”2 + (2*Cxa~3*b"2 - 3*B*xa”2*b~3)*c"2)*d"2 + (2*(3*%D*a”~4xb + Cxa~3*b~2
+ 3*%Bxa”2*b"3 - 15xA*axb”4)*d~4 - 3*(7*D*a~3*b"2*c + (5xC*xa”2*b~3 - 9*B*axb
4 + BxA*b7B)*c)*d”3 + 12%x(3*%D*a"2*b"3*c”2 - (2*Cxaxb~4 - B*b~5)*c”2)*d"2 +
8% (3*D*axb~4*c~3 — Cxb~5+c”3)*d)*x"2 + 8*(3*D*xa~3*b~2%c”3 - C*xa~2*xb~3*c~3)
*d - (24*%(C*a”"2*b~3 — Bxa*xb~4)*c " 2*d"2 - (3*D*a”5 + Cxa~4*b + 3*B*a~3*b~2 -
15%xA*xa"2*xb~3)*d"4 + 6% (D*a"4*bxc + (C*xa~3*%b~2 - 3*B*a"2*b~3 + bSxAxa*xb~4)*c
)*d”3 - 16%(3*%D*a~2xb~3%c”3 - Cxa*xb~4*c~3)*d)*x)*sqrt(-b~2*c + axbxd)*arcta
n(sqrt(-b"2*c + axbxd)*sqrt(d*x + c)/(b*d*x + b*c)) + (8*Dxa~2xb~4*c™4 + 8%
A*a~3*b"3*xd"4 + (3*#D*a”b*bxc + (Cxa~4xb~2 - 13*%B*a”3*b~3 + A*a~2*xb~4)*c)*d”
3 - (13*D*a"4*b"2xc”2 - (13*%C*a”3*b~3 + 11*B*xa~2%b~4 - 11*xA*xa*xb”~5)*c~2)*d"2
+ (8*D*b"6*c”4 + (5xD*xa~4*b"2 - C*a~3*b~3 - 3*xBxa~2*%b~4 + 15xA*xa*xb”~5)*d~4
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- (17#D*a"3*b"3*c — 3*(3*%C*a~2%b"4 - 3*B*axb™5 — 5xA*b~6)*c)*d”3 + 12x(D*a”
2%b"4*c”2 + B*b"6xc"2)*d"2 - 8*(D*kaxb"5*c”3 + Cxb~6%c”3)*d)*x"2 + 2*x(D*a”~ 3%
b~3*c"3 - (7*C*a~2%b~4 - Bxa*b™5 - A*b~6)*c”3)*d + (16*D*axb~5xc~4 + (3*D*a
“B*b + C*a~4*b”~2 - 5xBxa~3%b~3 + 25kA*a”"2*xb"4)*d"4 - 4% (2+D*a”4*b"2xc - (Cx
a~3%b”3 - 4*B*a"2*b~4 - BxAxaxb”5)*c)*d"3 - (7*D*xa~3*b"3*%c”2 - (19*Cxa~2xb”
4 + 17*Bxaxb”5 - 5*xA*b76)*c"2)*d"2 — 4x(D*a"2%b"4*c”3 + (6*xCxaxb”5 - B*b~6)
*xc73)*d) *x) *sqrt (d*x + c))/(a"2%b~7*c"5*xd - 4*a~3*b"6xc”4*d"2 + 6*a~4*xb”5xc
~3%d"3 - 4*a”5*b"4*xc"2*%d"4 + a~6*b"3*kckd"5 + (b"9*c"4*d"2 - 4*axb”8*c”"3*d"3

+ 6%a”2%b"7*c"2xd"4 - 4*a”3*b"6*xc*d”"5 + a"4*b"5xd"6)*x"3 + (b"9*xc”5xd - 2%
axb”8*%cT4*d"2 - 2*%xa"2xb77*c”3*%d"3 + 8*%xa"3xb"6*c”2*%d"4 - T*xa"4xb"bxc*xd”5 + 2
*a"5xb74*xd"6) *x”"2 + (2*%axb”8*c”5*xd — T*a"2xb~7*xc"4*d"2 + 8*a~3*%b " 6xc”3*d"3
- 2%a"4*b"5*xcT2*d"4 - 2*xa~5*b"4*c*d”5 + a"6xb"3*d"6)*x) ]

giac [A] time = 1.41, size = 617, normalized size = 1.76

(24 Dab?c? — 8 Ch3c? — 12 Da?bed — 8 Cab?cd + 12 Bb3cd + 3 Da®d? + Ca?bd? + 3 Bab?d? — 15 Ab3d2) arctan (
4 (b5c3 —3ab*c?d + 3 a?b3cd? - a3b2d3)\/—bzc + abd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(3/2),x, algorithm="giac")

[Out] -1/4%(24xD*a*b~2*%c™2 - 8*C*xb~3*c~2 - 12*xD*a”2xb*cxd - 8xCkxaxb~2kcxd + 12xBx
b~3xckd + 3*D*xa”3*%d"2 + Cka~2xb*d~2 + 3*Bkaxb~2*d"2 - 15xA*b~3*d"2)*arctan(
sqrt(d*x + c)*b/sqrt(-b~2*c + axb*d))/((b"5*c”™3 - 3*%a*xb"4xc”2xd + 3*a”~2*xb~3
xc*d"2 - a”3%b72%d"3)*sqrt(-b~2%c + axb*d)) - 2x(Dxc”3 - Ckc"2*d + B*cxd"2
- Axd"3)/((b73*%c™3*d - 3*%axb”™2xc”2xd"2 + 3*a”2xb*cxd”"3 - a~3xd"4)*sqrt (d*x
+ ¢)) - 1/4x(12x(d*x + c)~(3/2)*xD*a”2xb"2xc*d - 8*(d*x + c)~(3/2)*Cxa*xb~3*c
*d + 4*x(d*x + c)”(3/2)*Bxb~4*cxd - 12xsqrt(d*x + c)*D*a”~2xb~2%c”2*%d + 8*sqr
t(d*xx + c)*Cxaxb~3xc™2*d - 4xsqrt(d*x + c)*Bxb~4*c”2xd - b*x(d*x + c)~(3/2)*
D*xa”3*b*d"2 + (d*x + c)”(3/2)*%C*a”2xb~2*d"2 + 3*(d*x + c)~(3/2)*B*a*xb~3*d"2
- 7*x(d*x + c)~(3/2)*Axb~4*d"2 + 15*xsqrt(d*x + c)*Dxa”3xb*xcxd™2 - 7*sqrt(d*
X + c)*Cxa”2xb~2*%cxd"2 - sqrt(d*x + c)*B*axb~3*%cxd”"2 + 9*sqrt(d*x + c)*A*xb~
4xcxd”2 - 3xsqrt(d*x + c)*D*a~4xd"3 - sqrt(d*x + c)*Cxa~3*b*d~3 + b*sqrt(dx*
X + c)*Bxa”"2xb"2*%d"3 - 9*sqrt(d*x + c)*A*xaxb~3*%d"3)/((b"5*c”3 - 3*axb"4xc”2
xd + 3%a”2xb"3*%c*d"2 - a"3*b"2xd"3)*((d*x + c)*b - b*c + axd)”2)

maple [B] time = 0.03, size = 1225, normalized size = 3.50

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(3/2),x)

[Out] -2*d~2/(a*xd-bxc) 3/ (d*x+c) " (1/2)*A-2/ (axd-b*c) "3/ (d*x+c) ~(1/2) *Cxc~2-1/4*4"
3/ (axd-b*xc) "3/ (bxd*x+a*d) ~2/b* (d*x+c) " (1/2) *Cxa~3+3/4*d"2/ (a*d-b*c) "3/ (bxd*
x+axd) "2xbx (d*x+c) " (3/2) *Bxa+d/ (a*xd-bxc) "3/ (b*d*x+a*xd) ~2*xb~2* (d*xx+c) "~ (3/2) *
Bxc+2/d/ (a*d-b*xc) "3/ (d*x+c) "~ (1/2)*D*c~3-1/4*d"2/ (a*d-b*c) "3/ (b*xd*x+ax*xd) ~2*b
*x (d*x+c) = (1/2) #*Bxaxc+2*xd/ (axd-bxc) "3/ (b*d*x+a*xd) “2*bx (d*x+c) ~ (1/2) *Cxa*xc~2-
5/4%d"2/ (axd-b*xc) ~3/ (bxd*x+a*d) ~2/b* (d*x+c) ~(3/2) *a~3*D+3*d/ (a*d-b*xc) ~3/ (b*
d*xx+axd) "2*x (d*xx+c) " (3/2) #*D*a”2*xc+3*d/ (axd-b*c) “3*b/ ((a*d-b*c)*b) ~(1/2) *arct
an((d*x+c)~(1/2)/((a*xd-b*c)*b) ~(1/2) *b) *Bxc+1/4*d~2/ (a*d-b*c) ~3/b/ ((a*xd-b*c
)*b) " (1/2)*arctan((d*x+c)~(1/2)/((a*d-b*c)*b) ~(1/2) *b) *a~2%C-2*xd/ (a*d-b*c)~
3/ ((axd-b*c) *b) ~(1/2) *arctan((d*x+c) ~(1/2)/((a*d-b*c)*b) ~(1/2) *b) *Cxa*xc-7/4
*d~2/ (a*d-b*c) "3/ (bxd*x+a*xd) ~2* (d*x+c) ~(1/2) *Cxa~2*xc-3/4*d"3/ (a*d-b*c) "3/ (b
*d*x+ax*xd) "2/b"2*x (d*xx+c) ~(1/2) *D*a~4-3*d/ (axd-b*c) ~3/ (b*d*x+a*d) ~2* (d*x+c) ~(
1/2) *D*xa~2*c~2+3/4*xd~2/ (axd-b*c) ~3/b"2/ ((a*d-b*c) *b) ~(1/2)*arctan ((d*xx+c) ~(
1/2) / ((axd-b*c) *b) ~(1/2) *b) *a~3+%D-9/4*d"3/ (a*d-b*xc) "3/ (b*d*x+a*xd) ~2*b* (d*x+
c) "~ (1/2) *A*xa+9/4*d~2/ (a*d-b*c) ~3/ (b*xd*x+a*d) ~2xb~ 2% (d*x+c) ~(1/2) *A*xc-d/ (a*xd
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-b*c) "3/ (bxd*xx+axd) “2xb~2* (d*x+c) " (1/2) *Bxc~2-3*d/ (a*d-b*c) "3/b/ ((a*xd-b*c) *
b)~(1/2)*arctan((d*x+c)~(1/2)/((a*xd-b*xc)*b) ~(1/2) *b) *D*xa~2*xc-2*d/ (a*d-b*xc) "~
3/ (bxd*xx+ax*xd) ~2*b* (d*x+c) ~ (3/2) *Cxa*xc+15/4*xd"~2/ (a*d-b*c) ~3/ (b*d*x+a*xd) ~2/b*
(d*x+c) ™ (1/2)*D*a”3*c+2xd/ (a*d-b*c) ~3/ (d*x+c) ~(1/2) *Bxc+3/4*d"2/ (a*xd-b*c) "3
/ ((axd-b*xc)*b) " (1/2) *arctan((d*x+c) " (1/2) / ((a*d-b*xc)*b) ~(1/2) *b) *Bxa-15/4x*d
~2/(axd-b*xc) ~3*b/ ((a*d-bxc) *b) ~(1/2)*arctan((d*x+c) ~(1/2)/((a*xd-b*xc)*b) ~(1/
2)*b) *A-7/4*xd"2/ (axd-b*c) "3/ (b*d*x+ax*xd) “2xb~2* (d*xx+c) ~(3/2) *A+1/4*d"2/ (a*xd-
b*xc) "3/ (bxd*xx+a*xd) ~2* (d*x+c) ~(3/2) *Cxa~2+5/4*d"3/ (a*d-b*xc) ~3/ (bxd*x+a*d) ~2%
(d*x+c)~(1/2) *B*a~2-2/ (axd-bxc) ~3*b/ ((a*d-b*c) *b) ~(1/2) *arctan ((d*x+c) ~(1/2
)/ ((a*d-b*c) *b) ~(1/2) *b) *Cxc~2+6/ (a*d-b*c) "3/ ((axd-b*c)*b) ~(1/2) *arctan ((dx*
x+c) " (1/2)/ ((a*d-b*c) *b) " (1/2) *b) *D*a*xc~2

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(3/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(axd-b*c>0)', see “assume?” for more
details)Is axd-b*c positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fA+Bx+Cx2+x3D
(a+bx)°(c+dx)*?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B¥x + C*x~2 + x~3%D)/((a + b*x)~3*(c + d*x)~(3/2)),x)
[Out] int((A + Bxx + C*x"2 + x~3*D)/((a + b*x) " 3*(c + d*x)~(3/2)), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x**3+Cxx**2+B*x+A)/ (b*x+a)**3/(d*x+c)**(3/2),x)

[Out] Timed out
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3.17

fA-I—Bx+Cx2-+Dx3
(a+bx)*(c+dx)3/2

Optimal. Leaf size=463

AV — a(a?D - abC + b?B) Ve +dx (5a°d2D - a?bd(11Cd — 18cD) + ab? (~7Bd? - 72¢2D + 36¢Cd) + b |
3b3(a + bx)3Vc + dx (bc — ad) 24b%(a + bx)(bc — ad)*

[Out] -1/8*(a"3*d~3*D+a”~2*b*xd~2* (Cxd—6*D*c)-a*b”~2xd* (-5*xB*d~2+12*Cxc*xd-24*D*c~2) -
b~ 3% (35%A*xd~3-30*B*c*d™2+24*Cxc~2*xd-16*D*c~3) ) *arctanh (b~ (1/2) * (d*x+c) ~(1/2

)/ (—a*d+b*c) " (1/2)) /b~ (5/2) / (—a*d+b*c) ~(9/2)+1/3* (a*xb~2*xBxd~3-a~2*b*C*d~3+a
~3%d"3%D-b" 3% (7*A*d~3-6*%B*cxd"2+6*C*xc~2*%d-6%D*c~3)) /b~ 3/ (—axd+bxc) ~4/ (d*x+c

)~ (1/2)+1/3* (-Axb~3+a* (Bxb~2-C*axb+D*a”2)) /b~3/ (-a*d+b*c) / (bxx+a) "3/ (d*x+c)
“(1/2)-1/12% (b~ 3% (=7*A*d+6*B*xc) —a*b” 2% (-B*d+12*Cxc)-11*a~3*d*D+a~2xb* (5*C*d
+18*D*c) ) * (d*x+c) ~(1/2) /b~2/ (—a*xd+b*xc) ~3/ (bxx+a) "2-1/24* (b~ 3*% (49%xA*xd~2-42%B
*Ckd+24*%C*kc™2) +5%a~3*xd " 2xD-a~ 2*b*d* (11*Cxd-18*D*c) +a*xb~ 2% (=7*B*d~2+36*C*xc*xd
=72%D*c”2) ) * (d*x+c) ~(1/2) /b~2/ (—a*d+b*c) "4/ (b*x+a)

Rubi [A] time = 1.15, antiderivative size = 463, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 32,

number of rules _ ),188, Rules used = {1621, 897, 1259, 456, 453, 208}

integrand size

Ve + dx (—a?bd(11Cd - 18¢D) + 5a°d?D + ab? (~7Bd? - 72¢2D + 36cCd) + b (49 Ad? — 42Bcd + 24c*C)) -
B 240%(a + bx)(be — ad)® -

Antiderivative was successfully verified.
[In] Int[(A + Bxx + C*x"2 + D*x"3)/((a + b*x) 4x(c + d*xx)~(3/2)),x]

[Out] (a*xb™2xB*d~3 - a~2*b*Cxd~3 + a~3*xd"3*D - b~ 3*(6%c”~2*%Cxd - 6*Bxcxd™2 + 7*Axd
73 - 6%c”3%D))/(3*b~3*%(b*c - axd) “4*Sqrt[c + d*x]) - (A*b~3 - ax(b"2*B - ax

b*xC + a~2*D))/(3*b"3*(b*c - axd)*(a + b*xx) " 3*Sqrtlc + d*x]) - ((b~3*(6*B*c

- 7*Axd) - axb”2x(12%c*xC - B*xd) - 11%a”3*dxD + a~2*b*(5*Cxd + 18%c*D))*Sqrt

[c + d*x])/(12%b"2x(b*c - a*xd) " 3*(a + b*x)~2) - ((b7~3*%(24*c~2*C - 42*%Bxcxd

+ 49%Axd”2) + 5*a”3*d"2*D - a”2%bxd*(11*C*xd - 18*c*D) + a*b~2*x(36*c*Cxd - 7
*Bxd~2 - 72xc”2+D))*Sqrt[c + dxx])/(24*b~2*(b*c - axd)“4*(a + b*x)) - ((a~3
*d"3*D + a”2%b*d"2*%(Ckd - 6*c*D) - axb”2xd*(12%c*Cxd - 5%B*d~2 - 24*c~2x*D)

- b73%(24*c72%C*d - 30*Bxc*d”2 + 35*%A*d~3 - 16%c”3%D))*ArcTanh[(Sqrt[b]*Sqr

tlc + d*x])/Sqrtlbxc - axd]])/(8*%b~(5/2)*(b*c - axd)~(9/2))

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 453

Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(m_)) " (p_.)*((c_) + (d_)*(x_)"(n
_)), x_Symbol] :> Simp[(c*(e*x)"(m + 1)*(a + b*x™n) " (p + 1))/(a*xex(m + 1)),
x] + Dist[(a*d*(m + 1) - b*cx(m + nx(p + 1) + 1))/(a*xe"n*(m + 1)), Int[(ex
x)"(m + n)*(a + bxx"n)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c
- a*d, 0] && (IntegerQ[n] || GtQ[e, 01) && ((GtQ[n, 0] && LtQm, -11) || (
LtQ[n, 0] && GtQ[m + n, -11)) && !'ILtQ[p, -1]

Rule 456

Int[(x_)"(m_)*((a_) + (b_.)*x(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol]
> Simp[((-a)~(m/2 - 1)*(b*c - axd)*x*(a + b*xx"2)"(p + 1))/(2*xb~(m/2 + 1)*(p
+ 1)), x] + Dist[1/(2%b"(m/2 + 1)x(p + 1)), Int[x"m*(a + b*x"2)"(p + 1)*Ex
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pandToSum [2*b*(p + 1)*Together [(b~(m/2)*(c + d*x~2) - (-a) " (m/2 - 1) *(bxc -
axd)*x~(-m + 2))/(a + bxx"2)] - ((-a)"(m/2 - 1)*(b*c - axd))/x"m, x], x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && ILtQ[m/2
, 0] && (IntegerQ[p] || EqQ[m + 2%p + 1, 0])

Rule 897

Int[((d_.) + (e_)*(x_))"(m )*((f_.) + (g_)*xx)D))"(m )*((a_.) + (b_.)*x(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int [x"(gq*(m + 1) - 1)*((exf - d*xg)/e + (gxx~q)/e) nx((c*d™2 - bxd*e +

axe~2)/e”2 - ((2xc*xd - bxe)*x"q)/e”2 + (c*xx~(2%q))/e"2)7p, x], x, (d + e*x)
“(1/9)], x1] /; FreeQl[{a, b, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && NeQ
[b"2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + a*xe”2, 0] && IntegersQ[n, p] && Fra
ctionQ [m]

Rule 1259

Int[(x_ )" (m_)*((d_) + (e_.)*x(x_)"2)"(q_)*((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"
4)~(p_.), x_Symbol] :> Simp[((-d)~(m/2 - 1)*(c*d"2 - bxd*e + axe”2) p*xx*(d
+ exx72)7(q + 1))/ (2xe”(2xp + m/2)*(q + 1)), x] + Dist[(-d)"(m/2 - 1)/(2xe”
(2*p)*(q + 1)), Int[x"mx(d + exx"2)"(q + 1)*ExpandToSum[Together [(1*(2*x(-d)
“(-(m/2) + 1)xe”(2xp)*(q + 1)*(a + b*x"2 + c*x74)7p - ((c*d™2 - bxd*e + axe
~2)"p/(e”(m/2)*x"m) ) *x(d + ex(2xq + 3)*x72)))/(d + exx"2)]1, x], x], x] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[p, 0] && ILtQ[q, -1]
& ILtQ[m/2, O]

Rule 1621

Int[(Px_ )*((a_.) + (b_)*(x_))"(m_ )*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*x(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(b*c
- axd)), x] + Dist[1/((m + 1)*x(b*c - a*xd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fre
eQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],
2]

Rubi steps
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_ b3(6Bc-7Ad)-ab?(6cC~Bd)+a3dD-a?b(Cd—6cD) _ 3(be-ad)(bC-aD)

3 b2
A+Bwﬂk%ik3x:_Aw_”@%_ﬂ£+fD)_f ; (a+bx)3(c+dx)32
(a + bx)*(c + dx)32 3b3(be — ad)(a + bx)3Vc + dx 3(bc — ad)

2(,3
a2 ad o+ 3cd(bc—a;i§(bC—aD)  d?(b°(6Be-7Ad)~

2 Subst f &2

Ab® — a (1B - abC + a?D)
3b3(bc — ad)(a + bx)3Vc + dx

Ab® - a (b?B — abC +a?D)  (b*(6Bc — 7Ad) — ab*(12cC — Bd) - 11a%dD +

" 3b3(bc — ad)(a + bx)>Ve + dx 1262(bc — ad)3(a + bx)

Ab® - a (b?B — abC +aD)  (b%(6Bc — 7Ad) — ab*(12cC — Bd) - 11a%dD +

3b3(bc - ad)(a + bx)>Vc + dx 1202(be — ad)*(a + bx)

ab?Bd® — a?bCd® + a>d®D - b® (6c2Cd — 6Bcd? + 7Ad® - 6¢°D)  Ab® - a (1*B

363(be — ad)* Ve + dx  3b3(be — ad)(a
ab?Bd® - a?bCd® + a*d®D - b* (6c2Cd — 6Bcd? + 7Ad® - 6¢°D)  Ab® - a (1?B
- 3b3(be — ad)+Ve + dx 363 (b — ad)(a

Mathematica [A] time = 2.34, size = 697, normalized size = 1.51

-1 ( Vb Ve+d
N (a (azD _abC + sz) _ Ab3)+5d (Ab3 —-a (azD —abC + bZB)) (3d2(a + bx)? tanh ™ (ﬁ) +b
3b2(a + bx)3(bc — ad)? 24b52(a + bx)?(bc — ad)/?

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x"2 + Dxx~3)/((a + bxx)74*(c + d*x)~(3/2)),x]

[Out] (2x(-(c™2%C*d) + B*c*d™2 - A*d~3 + c~3*D))/((b*c - axd) 4*Sqrtl[c + d*x]) +
((-(A*b73) + ax(b"2+B - a*b*C + a~2#D))*Sqrtlc + d*x])/(3*b~2*x(b*c - axd) "2
x(a + bxx)73) - ((-2xa*b™2%c*C + b~3*(B*c - A*d) - 2*a~3*d*D + a~2%bx(Cxd +
3xc*xD) ) *Sqrt[c + d*xx])/(2xb~2*(b*xc - axd)~3*x(a + bxx)~2) + ((-(b~3*(c™2*C
- Bkcxd + A*d”2)) + 3*axb"2xc”2+D - 3xa”2*bkxckxdxD + a~3*d"24D)*Sqrt[c + d*x
1)/ (" 2% (b*xc - a*xd) 4*(a + b*x)) + (2+Sqrt[b]l*(c™2xC+d - Bxcxd"2 + A*d~3 -
c~3*D)*xArcTanh [ (Sqrt [b]*Sqrt[c + d*x])/Sqrt[b*c - a*xd]])/(b*xc - a*d)~(9/2)
+ (d*(b73%(c™2*%C - Bxc*d + A*d"2) - 3*a*b”™2%xc”2+D + 3%a”2xb*ckd*D - a~3*d”2
*D) *ArcTanh [(Sqrt [b]*Sqrt[c + d*x])/Sqrt[b*c - axd]1)/(b~(5/2)*(b*c - axd)”
(9/2)) + (3*%dx(2xa*b~2%c*C + b~3*(=(B*c) + A*d) + 2*%a~3*d*D - a~2%b*(Cxd +
3xc*D) ) *x (- (Sqrt [b] *Sqrt [b*c - a*d]*Sqrt[c + d*x]) + dx(a + b*x)*ArcTanh[(Sq
rt[b]*Sqrt[c + d*x])/Sqrtlb*xc - a*xd]]))/(4xb~(5/2)*(b*c - a*xd)~(9/2)*(a + b
xx)) + (b*%d*x(A*xb~3 - a*x(b”"2%B - axb*C + a~2xD))*(Sqrt [b]*Sqrt[b*c - axd]*Sq
rtlc + d*xx]*(2*b*c - b*a*d - 3xbxd*x) + 3*d"2x(a + bx*x) "2xArcTanh[(Sqrt[b]*
Sqrt[c + dxx])/Sqrtlbxc - axd]]))/(24xb~(5/2)*(b*c - a*xd)~(9/2)*(a + b*x)~2
)

fricas [B] time = 1.25, size = 3834, normalized size = 8.28

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+Cxx~2+B*x+A)/(b*x+a) "4/ (d*x+c)~(3/2),x, algorithm="fricas"
)

[Out] [1/48*%(3*(16*D*a~3*%b~3*c”4 + (16*D*b~6xc~3*d + (D*a"3%b~3 + C*xa~2*xb~4 + 5xB
*a*xb”5 - 35xA*b"6)*d"4 - 6% (D*xa"2%b"4*c + (2*xCxaxb~5 - 5xB*b~6)*c)*d"3 + 24
* (D*xa*xb”5*c”2 - Cxb~6xc”2)*d"2)*x"4 + (D*a"6*xc + (Cxa~5xb + 5%B*a”4*b”"2 - 3
5xA*a~3*%b~3)*c)*d"3 + (16%D*b~6*c”™4 + 3*(D*a"~4*b”~2 + C*xa~3*b~3 + 5*xBxa”~2%b~
4 - 35xAxaxb~5)*d"4 - (17*D*a”3*b~3xc + 5 (7*C*a”2*b~4 - 19*Bxaxb~5 + T*A*b
“6)*c)*d"3 + 6x(11*D*a~2xb"4*c”2 - (14*Cxaxb™5 — 5xBxb76)*c™2)*d"2 + 24* (3%
D*axb~5*xc~3 - C*b~6*c”3)*d)*x"3 — 6x(D*a~5*b*c™2 + (2*xC*xa~4*xb~2 - 5+Bxa~3#*b
"3)*c”2)*d"2 + 3*x(16*xDxaxb~5%c”4 + (D*a"b*b + C*xa~4%b~2 + 5*B*xa~3*b~3 - 35%
A*a~2*xb~4)*d"4 - (5xDxa"4*b"2%c + (11*C*xa~3*b~3 - 35*B*xa”2*b~4 + 35%A*a*xb”~5
Jxc)*d"3 + 6*(3*D*a”3*b"3*xc”2 - (6%C*a”2*%b"4 - 5*xBxaxb~5)*c”2)*d"2 + 8*(5*D
*a"2%b74*c”3 - 3*Cxaxb~5xc”3)*d) *x”2 + 24*x(D*a~4*xb"2xc”3 - C*xa~3*b~3*c”3)*d
+ (48*D*a”2*b"4*xc~4 + (D*a”6 + C*xa”b*xb + 5xBxa~4*b~2 - 35*%A*a”3*b"3)*d"4 -
3*%(D*a”b*xbxc + (3*Cxa~4*b~2 - 15*B*a”~3*b~3 + 35xA*a~2%b"4)*c)*d"3 + 6*x(D*a
“4xbT2%c”2 - Bk (2*%C*a”3*b"3 - 3%B*a"2%b"4)*c"2)*d"2 + 8*x(11*D*a~3*b"3%c”3 -
9*C*a~2*b"4*c"3) *d) *x) *sqrt (b"2*c - axb*d)*Llog((b*d*x + 2%b*c - a*xd - 2%sq
rt(b72%c - axbxd)*sqrt(d*x + c))/(b*x + a)) + 2%(92xD*a”~3*b"4xc”4 + 48*A*xa”
4xb~3*xd"4 - 4% (2+%C*a”2*%b”5 + B*xa*xb~6 + 2%xA*b~7)*c”4 + 3*x(D*a~6xbxc + (C*a”5
*b72 - 27*B*a”"4*b”3 + 13*%A*a~3*b"4)*c)*d"3 + 3*x(16*xD*b"7*c"4 - (D*a"4*b”3 +
C*a~3*b~4 + b5*Bxa~2xb~5 - 35*xA*a*xb”6)*d"4 + (7xD*xa~3*b~4*xc + (13*C*xa~2xb~5
- 25xBxaxb”™6 - 35xA*b”7)*c)*d"3 - 6*(5%D*xa"2%xb"5*xc”2 - (2*C*a*b”6 + 5*B*b”
T)*c”2)*d”"2 + 8x(D*xa*xb~6%c”3 - 3*Cxb~7*xc~3)*d)*x~3 - (19*%D*a”5*xb"2*xc~2 - (9
1*xC*xa~4*b~3 + 53*%B*a”3*b"4 - 125xA*a~2xb~5)*c”2)*d"2 + (216*D*axb~6*xc~4 - 2
4xCxb"7xc~4 + 8x(D*a~b*xb"2 - C*a~4xb"3 - 5*Bxa~3%b"4 + 35xA*xa~2*b~5)*d"4 -
(25%D*a~4*b~3%c - (103*C*xa~3*b~4 - 205xB*xa”~2xb~5 - 245%xAxa*xb”6)*c)*d~3 - (7
3*D*a”3*b"4*xc"2 - (109*%C*a~2*b~5 + 215*Bxaxb~6 - 35xA*b~7)*c”~2)*d"2 - 6%(21
*D*a”2*%b”5*c”3 + 5x(6*xCxa*xb”6 - B*b~7)*c”3)*d)*x"2 - 2% (38+%D*a”4*b”3*c”3 +
(43%C*a~3%b"4 - 16*%B*a”2*xb~5 - 23*A*xa*b”6)*c”3)*d + (252xD*a”2%b~5*xc”4 - 12
*(2+%C*a*xb”™6 + B*b"7)*c”4 + 3*%(D*a"6%b + C*xa"bxb"2 — 11xB*xa~4*b~3 + 77*xA*a"3
*b"4)*d"4 - (11xD*a~5xb~2%c - (35%C*xa~4*b~3 - 179*B*a”~3*xb~4 - 133*A*xa~2*b~5h
)*c)*d~3 - 2% (25*D*a~4*b"3%c”2 - (106*C*xa~3*b~4 + 65%B*a”~2%b”5 - 56*A*axb”6
)*cT2)*%d72 - 2% (97*D*a”~3*b"4xc”3 + (113*C*a”2*b~5 — 47*Bxaxb™6 - T*A*b~7)*c
~3)*d) *x) *sqrt (d*x + c))/(a"3%b"8*c”6 - 5*a~4*b~7*c"5xd + 10*a”5xb~6*xcT4*d”
2 - 10*%a"6xb~5*c"3%d"3 + 5*a”7*xb"4*xc"2*%d"4 - a"8*xb~3*ckxd”5 + (b~11xc”5*d -
5*xa*xb”10*xc™4*xd"2 + 10*%a"2xb"9*%c~3*%d"3 - 10*a~3*b~8xc”"2xd"4 + b*a~4xb"7*xc*xd”
5 - a”5*%b76xd"6)*x"4 + (b~11%c”6 - 2%axb”~10%c”5*xd - 5*a~2*%b"9*xc"4*xd"2 + 20%
a"3*b"8*c”3*%d"3 - 25*%a”4xb"T7*xc"2*%d"4 + 14*a~5*%b”"6xc*d”5 - 3*a~6%¥b"5xd"6) *x”
3 + 3x(a*b”10%c”6 - 4*a”2%b"9xc~5*xd + 5%a”3*xb"8*c"4*d"2 - 5*a”5xb"6xc”2xd"4
+ 4%a~6*xb"b*xc*d"5 - a"7*b"4*xd"6)*x"2 + (3*a"2%b"9%c”6 - 14%a”3*xb"8xc"bxd +
25%a”4xp77xcT4*%d"2 - 20*%a"5*b"6*%c”3xd"3 + 5*a"6*xb"bxcT2xd"4 + 2%a”T7xb " 4xc*
d"5 - a”8*b"3*d"6)*x), 1/24%(3*(16*D*a”"3*b"3*xc~4 + (16*D*b~6*xc”~3*d + (D*a”~3
*b~3 + C*a~2%b~4 + b*B*axb”5 - 3b5*A*xb76)*d"4 - 6% (D*xa”~2*b~4*c + (2*C*xa*xb~5
- BxB*b76)*c)*d"3 + 24x(D*a*xb~5*xc”2 - Cxb~6xc"2)*d"2)*x~4 + (D*a~6*c + (Cxa
“Bxb + B*B*a"4*b"2 — 35xA*a~3%b"3)*c)*d"3 + (16*D*xb"6%c”4 + 3% (D*a"4*b”"2 +
C*a~3*b~3 + 5*Bxa~2%b~4 - 35*xA*axb”5)*d"4 — (17*D*a~3*b"3*c + 5x(7*Cxa~2xb~
4 - 19%Bxaxb~5 + T*A*b"6)*c)*d"3 + 6x(11xD*xa~2*¥b"4*c”2 - (14*xCxaxb~5 - 5*B*
b76)*c"2)*d"2 + 24%(3*D*axb”5%c”3 - Cxb~6*c~3)*d)*x"3 - 6x(D*a”5*b*xc”2 + (2
*C*a~4*b”2 - B*Bxa~3*b"3)*c"2)*d"2 + 3*(16*D*axb~5xc~4 + (D*a~5*b + C*xa~4x*b
"2 + B*B*a”3*b”3 - 35xA*xa”2%b"4)*d"4 - (5xD*a~4xb"2%c + (11*C*a”"3*b"3 - 35%
B*a"2*b~4 + 35%A*axb”5)*c)*d"3 + 6x(3*xD*xa~3*%b"3*%c”2 - (6xCxa"2xb~4 - 5xBxax
b"5)*c"2)*d"2 + 8% (5*xD*a”2*b"4*c”3 — 3*Ckaxb~5*xc”3)*d)*x"2 + 24*x(Dxa~4*b" 2%
c"3 - C*a~3%b"3*c"3)*d + (48*xDxa~2*¥b"4*c”4 + (D*a"6 + Cxa~bxb + 5*B*xa”~4*xb~2
- 35*%A*a”3*b"3)*d"4 - 3% (D*a"b*b*c + (3*Cxa~4*xb~2 - 15%B*a”3*b”~3 + 35%xAxa”
2%b~4) *c)*d"3 + 6x(D*a~4xb"2%c”2 - Bk (2*C*xa”~3*b"3 - 3xB*xa"2%b"4)*c”2)*d"2 +
8% (11*D*xa"3*b~3*%c™3 - 9*C*xa~2%b~4xc~3)*d)*x) *sqrt (-b~2*c + axb*d)*arctan(s
qrt (-b"2xc + a*xbxd)*sqrt(d*x + c)/(bxd*x + b*c)) + (92*D*a”3xb~4*c”™4 + 48%A
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*a"4*b"3*%d"4 - 4x(2*xCxa~2%b~5 + B*axb"6 + 2xA*b~7)*c”4 + 3*%(D*a"6*xbxc + (Cx
a~5*%b"2 - 27*B*a~4*b"3 + 13*%A*a”3*b"4)*c)*d"3 + 3*%(16*¥D*b"7*c"4 - (D*a~4*b”
3 + C*a”"3*b~4 + 5xB*xa~2%b~5 - 3b5kAxa*xb”6)*d~4 + (7+D*a"3*b~4*c + (13*xCxa~2x
b~5 - 25xBxa*xb”6 - 35*kA*b”7)*c)*d"3 - 6% (5%D*a”2*b”"5*c”2 - (2*xCxaxb”6 + 5*B
*b7T7)*c”2)*d"2 + 8x(D*xaxb”6*c”3 - 3*Cxb~7*xc"3)*d)*x~3 - (19*D*a”5xb"2xc"2 -
(91xC*xa~4*b~3 + 53*B*a”~3*b~4 - 125%A*a”2*b"5)*c”2)*d"2 + (216*D*xa*xb”6*c”4
- 24xCxb"7xc"4 + 8x(D*a~b*b"2 - C*a~4xb~3 - 5*B*xa~3%b"4 + 35%xA*xa~2xb~5)*d"4
- (25%D*a”4%b"3*c - (103*%C*a”~3%b~4 - 205*Bxa~2*b~5 - 245%A*a*xb~6)*c)*d"~3 -
(73xD*a~3*%b~4*c”2 - (109*C*xa~2xb~5 + 215*B*a*b”™6 — 35*xA*b~7)*c~2)*d"2 - 6%
(21#D*a"2%b"5*c”3 + 5x(6*xCxaxb™6 - B*b~7)*c”~3)*d)*x"2 - 2% (38+%D*a”4*b~3*c”3
+ (43*C*a”3*b"4 - 16%B*a~2%b"5 - 23*A*axb~6)*c~3)*d + (252*D*a”2*b"5*xc~4 -
12*% (2*xCxa*xb~6 + B*b~7)*c”4 + 3*x(D*a~6xb + C*xa~5%b"2 - 11*B*a~4*b~3 + 7T7*A*
a"3*b~4)*d"4 - (11%D*a”5%b~2*%c - (35*%C*a”4*b~3 - 179*B*a~3*b~4 - 133xA*a”2x%
b~5)*c)*d~3 - 2% (25*%D*a"4*b”3*c”2 - (106%xC*a~3%b~4 + 65*B*a”~2*xb~5 - 56*A*ax
bT6)*c"2)*d"2 - 2% (97*D*a”3*b"4*xc”3 + (113*%C*a~2*b”5 - 47*Bxa*xb~6 - T*A*xb~7
)*c73)xd) *x) *sqrt (d*x + ¢))/(a"3*b7™8*c”6 - 5*xa~4*b~7*c”"5xd + 10*a~5*xb~6*c”"4
*d"2 - 10*%a~6*%b " bxc”3*d"3 + 5*xa~T7T*b"4xc"2*xd"4 - a~8%b " 3xc*d”"5 + (b"11xc”5x*d
- 5xaxb”10*%c™4*d"2 + 10*%a"2*%b"9%c"3*xd"3 - 10*%a”"3xb"8*xc”2*d"4 + 5xa”4*xb"7*c
*d~5 - a”5*b"6xd"6)*x"4 + (b"11*c™6 - 2*xaxb~10*c”5xd — 5*a”2%b~9*c"4*xd"2 +
20*%a”~3*%b"8*c"3*%d"3 - 25*a"4*b " 7xc”"2*d"4 + 14%a”5xb"6*c*xd”5 - 3*a~6*b"5%d"6)
*x73 + 3%(axb”10%c”6 - 4*xa”2xb"9*c”5xd + 5*%a~3*b"8%c”4*xd"2 - bxa~5xbT6xcT 2%
d"4 + 4*%a”~6xb " 5xc*xd”5 - a"7*b"4*d"6)*x"2 + (3*a"2*%b"9*c”6 - 14*a”3*b"8*xc hb*
d + 25*%a”4*xb"7xc"4*%d"2 - 20*%a"5*b"6xc”3*d"3 + 5*xa”6*b"5*xc”2xd"4 + 2*xa~7xb"4
*xc*d~5 - a~8%b”~3%d"6)*x)]

giac [B] time = 1.56, size = 1085, normalized size = 2.34

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 4/ (d*x+c)~(3/2),x, algorithm="giac")

[Out] 1/8%(16#D*b~3*c~3 + 24*D*xaxb~2*c™2*d - 24*C*xb~3*c™2+d - 6*D*a~2*bxc*d™2 - 1
2%Cxaxb™2xc*d"2 + 30*B*b~3*c*d"2 + D*a~3*d"3 + Cxa " 2xb*xd”3 + 5*B*xaxb™2%d"3
- 35%A*b~3xd"3) *arctan(sqrt (d*x + c)*b/sqrt(-b~2*c + axb*d))/((b"6%c™4 - 4%
a*b"bxc”3*d + 6%a”2%b”4*cT2xd"2 - 4*a”3%b”3*kcxd"3 + a~4xb~2+d"4)*sqrt(-b~2x
c + axbxd)) + 2%(D*c”3 - Cxc”2*xd + Bxc*d™2 - Axd~3)/((b"4*c™4 - 4*axb~3*c”3
xd + 6%a”2xb"2%xcT2*%d"2 - 4*a”3xb*cxd”3 + a”4xd"4)*sqrt(d*x + c)) + 1/24%(72
*x(d*x + c)7(5/2)*#D*axb~4*xc~2*xd - 24*(d*x + c)”(5/2)*Cxb~5xc”2xd - 144x*(d*x
+ ¢)7(3/2) #*D*axb~4*xc~3*%d + 48*(d*x + c)”(3/2)*C*b"5xc”3*d + 72*xsqrt(d*x + ¢
)*D¥xaxb~4xc"4*d - 24xsqrt(d*x + c)*Cxb~bxc™4*d - 18x(d*x + c)~(5/2)*D*a~2*b
“3*%cxd"2 - 36%x(d*x + c)~(5/2)*Ckaxb”4xc*xd"2 + 42*%(d*x + c)”(5/2)*B*xb"5xc*d”
2 + 144x(d*x + c)~(3/2)*D*a"2%b”"3*c”2xd"2 + 48x(d*x + c)~(3/2)*Cxaxb”4xc™ 2%
d™2 - 96%(d*x + c)~(3/2)*B*b~5xc”2*%d"2 - 126*sqrt(d*x + c)*D*a”2%b~3%c~3xd"
2 - 12xsqrt(d*x + c)*Ckxaxb~4*c™3*d"2 + 54*xsqrt(d*x + c)*Bxb 5kc™3*d™2 + 3*(
dxx + c)7(5/2)*D*a”~3%b"2xd"3 + 3k (d*x + c)”(5/2)*C*a”~2xb~3*d"3 + 15x(d*x +
c)~(5/2) #*Bxaxb~4xd~3 - B7*(d*x + c)~(5/2)*Axb~5*xd"3 + 8x(d*x + c)~(3/2)*Dx*a
“3%b72%c*kd”3 - 104*(d*x + c)”(3/2)*C*a”2xb~3*c*xd"3 + 56*(d*x + c)~(3/2)*Bxa
*b~4*xc*xd”"3 + 136%(d*x + c)~(3/2)*Axb~5*xcxd”~3 + 33*sqrt(d*x + c)*D*a~3*b”"2xc
~2%d"3 + 93*sqrt(d*x + c)*Cxa~2*b~3*c”2+%d”~3 - 75*xsqrt(d*x + c)*Bxa*xb~4*xc~2x
d™3 - 87xsqrt(d*x + c)*A*b"5xc”2+%d”~3 - 8x(d*x + c)~(3/2)*D*a~4xb*d"4 + 8x(d
*x + ¢)7(3/2)*C*a~3%b"2xd"4 + 40*(d*x + c)~(3/2)*B*xa”"2xb~3%d"4 - 136%(d*x +
c)~(3/2) *Axaxb~4xd"4 + 24*sqrt(d*x + c)*D*a~4*bxc*d”4 - 5d*sqrt(d*x + c)*C
*a"3%b"2*%cxd"4 - 12*sqrt(d*x + c)*B*a”2%b"3xc*kd"4 + 174*sqrt(d*x + c)*Axaxb
“4xc*d”™4 - 3xsqrt(d*x + c)*D*a"bxd"5 - 3*xsqrt(d*x + c)*Cxa~4*xbxd~5 + 33*sqr
t(d*xx + c)*B*a~3*b~2*d"5 - 87xsqrt(d*x + c)*A*xa”~2xb~3*d"5)/((b"6*c™4 - 4*ax
b7B*c73*d + 6*%a"2%b74xcT2xd"2 - 4*a”3*b"3*c*kd”3 + a~4*b"2*d"4)*((d*x + c)*b
- bxc + axd)~3)
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maple [B] time = 0.04, size = 2108, normalized size = 4.55

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((D*x"3+Cxx~2+B*xx+A)/(b*x+a) "4/ (dxx+c) ~(3/2),x%)

[Out] -13/3/(a*d-b*c) "4/ (b*xd*x+a*d) ~3*b*xd~3* (d*x+c) ~(3/2) *Cxa~2*c+1/ (axd-b*c) "4/ (
bxd*x+axd) “3*d~4/b* (d*x+c) ~(1/2) *D*xa~4xc-21/4/ (a*d-b*c) "4/ (bxd*x+axd) ~3*d~2
*b* (d*x+c) " (1/2) *D*xa”~2xc~3+6/ (a*d-b*c) "4/ (bxd*x+a*xd) “3*b*d~2* (d*x+c) ~(3/2) *
D*a~2xc~2-1/2/ (a*d-b*c) "4/ (bxd*x+a*xd) ~3*d~2*¥b~2* (d*x+c) ~(1/2) *Cxaxc~3-3/2/(
a*xd-b*c) "4/ (bxd*x+a*xd) ~3* (d*x+c) " (5/2) *Cxaxb~2xc*xd~2-3/4/ (a*d-b*c) "4/ (b*xd*x
+ax*xd) "3* (dxx+c) ~(5/2) #*D*a~2*b*c*d"2-2/ (axd-bxc) ~4/ (d*x+c) " (1/2) *Axd~3+2/ (ax
d-b*c) "4/ (dxx+c) " (1/2) #*D*c~3+2/ (a*d-b*xc) ~4/ (b*xd*x+a*xd) ~3*b~2*xd~2* (d*xx+c) ~ (3
/2)*Cxaxc”~2-3/4/ (a*xd-b*xc) ~4/b/ ((axd-b*c)*b) ~(1/2)*arctan((d*x+c) " (1/2)/((ax
d-b*xc)*b) " (1/2) *b) *D*xa~2*xc*d"2-6/ (a*xd-b*c) ~4/ (b*d*x+a*d) ~3*b~2*xd* (d*xx+c) ~ (3
/2) ¥*D*xa*xc”3+29/4/ (axd-b*c) ~4/ (b*xd*x+axd) ~3*xd~4*xb~2* (d*x+c) " (1/2) *A*xaxc-1/2/
(a*d-b*c) "4/ (b*d*x+axd) ~3*xd~4xb* (d*x+c) ~(1/2) *Bxa~2xc-25/8/ (a*d-b*c) "4/ (b*d
*x+ax*xd) "3*xd"3xb"2*x (dxx+c) " (1/2) *B*axc”~2+31/8/ (axd-b*c) ~4/ (b*d*x+a*xd) ~3*d~3*
b* (dxx+c) ~(1/2) *C*xa~2*c”2+3/ (axd-b*xc) ~4/ (b*d*x+ax*xd) ~3*d*xb~2*x (d*x+c) ~(1/2) *D
*a*xc”4+3/ (axd-b*xc) ~4/ (bxd*x+a*xd) ~3* (d*x+c) ~(5/2) *Dxa*xb~2*c~2*xd+7/3/ (a*xd-b*c
) "4/ (b*d*x+a*xd) "3xb~2*xd"3* (d*xx+c) ~(3/2) *Bxaxc-19/8/ (axd-bxc) ~4/ (b*d*x+ax*xd) ~
3*x (d*x+c) ~(5/2) *A¥b~3*xd~3+1/8/ (a*d-b*c) "4/ (b*d*x+a*d) ~3* (d*x+c) ~(5/2) *a~3*d
~3%D+1/3/ (a*d-b*xc) "4/ (bxd*x+a*xd) ~3*d~4* (d*x+c) ~(3/2)*C*a~3+11/8/ (a*d-b*xc) "4
/ (b*xd*x+ax*xd) ~3*xd~5*x (d*xx+c) ~(1/2) *B*a~3+2/ (axd-b*c) “4*b/ ((a*d-b*c) *b) ~(1/2) *
arctan((dxx+c) " (1/2)/((a*xd-b*xc)*b) ~(1/2) *b) *D*c~3-35/8/ (a*d-b*xc) ~4x*xb/ ((axd-
b*c)*b) ~(1/2)*arctan((d*x+c) ~(1/2)/ ((a*xd-b*c) *b) ~(1/2) *b) *A*xd~3+5/8/ (a*d-b*
c) "4/ ((a*d-b*xc)*b) ~(1/2)*arctan((d*x+c)~(1/2)/((a*xd-b*c)*b) ~(1/2) *b) *a*xB*d~
3+2/ (a*xd-bx*c) "4/ (d*x+c) " (1/2) *B*xcxd~2+17/3/ (a*xd-b*xc) ~4/ (b*d*x+a*d) “3*b~3*d~
3* (d*xx+c) " (3/2) *Axc+1/3/ (a*d-b*c) "4/ (bxd*xx+axd) ~3*d~3* (d*x+c) ~(3/2) *D*a”~3*c
-9/4/ (a*d-b*c) "4/ (bxd*x+a*xd) ~3*d~4* (d*x+c) ~(1/2) *Cxa~3*c+5/3/ (a*d-b*c) "4/ (b
*d*x+a*xd) "3xbxd"4* (dxx+c) " (3/2) *B*a~2-4/ (axd-b*xc) ~4/ (b*d*x+a*d) ~3*xb~3*d " 2% (
d*x+c) " (3/2) *Bxc~2+2/ (a*d-b*c) "4/ (bxd*x+a*d) ~3*xb~3*d* (d*x+c) ~(3/2) *c~3*C-1/
3/ (axd-b*xc) "4/ (bxd*x+a*xd) ~3/b*d"4x* (d*x+c) ~(3/2) *D*a~4-29/8/ (axd-b*xc) ~4/ (b*d
*x+ax*xd) "3*xd"5xb* (dxx+c) ~(1/2) *A*a~2+11/8/ (axd-b*xc) ~4/ (b*d*x+a*d) ~3*d~3* (d*x
+c) " (1/2)*D*a"3*xc~2-3/2/ (axd-b*c) "4/ ((a*d-b*c) *b) ~(1/2) *arctan((d*x+c) ~(1/2
)/ ((a*d-b*c) *b) " (1/2) *b) *Cxaxcxd~2+3/ (a*d-b*c) "4/ ((a*xd-b*c)*b) ~(1/2) *arctan
((d*x+c)~(1/2)/ ((axd-b*c)*b) ~(1/2) *b) *D*a*xc”2xd+15/4/ (axd-b*c) ~4*b/ ((a*d-bx*
c)*b)~(1/2)*arctan((d*x+c)~(1/2)/((axd-b*c)*b) ~(1/2) *b) *Bxc*d~2+1/8/ (a*d-b*
c)~4/b/ ((a*xd-b*xc)*b) ~(1/2)*arctan ((d*x+c) ~(1/2) /((axd-b*c) *b) ~(1/2) *b) *a~2*
Cxd~3-3/ (a*d-b*xc) “4x*b/ ((a*d-bxc)*b) ~(1/2)*arctan((d*x+c) ~(1/2)/((a*xd-b*c)*b
)" (1/2)*b) *C*c~2*xd+1/8/ (axd-b*c) ~4/b"2/ ((a*d-b*c) *b) "~ (1/2) *arctan ( (d*x+c) ~(
1/2)/ ((a*xd-b*c)*b) ~(1/2) *b) *a~3*d~3*D-29/8/ (a*d-b*c) "4/ (b*xd*x+a*d) ~3*d~3*b~
3k (d*x+c) " (1/2) *A*xc~2+9/4/ (axd-b*c) ~4/ (bxdxx+axd) ~3*d~2xb~3* (d*x+c) ~(1/2) *B
*xc"3-1/8/ (axd-b*c) "4/ (bxd*x+a*d) “3*d~5/b* (d*x+c) " (1/2) *C*a~4-1/ (a*d-b*xc) ~4/
(b*d*x+a*d) ~3*d*b~3* (d*x+c) ~(1/2) *C*xc~4-1/8/ (axd-b*c) ~4/ (b*d*x+a*d) "3*d"5/b
2% (d*x+c) " (1/2)*D*a~5+7/4/ (a*d-b*c) "4/ (bxd*x+a*xd) ~3* (d*x+c) " (5/2) *Bxb~3*cx*
d"2-1/(a*xd-b*xc) ~4/ (b*d*x+a*d) ~3*x (d*x+c) ~(5/2) *C*¥b~3*c~2*xd+5/8/ (axd-b*c) ~4/(
bxd*x+axd) ~3* (d*xx+c) ~(5/2) *a*xb~2xBxd~3+1/8/ (axd-b*c) ~4/ (bxd*x+ax*xd) ~3* (d*x+c
)~ (5/2)*a~2%b*C*d~3-17/3/ (axd-b*c) ~4/ (b*d*x+ax*xd) ~3*xb~2xd 4% (d*x+c) ~(3/2) *Ax*
a-2/(a*xd-bxc) "4/ (dxx+c) " (1/2) *Cxc~2x*d

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00
Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 4/ (d*x+c)~(3/2),x, algorithm="maxima"
)
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[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(a*xd-b*c>0)', see “assume?” for more
details)Is a*d-b*c positive or negative?

mupad [F]  time = 0.00, size = -1, normalized size = -0.00

fA+Bx+Cx2+x3D
(a+bx)*(c+dx)*?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x + C*x~2 + x~3%D)/((a + b*x) ~4x*(c + d*xx)~(3/2)),x)
[Out] int((A + Bxx + C*x~2 + x~3*%D)/((a + b*x) 4*x(c + d*x)~(3/2)), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dix**3+Ckx**2+Bkx+A)/ (bkx+a)**4/(d*x+c)**(3/2),x%)

[Out] Timed out
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(a+bx)3(A+Bx+Cx2+Dx3)
f (c+dx)°/?

3.18 dx

Optimal. Leaf size=434

2Ve + dx (b - ad) (a?d%(Cd - 3cD) — abd (-3Bd? - 15¢2D + 8¢Cd) + b? (3Ad® — 6Bcd? — 15¢°D +10c2Cd
- p

[Out] 2/3*(-axd+b*c) 3% (A*d~3-B*c*d~2+Cxc~2*xd-D*c~3)/d"7/ (d*x+c) ~(3/2)+2/3* (a~3*d
~3*D+3*a” 2*xb*xd " 2% (Ckd—4*D*c) -3*xa*xb~2*d* (-B*xd~2+4*Cxc*xd-10%D*c"2) +b"3* (A*d~3
-4*Bxc*d~2+10%Cxc~2%d-20*D*c~3) ) * (d*x+c) ~(3/2) /A" 7+2/5*%b*x (3*a~2xd~2*D+3*ax*b

*d* (C*d-5*D*c) -b~ 2% (-Bxd~2+5*C*c*d-15*D*c~2) ) x (d*x+c) ~(5/2) /A~ 7+2/7*b~2x (Cx
bxd+3*D*xaxd-6*D*b*c) * (d*x+c) ~(7/2) /d"7+2/9%b~3*D* (d*x+c) ~(9/2) /d"T7T+2* (—a*xd+

bxc) 2% (axd* (-B*d"2+2*C*xc*xd-3*D*c~2) —b* (3¥A*d~3-4*B*xc*xd~2+5*xCxc~2%d-6+D*c”3

)) /A" 7/ (d*x+c) " (1/2) -2*x (—axd+b*c) * (a™2*%d"2* (Ckxd—-3*D*c) —axb*d* (-3*B*d~2+8*Cx*
c*xd-15%D*c"2) +b" 2% (3*xA*xd~3-6*Bxc*d~2+10*C*kc~2*xd-15*D*c”~3) ) * (d*x+c) ~(1/2) /4~

7

Rubi [A] time = 0.35, antiderivative size = 434, normalized size of antiderivative

= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 32,
number of rules _ ) 031, Rules used = {1620}

integrand size
2(c + dx)* (3a2bd?(Cd — 4cD) + a®d®D — 3ab?d (~Bd? — 10c2D + 4cCd) + b (Ad® - 4Bcd? +10c2Cd — 20¢
3d’

Antiderivative was successfully verified.
[In] Int[((a + b*x)"3*x(A + Bxx + Cxx~2 + D*x73))/(c + d*x)~(5/2),x]

[Out] (2x(b*c - axd) " 3*(c™2*xCxd — B*c*d~2 + A*d~3 - c¢~3*D))/(3*%d"7*x(c + d*x)~(3/2
)) + (2% (b*c - axd) " 2x(axd*x(2xc*C+xd - B*d™2 - 3*c™2*D) - b*(5*xc”2*C*xd - 4x*B
xc*d”2 + 3xA*d"3 - 6%c”3*D)))/(d"7*xSqrtlc + d*x]) - (2x(bxc - axd)*(a~2*xd"2

*(Cxd - 3*c*D) - axbxdx(8*c*Cxd - 3*B*d~2 — 15%xc~2%D) + b~ 2*%(10*c™2*Cxd - 6
*xBxcxd™2 + 3*%A*d"3 - 15xc”3*D))*Sqrtlc + d*x])/d”~7 + (2*%(a”3*xd"3*D + 3xa”2x%
b*xd" 2% (Cxd - 4*c*D) - 3*axb™2*xd*(4*xcxCxd - B*d"™2 - 10*c™2*D) + b~ 3*x(10*c™2%

Ckd - 4*Bxc*xd™2 + A*d~3 - 20%c”3*D))*(c + d*x)~(3/2))/(3%*d"7) + (2*xb*x(3*a~2
*d"2+D + 3*axbxdx(Cxd - 5xc*D) - b~ 2*(5xckxCxd — Bxd~2 - 15%c”2#D))*(c + d*x
)7(5/2))/(5*%d"7) + (2*b~2x(b*Cxd - 6%b*c*D + 3*axd*D)*(c + dxx)~(7/2))/(7*d

~7) + (2%b73*D*x(c + d*x)~(9/2))/(9*%d"7)

Rule 1620

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]

:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(a + bx)® (A +Bx + Cx? + Dx3) ; (=bc + ad)® (CZCd — Bed? + Ad® - C3D) (bc — ad)? (—ad (ZCC
f (c + dx)>2 r= f dé(c + dx)°2 "
2(bc - ad)® (cCd - Bed? + Ad® = D) 2(be - ad)? (ad (2cCd - |
= 3d7(c + dx) 2 "

Mathematica [A] time = 0.73, size = 391, normalized size = 0.90
2 (=315(c + dx)?(bc — ad) (a?d%(Cd — 3cD) + abd (3Bd? + 15¢2D - 8¢Cd) + 1? (3Ad® — 6Bcd? - 15¢°D + 10¢°
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Antiderivative was successfully verified.

[In] Integrate[((a + b*x)~3*(A + B*x + Cxx"2 + D*x73))/(c + d*x)~(5/2),x]

[Out] (2*(105*(b*c - a*d) ~3*(c”2*C*d - Bxc*d™2 + Ax*d~3 - c~3*D) + 315%(b*c - axd)
“2% (- (a*xd* (-2*xc*xCxd + Bxd~2 + 3*%c”2*D)) + bx(-5xc”2xCxd + 4*B*c*d™2 - 3*xAxd

3 + 6%c”3*D))*(c + d*x) - 315%(b*c - a*xd)*(a"2*xd"2*%(C*d - 3*c*D) + axbxdx*(
-8*c*C*d + 3*B*xd~2 + 15%c”2%D) + b 2% (10*c~2*Cxd - 6%B*xc*d™2 + 3*xA*d~3 - 15
*c73%D) ) *(c + d*x)"2 + 105%(a”3*d"3*D + 3*a~2xbxd"2%(C*d - 4*c*D) + 3*axb~2

*d* (—4*c*Cxd + Bxd™2 + 10%c™2+D) + b~ 3*(10*c™2*xCxd - 4*B*c*d™2 + A*xd~3 - 20
*c73%D) ) *(c + d*x)"3 + 63%b*(3*a”2*%d"2*D + 3*axbxd*(C*d - 5B*c*D) + b~ 2x(-5x
cxCxd + B*xd™2 + 15%c™2*D))*(c + d*x)~4 + 45xb~ 2% (b*Cxd — 6*b*c*D + 3*axd*D)

*(c + d*x)75 + 35%b"3*D*(c + d*x)76))/(315%d"7*(c + d*x)~(3/2))

fricas [A] time = 0.93, size = 689, normalized size = 1.59

2 (35 Db3dbx® + 5120 Db3c® — 105 AaBd® + 840 (Ca3 +3Ba?b+3 Aabz)c2d4 ~ 210 (Ba3 +3 Aazb)cd5 -15 (4 D

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 3% (D*x~3+Cxx~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="fricas"
)

[Out] 2/315%(35%xD*b"3*d~6*x"6 + 5120*%D*b~3*%c”6 — 105*A*a~3*d"6 + 840%(C*xa~3 + 3*B
*a"2%b + 3kA*axb"2)*c"2x%d"4 - 210*%(B*a”~3 + 3*xA*xa~2%b)*c*d”5 - 15%(4*D*xb"3*c
*d"5 - 3*%(3xD*axb”2 + Cxb~3)*d"6)*x”5 + 3*(40%D*b~3%c~2*xd~4 + 21%(3*D*xa~2x*b
+ 3*C*a*xb™2 + B*b~3)*d~6 - 30*(3*xD*xa*xb~2%c + Cxb~3*c)*d~5)*x"4 - 1680*(D*a
“3%c”3 + (3*C*a~2xb + 3xBxaxb”2 + A*b~3)*c"3)*d"3 - (320%D*b~3*c”3*d"3 - 10
5% (D*a”3 + 3*C*xa~2*b + 3*xBxa*xb™2 + A*b~3)*d"6 + 168*(3*xD*xa~2%b*c + (3*Ckxax*b
"2 + B#b73)*c)*d"5 - 240% (3*¥D*xa*b”2*c”2 + Cxb~3*%c"2)*d"4)*x"3 + 2688* (3*xD*a
“2*%bxc”4 + (3*%C*xa*xb”2 + B*b~3)*c"4)*d"2 + 3*x(640*D*b"3*c"4*d"2 + 105%(C*a~3
+ 3*B*a”"2*%b + 3xAxaxb~2)*d"6 - 210%(D*a”~3*c + (3*%C*a~2%b + 3*Bxaxb™2 + AxDb
~3)*c)*d"5 + 336%(3*xD*xa~2%b*c”2 + (3*Cxaxb™2 + Bxb~3)*c”2)*d"4 - 480*(3*D*a
*b72%c”3 + Cxb"3*%c"3)*d"3)*x"2 - 3840*(3*D*axb~2xc”5 + C*b~3*c”5)*d + 3*(25
60*%D*b"3*c"5*xd + 420*(C*xa~3 + 3*B*a”2*b + 3*A*axb~2)*c*d”5 - 105%(B*a”~3 + 3
*A*a"2%b) *d"6 - 840%(D*a~3*c”2 + (3*Cxa~2*b + 3*Bxa*xb~2 + A*b~3)*c”2)*d"4 +
1344* (3*xD*xa~2xb*c~3 + (3*Cxa*xb”™2 + B*b~3)*c~3)*d"3 - 1920*(3*D*axb~2xc~4 +
Cxb~3%c™4)*d"2) *x) *sqrt (d*x + c)/(d79*x72 + 2%c*d"8*x + c~2*d"7)

giac [B] time = 1.45, size = 1030, normalized size = 2.37

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 3% (D*x~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="giac")

[Out] 2/3*(18*(d*x + c)*D*b~3*c”5 - D*b"3*c”6 — 45%(d*x + c)*D*axb™2*xc~4*d — 15%(
d*x + c)*C*b~3*c~4*d + 3*D¥xa*xb~2xc”5*xd + Cxb~3*c”5*xd + 36*(d*x + c)*D*xa”2x*b
*Cc"3*%d72 + 36%(d*x + c)*Ckaxb”2*xc”3*d"2 + 12x(d*x + c)*B*b~3*c”3*d"2 - 3*Dx
a"2xbxc”4*xd"2 - 3*Ckxaxb"2%c”4*xd"2 - Bxb"3*c"4*d"2 - 9k (dxx + c)*D*a”3xc”2x*d
"3 - 27*%(d*x + c)*Cxa~2xbxc”2+%d"3 - 27*x(d*x + c)*Bxaxb”2%c”2+%d"3 - 9k (d*x +
c)*A*b~3*c"2*d"3 + D*a”~3%c”3*%d"3 + 3*Cxa”~2*b*xc”"3*d"3 + 3*Bxaxb"2*c~3*d"3 +
Axb~3*c"3*%d"3 + 6% (d*x + c)*C*xa~3xcxd™4 + 18+(d*x + c)*B*xa~2xbxcxd~4 + 18%
(d*x + c)*A*xa*xb™2*xc*xd~4 - Cxa~3%c”2+%d"4 - 3*B*xa~2xbxc™2xd"4 - 3*A*xa*b”2*c”2
*d"4 - 3*x(d*x + c)*B*xa~3%d”5 - 9*x(d*x + c)*A*xa~2xb*d~5 + B*a " 3*xc*xd"5 + 3xAx
a~2xb*c*d”5 - A*a~3*d"6)/((d*x + ¢)”(3/2)*d"7) + 2/315%(35%(d*x + c)~(9/2)*
D*b~3*d"56 - 270*(d*x + c)~(7/2)*D*b~3*xc*d~56 + 945*%(d*x + c) ~(5/2)*D*b~3*c
~2%d"56 - 2100*(d*x + c)~(3/2)*D*b~3*c"3*%d"56 + 4725xsqrt(d*x + c)*Dxb~3*c”
4%xd~56 + 135%(d*x + c)~(7/2)*D*a*xb~2xd~57 + 45%x(d*x + c)~(7/2)*Cxb~3*d~57 -
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945% (d*x + c)~(5/2)*D*a*xb”2xc*d~57 - 316%(d*x + c)~(5/2)*Cxb~3*%cxd~57 + 31
50*(d*x + c)~(3/2)*D*axb~2*c~2xd~57 + 1050*(d*x + c)~(3/2)*Cxb~3*c~2*d~57 -
9450*sqrt (d*x + c)*D*axb™2%c~3*d"57 - 3150*sqrt (d*x + c)*Cxb~3*c~3*d~57 +
189% (d*x + c)~(5/2)*D*a”2xb*d"58 + 189*(d*x + c)~(5/2)*C*xa*xb~2xd~58 + 63*(d
*x + ¢)7(5/2)*B*b~3*%d"58 - 1260*(d*x + c)”(3/2)*D*a”2xb*cxd~58 - 1260%* (d*x
+ ¢)7(3/2) #C*xaxb~2xc*d"58 - 420*(d*x + c)~(3/2)*B*b~3*c*d~58 + 5670*sqrt (dx
X + c)*Dxa”2*b*c”2xd"58 + 5670*sqrt(d*x + c)*Ckaxb~2%xc~2*d"58 + 1890*sqrt(d
*x + c)*B*xb73*%c"2%d"58 + 105%(d*x + c¢)~(3/2)*D*a~3*d"59 + 316%(d*x + c)~(3/
2)*C*a~2%bxd~59 + 3156k (d*x + c)~(3/2)*B*a*xb™2*xd"59 + 105*(d*x + c)~(3/2)*Ax
b~3*%d"59 - 945xsqrt(d*x + c)*D*a”3*c*d"59 - 2835xsqrt(d*x + c)*Cxa”2xb*xcxd”
59 - 283bxsqrt(d*x + c)*B*axb~2xc*d"59 - 945%sqrt(d*x + c)*Axb~3*c*d"59 + 3
15%sqrt (d*x + c)*C*a~3*d"60 + 945xsqrt(d*x + c)*B*a~2xb*d~60 + 945*xsqrt (d*x

+ c)*Axaxb~2xd~60)/d"63

maple [B] time = 0.01, size = 841, normalized size = 1.94

2 (—35b3Dx6d6 —45C b3d®x® — 135Da b?d®x® + 60Db3c d°x° — 63B b3d®x* — 189Ca b2d®x* + 90C b3c d°x* -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*xx+a) 3% (D*x~3+C*x~2+B*xx+A)/ (d*x+c)~(5/2) ,x)

[Out] -2/315/(d*x+c)~(3/2)*(-35%D*b~3*d"6*xx~6-45*%C*xb~3*d " 6*x"5-135*D*xa*xb~2*xd~6*x~

5+60*D*b"3*c*d"5xx"5-63*B*b"3*xd " 6*x"4-189*Cxa*xb”2*xd"6*x"4+90*Cxb " 3*xcxd " 5*xx"
4-189*D*xa”2*b*xd~6*x"4+270*D*a*xb”2*xc*d"5*xx"4-120*%D*b"3*xc"2*xd"4*x"4-105%A*b"3
*d"6*x"3-315%B*axb~2*d"6*x"3+168*B*xb~3*c*xd " 5*x"3-315*%C*xa~2*b*xd"6*x"3+504*Cx*
axb"2xc*kd"5*x"3-240%C*xb"3*c”2*xd"4*x"3-105%D*a~3*d"6*xx"3+504*D*a” 2*xb*cxd " 5*x
"3-720*D*axb”2*%c”2xd"4*xx"3+320*D*b"3*c”3*d " 3*x"3-945%A*ax*xb”2*d"6*x"2+630*A*
b~ 3*cxd"b*x"2-945*B*xa” 2*b*xd"6*x"2+1890*Bxaxb”2xc*d " b*xx"2-1008*Bxb~3*c"2*xd "4
*x72-315%Cxa”3*d"6xx"2+1890*Cxa~2*xbxcxd " 5xx"2-3024*C*axb~2*xc™2xd " 4*xx"2+1440
*Cxb™3*c™3*d " 3*x"2+630*D*a”3*xcxd " 5*xx"2-3024*D*a” 2xb*c”2*xd"4*x"2+4320*D*axb”
2%c”3%d"3*%x"2-1920%D*b " 3% c"4*d"2*x"2+945*%A*xa " 2%b*xd " 6*x-3780*A*axb"2*xcxd " 5*x
+2520%A*b” 3% c”2xd " 4*x+315*B*a”3*d " 6*xx-3780*B*xa”2*b*c*d " 5*x+7560*B*axb~2xc”"2
*d"4*x-4032*%B*b"3*%c”3*d " 3*x-1260*C*a”3*c*xd " 5xx+7560*C*a~2*b*c”2*xd"4*x-12096
*Cxaxb~2xc™3%d"3xx+5760*Cxb " 3*xc"4*d " 2xx+2520*D*a” 3*xc”2xd"4*x-12096*D*a”2*bx*
Cc™3*d"3*x+17280*D*axb”2xc"4*d"2*xx-7680*D*b"3*c"5*xd*x+105%A*a”3*d~"6+630*A*a”
2xb*c*d"5-2520%A*xaxb”2xc”2*%d"4+1680*Axb”3*c”3*d"3+210*B*a"~3*c*d"5-2520*B*a”
2%b*c”2*d"4+5040*Bxaxb~2%c”3*d"3-2688*B*b~3*c"4*xd"2-840*C*a"~3*c”2*xd~4+5040x*
C*a~2%b*c~3*d~3-8064*C*a*xb~2*c”4*d~2+3840*Cxb~3*c~5*d+1680*D*a”3*c”~3*xd~3-80
64*D*a~2*%bxc~4*d~2+11520*D*a*b~2*c~5+%d-5120%D*b~3*c~6) /d"7

maxima [A] time = 0.48, size = 627, normalized size = 1.44

9 7 5
35 (dx-+c) 2 Db>-45 (6 Db3c- (3 Dab?+Cb?)d)(dx+c) 2 +63 (15 Dbc2-5 (3 Dab?+Cb? )cd-+(3 Da?b+3 Cab?+Bb®)d2 ) (dx-+c) 2

105(20Lnﬁc3-u

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 3*(D*x~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="maxima"

)

[Out] 2/315%((35%(d*x + c)~(9/2)*D*xb~3 - 45%x(6*D*xb~3%c — (3*D*xa*xb”™2 + C*xb~3)*d)*(

d*x + ¢c)~(7/2) + 63%(15%D*b"3*c”2 — b*(3*xDxa*xb~2 + C*b~3)*ckxd + (3*xD*xa~2%*Db
+ 3*Cxa*xb™2 + Bxb~3)*d"2)*(d*x + c)~(5/2) - 105%(20%D*b~3*c”3 - 10*(3*D*axb
"2 + C*xb73)*c”2xd + 4x(3%D*a”2%b + 3*Cxaxb”2 + Bxb~3)*c*d”2 - (D*a”~3 + 3*Cx
a~2%b + 3*B*xaxb"2 + A*b~3)*d"3)*(d*x + c)”(3/2) + 315x(15%D*b~3*c”4 - 10*(3
*D*a*xb”2 + Cxb~3)*c~3*xd + 6% (3*D*a”2*b + 3*Cxaxb~2 + B*b~3)*c™2xd"2 - 3*(Dx*
a~3 + 3*C*ka”"2*b + 3*Bxaxb~2 + A*b"3)*ckd"3 + (C*xa~3 + 3*B*a”2*b + 3*kxA*axb~2
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)*d"4)*xsqrt(d*x + c))/d"6 - 105*%(D*b~3*c™6 + A*xa~3*d"6 - (3xD*a*xb”2 + C*b~3
Y*xc”5*d + (3*%D*a”2*b + 3*Cxaxb~2 + B*b"3)*c"4*xd"2 - (D*a~3 + 3*%C*xa~2*b + 3%
B*xa*xb~2 + A*b~3)*c”3*%d"3 + (C*a~3 + 3*B*a~2xb + 3*A*xaxb~2)*c"2*d"4 - (B*a"3
+ 3*kA*a”2*%b)*xcxd"5 - 3% (6%D*b”3*c”5 — 5x(3xDxaxb”2 + C*xb~3)*c”"4*xd + 4*(3%D
*a"2%b + 3*Cxaxb™2 + Bxb~3)*c”"3*d"2 - 3*(D*a~3 + 3*%C*a~2%b + 3*Bxaxb™2 + Ax
b~3)*c"2xd"3 + 2+ (C*a”3 + 3*B*a~2*b + 3*A*xaxb”2)*ckd"4 - (B*xa~3 + 3*A*xa”2+*b
)*d”B)*(d*x + c))/((d*x + ¢c)~(3/2)*d"6))/d

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

f(a+bx)3 (A+Bx+Cx2+x3D)
(c+dx)?
Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)”"3%(A + Bxx + C*xx~2 + x~3*D))/(c + d*x)~(5/2),x)
[Out] int(((a + b*x)"3*(A + Bxx + Cxx"2 + x73%xD))/(c + d*x)~(5/2), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**3% (Dxx**3+Ckx**2+B*xx+A) / (d*x+c)**(5/2) ,x)

[Out] Timed out
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(a+bx)2(A+Bx+Cx2+Dx3)
f (c+dx)°/?

3.19 dx

Optimal. Leaf size=322

2Ve + dx (a?d?(Cd - 3cD) — 2abd (~Bd? - 6c2D + 3cCd) + b? (Ad® - 3Bcd? - 10¢°D + 6¢2Cd))  2(c + dx)?
+
46

[Out] -2/3*%(-axd+bxc) ~2% (A*d~3-B*c*d~2+Cxc~2xd-D*c~3) /d"6/ (d*x+c) ~(3/2)+2/3* (a~2%
d"2*D+2*axbxd* (Cxd-4*D*c) -b~ 2% (-B*d~2+4*Cxcxd-10%D*c~2) ) * (d*x+c) ~(3/2) /d"6+
2/5%b* (Cxbxd+2*D*xaxd—5xD*b*c) * (d*x+c) ~(5/2) /d~6+2/T+b~2+D* (d*x+c) ~(7/2)/d"6

-2% (—a*xd+b*c) * (axd* (—-Bxd~2+2*C*c*d-3*D*c”2) —b* (2xA*d~3-3*B*c*d~2+4*Cxc~2*d-
5%D*c”3))/d"6/ (d*x+c) ~(1/2)+2* (a~2*d"2* (Ckxd—-3*D*c) —2*a*xb*d* (-Bxd~2+3*Cxcxd-
6%D*Cc”2) +b” 2% (A*d~3-3*Bxc*xd~2+6*C*c~2*%d-10*D*c~3) ) x (d*x+c) ~(1/2)/d"6

Rubi [A] time = 0.24, antiderivative size = 322, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 32,
number of rules _ ) 031, Rules used = {1620}

integrand size

2Ve + dx (a?d?(Cd - 3cD) — 2abd (~Bd? - 6c2D + 3cCd) + b? (Ad® - 3Bcd? + 6¢2Cd -~ 10¢°D))  2(c + dx)?
+
46

Antiderivative was successfully verified.
[In] Int[((a + b*x)"2%x(A + B*x + C*x~2 + D*x73))/(c + d*x)~(5/2),x]

[Out] (-2*x(b*c — a*xd) 2% (c™2*C*d - B*c*d™2 + Axd~3 - c¢~3*D))/(3*d"6*x(c + d*x)~(3/
2)) - (2%(b*c - axd)*(axd*(2*c*C*d - B*d"2 — 3*c~2%D) - b*(4*c™2xCxd - 3*Bx

c*d”2 + 2xA*d"3 - 5xc”3%D)))/(d"6*Sqrtlc + d*x]) + (2x(a”2*d"2+(C*d - 3*c*D

) — 2*xaxb*xd*x(3*%ckCxd - B*d~2 - 6%c”2*D) + b~ 2% (6*c”2%C*xd — 3*Bxc*d"2 + A*xd™

3 - 10%c”™3xD))*Sqrt[c + dxx])/d"6 + (2x(a"2xd"24D + 2*axbxd*(Cxd - 4*c*D) -

b~ 2% (4xc*xC*d - B*d~2 - 10*c™2*D))*(c + d*x)~(3/2))/(3*d"6) + (2xbx(b*Cxd -
5*bkckD + 2xaxd*D)*(c + d*x)~(5/2))/(5xd"6) + (2*¥b~2+«D*x(c + d*xx)~(7/2))/(7

*d"6)

Rule 1620

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(a + bx)? (A +Bx + Cx? + Dx3) J (=bc + ad)? (CZCd — Bed? + Ad® - CSD) (bc — ad) (ad (ZCCd :
f (c + dx)>2 r= f d>(c + dx)°2 "

2(bc - ad)? (cCd - Bed? + Ad® = D) 2(be — ad) (ad (2cCd -
- 3dS(c + dx)32 B

Mathematica [A] time = 0.70, size = 287, normalized size = 0.89

2 (105(c + dx)? (a2d?(Cd — 3¢cD) + 2abd (Bd? + 6¢2D - 3cCd) + b? (Ad® - 3Bed? —10¢3D + 6Cd) ) + 35(c -

Antiderivative was successfully verified.
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[In] Integrate[((a + b*x)"2x(A + Bxx + Cxx~2 + D*x~3))/(c + d*x)~(5/2),x]

[Out] (2%(35*(b*xc - a*d) 2% (-(c”2*C*xd) + B*c*d~2 - A*d"3 + c”3*D) - 105x(b*c - ax
d) * (- (axd* (-2*xc*xCxd + B*d™2 + 3*c”™2*D)) + bx(-4*c”2%C*d + 3*Bxcxd™2 - 2%Axd

“3 + B5*xc73*D))*(c + d*x) + 105%(a”2*d"2*x(Cxd — 3*c*xD) + 2*axb*d*(-3*xcxCxd +

Bxd™2 + 6*xc”2xD) + b 2% (6*%c”2*Cxd — 3*Bxc*d”2 + A*d"3 - 10*c”3*D))*(c + d*

x)7"2 + 35%(a”2+%d"2+D + 2*axbxd*x(Cxd — 4*c*D) + b 2% (-4*c*xCxd + Bxd~2 + 10%*c
~2%D))*(c + d*x)”~3 + 21xb*(b*C*d - 5*xbkxc*D + 2*xaxd*D)*(c + d*x)~4 + 15xb~2%

Dx(c + d*x)~5))/(105*d"6*x(c + d*x)~(3/2))

fricas [A] time = 0.78, size = 431, normalized size = 1.34

2 (15 Db2d5x5 — 1280 DW2c® — 35 Aa2d® + 280 (Ca2 +2Bab + Abz)czd?’ ~70 (Ba2 +2 Aab)cd4 -3 (10 Db2cd* -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2x(D*x~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="fricas"
)

[Out] 2/105%(15*%D*b~2%d"5+x"5 - 1280*D*b~2*c~5 - 35%A*a”2*d"5 + 280*(C*xa~2 + 2*Bx
axb + A*b72)*c72xd"3 - T0*(B*a"2 + 2kAxaxb)*xcxd~4 - 3% (10*D*b~2*c*kd"4 - T*(
2+%D*xaxb + Cxb~2)*d"5)*x74 + (80*D*b~2*c~2*xd~3 + 35+ (D*a”2 + 2*Ckaxb + B*b~2

)*d~5 - 56*(2*D*xaxbxc + Cxb~2xc)*d"4)*x"3 - 560*(D*xa~2xc~3 + (2*C*axb + Bx*b
"2)*%¢c73)*d72 - 3% (160*xD*b"2%c"3*%d"2 - 35x(C*xa”~2 + 2*Bxaxb + A*xb"2)*d”5 + 70
*(D*xa~2%c + (2*Cxaxb + B*b~2)*c)*d"4 - 112*%x(2*xDxaxb*xc™2 + Cxb~2*c”2)*d"3) *x

"2 + 896* (2*Dxaxbxc”4 + Cxb~2%c”4)*d - 3*(640*D*b~2xc~4*d - 140*%(C*xa”2 + 2%
Bxaxb + A*xb72)*c*d”4 + 35%(B*a”~2 + 2xAxaxb)*d”5 + 280*(D*a”~2xc~2 + (2*C*a*b

+ B*xb72)*c"2)*d”"3 - 448%(2#D*axb*c”3 + Cxb~2xc”3)*d"2)*x)*sqrt(d*x + c)/(d
“8%x72 + 2%c*xd"T7*x + c”2%d76)

giac [B] time = 1.39, size = 622, normalized size = 1.93

2@5@x+dDW&—DW5—24Mx+dDM@d—U0M+@CW@d+2DM&d+CW&d+9wx+de¥a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) "2x(D*x~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="giac")

[Out] -2/3*(15x(d*x + c)*D*b~2%c”4 - D*b~2%c™5 - 24%(d*x + c)*D*axbxc™3*xd - 12*(d
*x + c)*Cxb"2%xc”3*d + 2xDxaxb*xc”4*d + Cxb~2xc~4*d + 9% (d*x + c)*D*a”2*c”~2*d
"2 + 18%(d*x + c)*Ckaxb*xc™2*d"2 + 9*x(d*x + c)*B*b~2%c”2*xd"2 - D¥a~2*xc~3*d”2
- 2*Ckaxb*c~3*%d"2 - B*b"2%c”3*d"2 - 6x(d*x + c)*C*a~2%c*d”3 - 12x(d*x + c)
*Bxaxb*c*d™3 - 6x(d*x + c)*A*¥b"2%c*d”3 + C*xa~2*xc"2xd"3 + 2*Bxaxb*xc 2*d"3 +
A*¥b"2xc"2x%d"3 + 3*(d*x + c)*B*a"2*xd"4 + 6*(d*x + c)*A*axbxd~4 - Bxa"2*c*d"4
- 2xAxaxbxcxd™4 + A*a~2xd"5)/((d*x + ¢)~(3/2)*d"6) + 2/105%(15*%(d*x + c)~(
7/2)*%D*b”"2%d"36 - 105%(d*x + c)~(5/2)*D*b"2%c*d~36 + 350%(d*x + c)~(3/2)*Dx*
b~2xc”"2%d"36 - 1050*sqrt(d*x + c)*D*b~2xc~3%d"36 + 42*(d*x + c)~(5/2)*D*ax*Db
*d737 + 21x(d*x + ¢)~(5/2)*C*b~2xd"37 - 280*(d*x + c)~(3/2)*D*a*b*xcxd~37 -
140 (d*x + c)~(3/2)*C*b~2xc*d~37 + 1260*sqrt(d*x + c)*Dxa*xbxc~2xd~37 + 630%
sqrt (d*x + c)*Cxb~2%c~2*d~37 + 35%(d*x + c)~(3/2)*D*a”~2xd~38 + 70*(d*x + c)
~(3/2) %C*xaxb*d~38 + 3b*(d*x + c)~(3/2)*Bxb~2%xd~38 - 31b*sqrt(d*x + c)*D*a"2
*xc*d~38 - 630*sqrt(d*x + c)*Ckaxbxc*d~38 - 316*sqrt(d*x + c)*Bxb"2*cxd~38 +
105*%sqrt (d*x + c)*C*xa~2*d~39 + 210*sqrt(d*x + c)*B*axb*d~39 + 105xsqrt(d*x
+ c)*xA*¥b”"2xd"39)/d"42

maple [A] time = 0.01, size = 505, normalized size = 1.57

2 (—15b2Dx5d5 — 21C b2d®x* — 42Dab d°x* + 30Db%c d*x* — 35B b2d°x3 — 70Cab d°x® + 56C b%c d*x® — 35Da?
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((bxx+a) ~2% (D*x~3+C*xx~2+B*xx+A) /(d*x+c) ~(5/2) ,x%)

[Out] -2/105/(d*x+c) " (3/2) *(—15%D*b~2%d"5*x~5-21*C*b~2*xd~5*x~4-42*D*a*xb*d~5*x~"4+3
0*D*b~2*%c*xd~4*xx~4-35%xBxb~2xd"5*x~3-70*C*a*b*d~5*xx~3+56*C*xb~2*xcxd~4*xx~3-35%D
*a"2%d"bxx"3+112*%D*xa*xbxc*xd"4*xx"3-80%D*xb"2xc”2*%d"3*%x"3-105%A*b"2*%d"5xx"2-210
*B*xa*xb*d"5*xx"2+210*B*xb~2*xc*d~4*x"2-105*C*ka”~2*d " 5*xx"2+420*C*a*xb*c*kd"4*x"2-33
6*%Ckxb™2%c™2%d"3*xx"2+210*D*xa" 2% cxd"4*xx"2-672*D*xaxb*c”2*%d " 3*xx"2+480*D*xb"2*c”3
*d"2%x72+210%xA*a*xbxd " 5*xx-420*xA*b"2xc*kd"4*x+105*%B*a”2*%d " 5*x-840*B*xaxb*xcxd "4 x*
x+840*%B*xb"2xc”2%d " 3*x-420%Cxa”~ 2% c*d"4*x+1680*C*a*xb*c™2*xd~3*xx-1344*xCxb~2%c”~3
*d"2%x+840*D*xa”2*%c”2*%d " 3%x—-2688*D*a*xb*xc”3xd"2*x+1920*%D*xb"2*c"4*d*xx+35%A*a”2
*d"5+140*xA*axb*ckxd~4-280%A*b~2*%c~2xd"3+70*B*a”~2xc*d~4-560*B*a*xbxc”2*xd~3+560
*Bxb T 2*%xcT3%d"2-280*C*a”~2*%c”2xd"3+1120*C*kaxb*c~3*%d"2-896*Cxb~2*xc~4*d+560*D*a
“2%cT3%d72-1792*D*axb*xc~4*d+1280*%D*b"2%c”5) /d"6

maxima [A] time = 0.47, size = 393, normalized size = 1.22

7 5 3
15 (dx+c) 2 Db?-21 (5 Db?c—(2 Dab+Cb? )d)(dx-+c) 2 +35 (10 Db?c?~4 (2 Dab+Cb?)cd+(Da?+2 Cab+Bb?)d2)(dx-+c) 2-105 (10 DF?c3~6 (2 Da
a5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2x(D*x~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="maxima"
)

[Out] 2/105%((15%(d*x + c)~(7/2)*D*b~2 - 21%(5xD*b~2*c - (2*D*axb + Cxb~2)*d)*(dx*
X + ¢c)7(5/2) + 35%(10*D*b~2*c”2 — 4x(2xD*axb + C*xb~2)*cxd + (D*a~2 + 2*Cxax

b + Bxb72)*d"2)*(d*x + c)~(3/2) - 105x(10#D*b~2%c"3 - 6x(2*xD*axb + C*xb~2)*c

~2%d + 3% (D*a”2 + 2*xCxaxb + Bxb~2)*c*d"2 - (C*xa~2 + 2*Bxaxb + A*xb~2)*d"3)*s
qrt(d*x + ¢))/d"5 + 35*%(D*xb~2%c”™5 - A*a~2*d"5 - (2xDxa*b + Cxb~2)xc”4*d + (

D*xa~2 + 2%C*axb + B*b~2)*c~3%d"2 - (C*a~2 + 2*Bxaxb + A*xb~2)*c”2*d"3 + (B*a

"2 + 2%Axaxb)*cxd"4 - 3x(5%D*¥b"2%c”4 - 4x(2xD*xaxb + C*b~2)*c”3*d + 3*x(D*xa”~2

+ 2*Ckaxb + Bxb"2)*c72%d"2 - 2*%(C*a”2 + 2xBxaxb + A*b~2)*c*d"3 + (B*a~2 +
2%Axaxb) *d"4) *x(dxx + ¢))/((d*x + ¢)~(3/2)*d"5))/d

mupad [F] time = 0.00, size = -1, normalized size = -0.00

f(a+bx)2 (A+Bx+Cx2+x3D)d
X

(c+dx)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)"2%x(A + Bxx + Cxx~2 + x~3%D))/(c + d*x)~(5/2),x%)
[Out] int(((a + bxx)"2%(A + B*x + C*xx~2 + x~3xD))/(c + d*x)~(5/2), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**2% (Dxx**3+Ckx**2+B*xx+A) / (d*x+c)**(5/2) ,x)

[Out] Timed out
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(a+bx)(A+Bx+Cx2+Dx3)
f (c+dx)>/2

3.20 dx

Optimal. Leaf size=210

2 (ad (~Bd? - 32D + 2cCd) - b (Ad® — 2Bcd? - 4c3D + 3¢2Cd))  2(be — ad) (Ad® — Bed? + ¢3(-D) + c>Cd) 2
+ +-

d>Ve + dx 3d>(c + dx)32

[Out] 2/3*(-a*xd+b*c)* (A*d~3-B*c*d~2+C*xc”~2*xd-D*c~3)/d~5/ (d*x+c) ~(3/2)+2/3* (Cxb*xd+D
*a*xd-4*Dxbxc) * (d*xx+c) ~(3/2) /d"5+2/5*xb*D* (d*x+c) ~(5/2) /d"5+2* (axd* (-Bxd~2+2*
C*xc*xd—3*D*c™2) —~b* (A*xd"3-2%B*c*xd~2+3*C*c~2xd-4*D*c~3) ) /d~5/ (d*x+c) ~(1/2) +2x*(

a*d* (C*d-3*D*c) —b* (-Bxd~2+3*C*c*d-6*D*c~2) ) * (d*x+c) ~(1/2)/d"5

Rubi [A] time = 0.17, antiderivative size = 210, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 30,

numberofrules _ 133, Rules used = {1620}

integrand size

2 (ad (~Bd? - 32D + 2cCd) - b (Ad® — 2Bcd? + 3c2Cd — 4c°D))  2(be — ad) (Ad® — Bed? + 2Cd + ¢3(-D)) 2
+ +-

d5Ve + dx 3d°(c + dx)¥2

Antiderivative was successfully verified.
[In] Int[((a + b*x)*x(A + B*x + Cxx~2 + D*x~3))/(c + d*x)~(5/2),x]

[Out] (2*(b*c - axd)*(c”2%Cxd - B*c*d™2 + A*d"3 - ¢~3#D))/(3*d"5*x(c + d*x)~(3/2))
+ (2x(axd* (2*%cxC*xd - B*d™2 - 3*c”2%D) - b*(3*c™2*Cxd - 2%Bkcxd™2 + A*d~3 -
4xc~3%D)))/(d"5*Sqrtc + d*x]) + (2x(axd*(C*d - 3*%cxD) - bx(3*c*Cxd - Bxd~

2 - 6*%c”2#D))*Sqrt[c + d*x])/d”5 + (2x(bxCxd - 4*bxc*D + a*d*D)x(c + d*x)~(
3/2))/(3*%d"5) + (2*xb*Dx(c + d*x)~(5/2))/(5*d"5)

Rule 1620

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] &% PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

f (a + bx) (A +Bx +Cx* + Dx3) f{(—bc + ad) (CZCd — Bed? + Ad® - C3D) —ad (ZCCd — Bd? - 3C2D)
X = +

(c + dx)>2 d4(c + dx)52 q
2(be - ad) (cCd - Bed? + Ad® — D) 2(ad (2cCd - Bd? - 3¢2D) -
- 3d5(c + dx)2 " 5

Mathematica [A] time = 0.31, size = 177, normalized size = 0.84

2 (b(-2cd® (5A + x (=30B + 15Cx + 4Dx2)) + d*x (x (15B + 5Cx + 3Dx2) — 15A) + 8c2d2(5B + 3x(2Dx - 5C),

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)*(A + B*x + Cxx~2 + D*x73))/(c + d*x)~(5/2),x]

[Out] (2x(-5*%a*xd*(16*xc”3*%D — 8%c " 2xd*(C - 3*D*x) + 2*xc*xd"2*x(B + 3*xx*(-2*%C + D*x))
+ d73%(A + 3%Bkx - x72%(3*%C + D*x))) + b*x(128%c”4*D + c~3*(-80*Cxd + 192%d
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*Dxx) + 8%c”2xd" 2% (5%B + 3xx*k(-5*%C + 2%D*xx)) + d 4*xx*x(-15%A + x*(15%B + 5%C
*x + 3%D*x"2)) - 2%cxd"3%(5xA + x*(-30%B + 15%C*x + 4%D*xx"2)))))/(15%d~5x*(c
+ dxx)~(3/2))

fricas [A] time = 0.67, size = 225, normalized size = 1.07

2 (3 Dbd*x* +128 Dbc* - 5 Aad* + 40 (Ca + Bb)c2d? — 10 (Ba + Ab)cd® — (8 Dbed® — 5 (Da + Ch)d*)x® + 3 (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (D*x~3+C*x~2+Bxx+A)/(d*x+c)~(5/2) ,x, algorithm="fricas")

[Out] 2/15%(3*D*bxd~4*x~4 + 128*D*b*c~4 - b5xAxa*xd~4 + 40*(Ckxa + Bxb)*c~2xd"2 - 10
*(B*xa + Axb)*c*xd"3 — (8*D*b*c*d”3 - 5x(D*a + Cxb)*d~4)*x"3 + 3*(16*D*xbxc~ 2%

d"2 + 5%(C*xa + Bxb)*d~4 - 10*%(D*axc + Cxb*xc)*d~3)*x"2 - 80*(D*axc™3 + Cxb*c
~3)*d + 3*(64*D*bxc”3*d + 20*(Cxa + Bx*b)*c*d~3 - 5%(B*a + Axb)*d~4 - 40*(Dx*
axc”2 + Cxbkxc™2)*d”2)*x)*sqrt(d*x + c)/(d77*x"2 + 2%xc*d"6*x + c~2%d"b)

giac [A] time = 1.22, size = 302, normalized size = 1.44

2 (12 (dx + c)Dbc® — Dbc* - 9 (dx + c)Dac?d — 9 (dx + c)Cbc?d + Dac3d + Cbc3d + 6 (dx + ¢)Cacd? + 6 (dx +

3
3(dx +c)2d°
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (D*x~3+Cxx~2+Bxx+A)/(d*x+c)~(5/2) ,x, algorithm="giac")

[Out] 2/3*%(12%(d*x + c)*D*b*xc”3 - D*b*c™4 - 9*x(d*x + c)*D*a*xc™2+xd - 9*(d*x + c)*C
*bxc”2*%d + D¥xaxc”3*d + Cxbxc~3*d + 6%(dxx + c)*Cxaxcxd™2 + 6*(d*x + c)*Bxb*

cxd”2 - Cxa*c™2*%d"2 - Bxbxc™2xd"2 - 3*(d*x + c)*Bxaxd™3 - 3x(d*x + c)*A*xbx*d

3 + Bkaxc*d™3 + Axbxcxd”3 - A*a*xd”4)/((d*x + ¢)~(3/2)*d"5) + 2/15%x(3*(d*x

+ ¢)7(5/2)#*D*bxd~20 - 20*(d*x + c)~(3/2)*D*b*xc*d~20 + 90*sqrt(d*x + c)*D*b*
c"2xd"20 + 5x(d*x + c)~(3/2)*D*a*xd"21 + 5k (d*x + c)~(3/2)*Cxb*d~21 - 4b*sqr
t(d*xx + c)*D¥xaxc*d~21 - 4b5*sqrt(d*x + c)*Cxbxcxd"21 + 15xsqrt(d*x + c)*Ckxax

d"22 + 1b5*sqrt(d*x + c)*Bxbxd~22)/d”25

maple [A] time = 0.01, size = 241, normalized size = 1.15

2 (—3Db x*d* — 5Cbh d*x® — 5Da d*x3 + 8Dbc d®x® — 15Bb d*x? — 15Ca d*x? + 30Cbc d®x?% + 30Dac d®x% — 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)* (D*x~3+C*x~2+B*xx+A)/ (d*x+c)~(5/2) ,x)

[Out] -2/15/(d*x+c) ~(3/2) * (-3*D*b*d~4*x~4-5%Cxb*xd~4*x~3-5*D*axd " 4*x~3+8*D*b*c*xd”~3
*x"3-15*B*b*d " 4*x"2-15*%C*axd~4*x~2+30*Cxbxcxd " 3*x~2+30*D*a*c*d~3*xx~2-48*D*Db
*CT2%d72%x " 2+15%xA*b*xd"4*x+15%B*axd"4*xx—-60*B*xbxc*xd " 3*xx-60*Ckxa*xc*kd”3*x+120*Cx*
bxc™2*%d"2%x+120*D*xa*c”2xd"2*xx—-192%D*b*c”3*d*xx+5*A*xa*d"4+10*A*xb*xc*d~3+10*B*a
*cxd~3-40%B*b*xc”2%xd~2-40*Cxaxc”2*xd~2+80*Cxbxc~3*d+80*D*a*xc”~3*d-128*Dxb*xc~4)
/d~5
maxima [A] time = 0.46, size = 204, normalized size = 0.97
5 3
3 (dx++c)2 Db-5 (4 Dbc—(Da+Ch)d)(dx+c)2 +15 (6 Dbc?~3 (Da+Ch)ed+(Ca+Bb)d2) Vdx+c 5 (Dbc+Aad*~(Da+Cb)c3d+(Ca-+Bb)c2d?~(B
44 B

15d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)* (D*x~3+Cxx~2+Bxx+A)/(d*x+c)~(5/2) ,x, algorithm="maxima")

[Out] 2/15%((3*(d*x + c)~(5/2)*D*b - 5*x(4*xDxbxc - (D*a + C*b)*d)*(d*x + c)~(3/2)
+ 15% (6#D*b*c”2 - 3*(D*a + Cxb)*cxd + (Cxa + B*b)*d"2)*sqrt(d*x + c))/d™4 -

5% (D*b*c™4 + Axaxd~4 - (D*a + C*b)*c”™3xd + (Cxa + B*b)*c”2*d"2 - (B*xa + Ax
b)*cxd~3 - 3% (4+D*b*c”3 - 3*(D*a + Cxb)*c™2+%d + 2*%(C*xa + Bxb)*cxd™2 - (B*a

+ Axb)*d~3)*(d*x + c))/((d*x + c)~(3/2)*d"4))/d

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

f(a+bx) (A+Bx+Cx2+x3D)

(c+dx)"?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)*(A + B*x + C*x"2 + x~3*D))/(c + d*x)~(5/2),x)
[Out] int(((a + b*x)*(A + Bxx + Cxx"2 + x~3*D))/(c + d*x)~(5/2), x)

sympy [A] time = 82.48, size = 230, normalized size = 1.10

2Db(c+dx)? (c+dx)? (2Chd + 2Dad — 8Dbc) Ve +dx (2Bbd? + 2Cad? - 6Cbed — 6Dacd +12Dbe?) 2/
+ + -

5d° 3d> d°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (D¥x**3+Cxx**2+B*x+A) / (d*x+c)**(5/2) ,x)

[Out] 2#D*bx(c + d*xx)**(5/2)/(5xd*x5) + (c + d*x)*+*(3/2)*(2*Cxb*d + 2*D*a*xd - 8*D
xb*c)/(3*%d*x*5) + sqrt(c + d*x)*(2+B*bxd*x2 + 2xCkaxd**2 - 6*Ckbxc*d - 6*Dxa
xckxd + 12%Dxbkxc*x*2)/d*x*5 — 2% (Axbxd**3 + Bkxaxd*x*3 — 2*xBxbkxckd**2 — 2xCkakxcx
d**2 + 3xCxbxcx*2*xd + 3*kDkaxc**x2xd — 4xDxbxc**3)/(d**5xsqrt(c + d*x)) + 2x(
axd - bx*c)*(-A*d**3 + Bxcxd*x2 - Ckc*x*x2*%d + Dxc*x*3)/(3xd*x*x5x(c + d*xx)**(3/2

))
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3.21

f A+Bx+Cx?+Dx3 dx
(c+dx)5/?

Optimal. Leaf size=113

2 (Ad3 — Bcd? + 3(-D) + csz) 2 (—Bd2 -3c?D + 2ch) 2Ve + dx (Cd - 3¢D) 2D(c + dx)??
) 3d3(c + dx)oP LY s * i BT

[Out] -2/3%(A*d~3-Bxcxd~2+Cxc~2*%d-D*xc~3)/d~4/ (d*xx+c) ~(3/2)+2/3*%D* (d*x+c) ~(3/2) /4~
4+2% (-Bxd~2+2*Cxcxd-3*D*c”2) /d~4/ (d*x+c) ~(1/2) +2% (C*xd-3*Dx*c) * (d*x+c) ~(1/2)/

d~4

Rubi [A] time = 0.07, antiderivative size = 113, normalized size of antiderivative

= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 25,

number of rules _ ), 040, Rules used = {1850}

integrand size

2 (Ad® - Bed? + 2Cd + (D)) 2(-Bd? - 32D +2cCd)  2+/c + dx (Cd - 3cD) 2D(c + dx)>?
3d3(c + dx) P LN * i T

Antiderivative was successfully verified.
[In] Int[(A + B*x + C*x~2 + D*xx"3)/(c + d*x)~(5/2),x]

[Out] (-2%(c™2%C*d - Bkcxd™2 + A*d™3 - c73%D))/(3*d"4*(c + d*x)~(3/2)) + (2%(2*c*
Cxd - Bxd~™2 - 3%c”2*D))/(d"4*Sqrtlc + d*x]) + (2x(Cxd - 3*c*D)*Sqrtlc + d*x
1)/d74 + (2#D*x(c + d*x)~(3/2))/(3*d"4)

Rule 1850

Int[(Pg )*((a_) + (b_.)*x(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pgx(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 Il EqQ[n, 11)

Rubi steps

f A + Bx + Cx? + Dx3 f[cZCd —Bed? + AB® - c*D  -2cCd+Bd? +3c?D Cd-3cD DvVc+
x =

(c+ dx)oP B(c+ dx)P TR g P
2(c2Cd - Bed® + Ad® - D) 2(2cCd - Bd? - 3c*D)  2(Cd - 3cD)Ve +
- 3d4(c + dx)2 T s g " i

Mathematica [A] time = 0.09, size = 75, normalized size = 0.66

2 (d® (A + 3Bx — (x4(3C + Dx))) + 2cd*(B + 3x(Dx - 2C)) + 16¢>D — 8¢2d(C - 3Dx))
- 3d4(c + dx)32

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x”2 + D*x73)/(c + d*x)~(5/2),x]

[Out] (-2*%(16%c™3*%D - 8*%c~2*%d*(C - 3*D*x) + 2*cxd"2*%(B + 3*x*(-2*C + D*x)) + d~3%
(A + 3%B*x - x72*%(3*%C + D*x))))/(3*d"4*x(c + dxx)~(3/2))

fricas [A] time = 1.04, size = 110, normalized size = 0.97

2 (Dd3x3 ~16 D3 + 8 Cc2d — 2 Bed? — Ad® -3 (2 Dcd? - Cd3)x2 -3 (8 Dc2d — 4 Ced? + Bd3)x)\/dx I
3 (d6x2 +2cddx + c2d4)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+Cxx~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="fricas")

[Out] 2/3*%(D*d~3%x"3 - 16*%D*c”3 + 8*%Cxc~2xd - 2*Bkcxd”™2 - A*d"3 - 3% (24D*cxd”2 -
Cxd~3)*x72 - 3*(8+D*c”2%d - 4*Cxc*d”2 + Bxd~3)*x)*sqrt(d*x + c)/(d"6*x"2 +
2xc*d"hb*x + c72xd"4)

giac [A] time = 1.23, size = 115, normalized size = 1.02

3
2 (9 (dx + ¢)Dc? — Dc3 — 6 (dx + ¢)Ccd + Cc?d + 3 (dx + ¢)Bd? — Bed? + Ad3) 2 ((dx +¢)2Dd® =9 Vdx + cL
+
3d12

3
3(dx +c)2d*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="giac")

[Out] -2/3*%(9%(d*x + c)*D*c™2 — Dxc~3 - 6x(d*x + c)*Ckcxd + Cxc™2xd + 3*(d*x + c)
*Bxd~2 - B¥cxd™2 + Axd"3)/((d*x + c)~(3/2)*d"4) + 2/3*%((d*x + c)~(3/2)*D*d"
8 - 9*sqrt(d*x + c)*D*cxd~8 + 3*sqrt(d*x + c)*C*d~9)/d~12

maple [A] time = 0.00, size = 90, normalized size = 0.80

2 (—Dx3d3 —3Cd3x2 + 6Dcd?x? + 3B d3x — 12Cc d?x + 24Dc2dx + Ad® + 2Bcd? — 8C c2d + 16Dc3)

3
3(dx+c)2d*

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(d*x+c)~(5/2),x)
[Out] -2/3/(d*x+c)”(3/2)*(-D*d"3*x"3-3*%C*xd~3*x " 2+6*D*c*xd~2*x " 2+3*B*xd~3*x—-12*C*c*xd
“2%xx+24%D*c " 2xd*xx+A*d " 3+2%xBxckd"2-8*Cxc"2%d+16*D*c~3)/d"4

maxima [A] time = 0.44, size = 98, normalized size = 0.87

3
(dx+¢)2D-3 (3 De~Cd)Vdx+c  Dc3-Cc2d+Bed?~ Ad®-3 (3 Dc2-2 Ced+Bd?)(dx+c)
+

2 43 3
(dx+c)2d8
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="maxima")

[Out] 2/3*%(((d*x + c)~(3/2)*D - 3*(3*#D*c - Cxd)*sqrt(d*x + c))/d"3 + (Dxc~3 - Cx*c
“2%d + Bkc*d"2 - A*d"3 - 3% (3*D*c”2 - 2*Cxc*xd + B*d"2)*(d*x + c))/((d*x + ¢
)~(3/2)*d"3))/d

mupad [F] time = 0.00, size = -1, normalized size = -0.01

fA+Bx+Cx2+x3D
(c +dx)"?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx + C*xx"2 + x"3xD)/(c + d*x)~(5/2),x)
[Out] int((A + Bxx + Cxx~2 + x73%D)/(c + d*x)~(5/2), x)
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sympy [A] time = 1.42, size = 425, normalized size = 3.76

2A8 4Bcd? 6Bd3x 16Cc%d 24Ccd?x

- - - + +
Scd4Ve+dx +3d5xVerdx  3cd*Verdx +3d5xVerdx  3cdVordx +3d5xVerdx 3 Vordx +3d5xVerdx  Sed4Ve+dx +3d5x /-

A +B_)CZ+C_X3+D_X4
Rt ta
5

c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+Bxx+A)/(d*x+c)**(5/2) ,%)

[Out] Piecewise((-2*%Axd**3/(3*cxd*x4*sqrt(c + d*x) + 3xd*xb*x*xsqrt(c + d*x)) - 4%
Bxcxd**2/ (3*xcxdx*4xsqrt (c + dxx) + 3*kd*xb5xx*sqrt(c + d*x)) - 6*xB*xdx*3*x/(3*
ckdx*x4xsqrt(c + d*xx) + 3kdx*xbxx*ksqrt(c + d*x)) + 16*%Cxc**x2*d/(3xc*xd*x*4*xsqrt

(c + dxx) + 3xd*xb*x*xsqrt(c + d*x)) + 24xCkxckxd**2xx/ (3kckd*x*4*xsqrt(c + d*x)

+ 3xd**5xx*sqrt(c + d*x)) + 6*kCkdx*k3xxx*2/(3kckdx*kd*xsqrt(c + d*x) + 3*d**5
xx*¥sqrt(c + dxx)) - 32#Dkc**3/(3*ckxd**x4*sqrt(c + dxx) + 3xd*xb*x*xsqrt(c + d

xx)) — 48*Dxc*k*2xd*xx/ (3kckxdx*4d*sqrt(c + d*x) + 3*xd**bxx*sqrt(c + d*x)) - 12
*xD*kckd**2*xx*k*2/ (3xckdx*k4*xsqrt (c + d*x) + 3*kdx*kExx*ksqrt(c + d*x)) + 2*D*xd**3
*xx*x3/ (3kcxd*x*4*sqrt (c + d*x) + 3*d**b*xxxsqrt(c + d*x)), Ne(d, 0)), ((Axx +
Bxx**2/2 + Cxx**x3/3 + Dxx**x4/4)/cxx(5/2), True))



110

3.22

fA-I—Bx+Cx2-+Dx3
(a+bx)(c+dx)>/?

Optimal. Leaf size=210

2(Ab° - a(a°D - abC + 1?B) ) tanh ™ (@6/—:?) 2 (ad (~Bd? - 362D + 2¢Cd) - b (~Ad® - 263D + 2Cd))
B b32(be — ad)>? * d3c + dx (bc — ad)? N

[Out] 2/3*(A*d~3-B*c*d~2+C*c~2*xd-D*c”~3)/d"~3/ (—a*xd+b*c)/(d*x+c)~(3/2)-2* (Axb~3-ax*(
B*b~2-Cxaxb+D*a~2) ) *arctanh (b~ (1/2)* (d*x+c) ~(1/2) /(-a*xd+b*c)~(1/2)) /b~ (3/2)

/ (—a*xd+b*c) " (5/2) +2*x (axd* (-B*d~2+2*C*xc*d-3*D*c~2) —b* (~A*d~3+C*c~2*d-2*D*c~3
))/d~3/ (—a*xd+b*c) "2/ (d*x+c) ~(1/2)+2*D* (d*x+c) ~(1/2) /b/d"3

Rubi [A] time = 0.31, antiderivative size = 210, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 32,

number of rules _ ) 094, Rules used = {1619, 63, 208}

integrand size

2(Ab° - a(a>D - abC + 1?B)) tanh™ (%) 2 (ad (~Bd? — 32D + 2¢Cd) - b (~Ad® + 2Cd - 2¢°D))
B b32(be — ad)>? * d3c + dx (bc — ad)? *

Antiderivative was successfully verified.
[In] Int[(A + Bxx + C*x"2 + D*x"3)/((a + b*x)*(c + d*x)~(5/2)),x]

[Out] (2x(c™2xCxd - B*cxd™2 + A*d"3 - c~3*D))/(3*d"3*(bxc - a*xd)*(c + d*x)~(3/2))
+ (2% (axd* (2%c*Cxd - B*d™2 - 3xc”2#D) - b*(c™2*Cxd - A*d~3 - 2%c~3*D)))/(d

3% (b*c - axd)”"2xSqrt[c + dxx]) + (2«D*Sqrtlc + d*x])/(b*d~3) - (2%(A*b~3 -
ax(b~2%B - a*bxC + a~2*D))*ArcTanh[(Sqrt [b]*Sqrtlc + d*x])/Sqrt[b*xc - axd]
1)/~ (3/2)*(bxc - axd)~(5/2))

Rule 63

Int[(Ca_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[

{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)"n, x], x, (a + b*xx)~(1/p)], x]1] /; FreeQl[{a, b, c, d}, x] && NeQ

[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 1619

Int[((Px_)*((c_.) + (d_)*x))"(n_.))/((a_.) + (b_.)*x(x_)), x_Symbol] :> I
nt [ExpandIntegrand[1/Sqrt[c + d*x], (Pxx(c + d*x)"(n + 1/2))/(a + b*x), x],
x] /; FreeQ[{a, b, c, d, n}, x] && PolyQ[Px, x] &% ILtQ[n + 1/2, 0] && GtQ
[Expon[Px, x], 2]

Rubi steps
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L

4

A+Bx+Cx?+Dx® f c?Cd — Bed? + Ad® - 3D . —ad (ZCCd — Bd* - 3C2D) +b (Csz - Ad® -
d2(—bc + ad)(c + dx)52 d?(bc — ad)?(c + dx)3/2

(a + bx)(c + dx)>/2

_ 2(c®Cd - Bed? + Ad® - D) 2(ad (2¢Cd — Bd? - 3¢2D) b (*Cd - Ad°® -

+

3d3(be — ad)(c + dx)32 d3(bc — ad)?>Nc + dx

2(c2Cd - Bed? + Ad® - D) 2(ad (2¢Cd - Bd? - 3¢2D) - b (c2Cd - Ad® -

3B(bc —ady(c + dx)2 B(be — ad)?Ne + dx

2 (CZCd — Bed? + Ad® — c3D) 2 (ad (2cCd - Bd? - 3c2D) ~b (c2Cd — Ad® -

Mathematica [A] time = 0.66, size = 210, normalized size = 1.00

\/E Ve+dx
2 —

3B(bc — ad)(c + dxp? P (be — ad)? e 1 dx

(AP~ a (2D — abC + bB)) tanh ™ ( — ) ad (~Bd2 —3¢2D + 2¢Cd) ~ b (~Ad® — 263D + 2Cdl)
+

b32(bc — ad)>2 d3Vc + dx (bc — ad)?

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + C*x"2 + D*x~3)/((a + b*x)*x(c + d*x)~(5/2)),x]

[Out] 2*%((c"2*%Cxd - B*c*xd™2 + A*d"3 - ¢~ 3%xD)/(3*xd"3x(bxc - a*d)*(c + d*xx)~(3/2))

+ (axd*(2*%c*xC*xd - B*d™2 - 3xc”2*D) - b*(c™2%Cxd - A*d~3 - 2%c~3%D))/(d"3*(b
*xc - axd)"2*Sqrt[c + d*x]) + (D*Sqrtlc + d*x])/(b*d~3) - ((A*b~3 - a*x(b~2xB
- axb*C + a~2+D))*ArcTanh[(Sqrt [b]*Sqrt[c + d*x])/Sqrt[bxc - axd]])/(b~(3/
2)*(bxc - axd)~(5/2)))

fricas [B] time = 0.77, size = 1287, normalized size = 6.13

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+Bxx+A)/(b*x+a)/(d*x+c)”(5/2),x, algorithm="fricas")
[Out] [1/3*%(3*%((D*a”~3 - C*a”~2%b + B*xaxb™2 - Axb"3)*d"5*xx"2 + 2x(D*xa~3*xc - (Cxa 2%

b - B*a*xb~2 + A*b~3)*c)*d"4*x + (D*a~3*xc”2 - (C*a"2*b - B*axb™2 + A*b~3)*c”
2)*d~3) *sqrt (b"2%c - axb*xd)*log((b*xd*x + 2%b*c - axd + 2xsqrt(b~2*c - axbxd
Yksqrt(d*x + c))/(bxx + a)) + 2%(8*Dxb~4*c™5 + A*a"2xb”"2xd"5 + (2%B*a”2%b"2
- BkA*xaxb~3)*xcxd"4 - (3*%D*xa"3*b*c”2 + (5xC*xa~2xb~2 + Bxaxb~3 - 4xAxb~4)*c”
2)*d"3 + (17+D*a”2*¥b"2*%c~3 + (7*C*xa*xb~3 - Bxb~4)*c~3)*d"2 + 3*x(D*b~4*xc~3*xd~
2 - 3xD*xaxb~3*%c”2*%d"3 + 3*D*a"2%b"2%xc*d"4 — D*a " 3xb*d"5)*x"2 — 2% (11xD*xaxb”
3%c”™4 + Cxb~4*xc~4)*d + 3*%(4*D*b"4*c ™ 4*xd + (B*xa~2%b~2 - A*a*xb”3)*d"5 - (2xDx
a~3xb*xc + (2xC*xa"2*xb~2 + B*a*xb”3 - A*xb"4)*c)*d"4 + 3% (3%D*a”2*b"2*c”2 + C*a
*b"3%c”2)*d"3 - (11#D*a*xb~3*c”3 + Cxb~4*c”3)*d"2)*x)*sqrt(d*x + ¢))/(b"5xc”
5%¥d"3 - 3*axb”4*xc"4*d"4 + 3*a"2%b"3*c”3*d"5 - a"3*b"2*c"2*%d"6 + (b~ 5xc”3*xd”
5 - 3xa*xb”4xc”2xd"6 + 3*a"2*b"3%c*kd”7 - a"3*%b"2xd"8)*x"2 + 2% (b~ 5*c"4%d"4 -

3*xaxb~4*xc”3*%d"5 + 3*%a"2*%b"3*c"2*%d"6 - a”"3*b"2*xcxd"7)*x), —-2/3%(3*x((D*a"3 -

C*a™2*b + B*a*b™2 - A*b~3)*d"5*x"2 + 2x(D*a~3*c - (C*a"2*b - B*a*b™2 + AxDb
“3)*xc)*d"4xx + (D*a"3%c”2 - (Cxa”2%b - Bxa*b”2 + Axb~3)*c"2)*d"3)*sqrt(-b~2
*c + axbxd)*arctan(sqrt(-b~2xc + axb*d)*sqrt(d*x + c)/(bxd*x + b*c)) - (8+D
*b~4*c”5 + A*a"2xb"2xd"5 + (2%B*a”2*b”2 - bxA*axb~3)*c*d”4 - (3*D*a”3xbxc”2

+ (B*C*a”™2*b”"2 + Bxa*xb~3 - 4*A*b"4)*c”2)*d"3 + (17+D*a"2*%b"2*c”3 + (7*Cxax
b~3 - Bxb~4)*c"3)*d"2 + 3x(D*b"4*xc~3*d"2 - 3*D*xaxb " 3xc”2*d"3 + 3*xDxa " 2*xb"2x
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cxd™4 - D*xa"3*b*d"5)*x"2 — 2x(11*D*a*xb”3*c”4 + Cxb~4*xc~4)*d + 3*(4*D*b~4x*xc”

4xd + (B*xa~2*%b"2 - A*xa*xb”3)*d"5 - (2*xD*xa~3*b*c + (2*%C*a”~2*b"2 + B*xa*xb~3 - A
*b~4)*c)*d"4 + 3*(3*xD*xa~2%b"2%c”2 + Ckxaxb~3*xc"2)*d"3 - (11*D*a*b”™3*c~3 + Cx

b~4*%c”™3) *d"2) *x) *sqrt (d*x + c))/(b~5*c~5*d"3 - 3*axb”4xc"4xd"4 + 3xa"2xb" 3%
c”3*%d"5 - a"3%b"2*c"2%d"6 + (b"b*c”3*d"5 - 3*axb”4*xc"2*d"6 + 3*a~2%b”~3kc*xd”
7 — a”3*b"2%d"8)*x"2 + 2% (b"bxc"4*d"4 - 3*xaxb”4*xc”3*d"5 + 3*a~2%b"3*xc”2*d”6
- a”3*%b"2*c*xd"7) *x) ]

giac [A] time = 1.31, size = 281, normalized size = 1.34

Vdx+cb
2(Da® - Ca?b + Bab? - Ab®) arctan (ﬁ)  2(6(@x + Db ~ Dbt ~9 dx + )Dac’d ~ 3 (dx + Ol

(632 - 2ab?cd + a2bd2) V-b2c + abd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(5/2) ,x, algorithm="giac")

[Out] -2%x(D*a~3 - C*a"2%b + B*axb™2 - A*b~3)*arctan(sqrt(d*x + c)*b/sqrt(-b"2xc +
axb*d))/((b73*c™2 - 2*%a*xb”™2xc*d + a~2%b*d"2)*sqrt(-b"2xc + axb*xd)) + 2/3%(

6% (d*x + c)*D*b*xc™3 — Dxb*c™4 - 9*k(d*x + c)*D*xaxc”2%d - 3*(d*x + c)*Cxbxc~2

*d + Dxa*c”3*d + Cxb*c™3*d + 6x(d*x + c)*Cka*xc*d™2 - Cka*xc™2+%d~2 - Bxb*c 2%

d"2 - 3*(d*x + c)*B*axd~3 + 3x(d*x + c)*A*b*d"3 + B*axc*d~3 + Axb*cxd”"3 - A
xaxd~4) /((b"2%c™2%d"3 - 2*xaxb*xc*d™4 + a~2*%d"5)*(d*x + ¢)~(3/2)) + 2xsqrt(d*

x + c)*D/(b*d"3)

maple [B] time = 0.02, size = 464, normalized size = 2.21

2 Vdx+c b Vdx+c b ) 2 ( Vdx+c b ) 3 ( Vdx+c b )
2ADb arctan(—(ad_bc)b) 2Bab arctan (—(ad_bc)b 2C a© arctan W=l 2Da® arctan Tt

(ad - bo* \ad—bo) b (ad —be)* Jad—bo)b  (ad — be)* ad —bo) b (ad — be)* \(ad — be) b b (ad - b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x"3+Cxx~2+Bxx+A)/(b*x+a)/(d*x+c)~(5/2),x%)

[Out] 2*D*x(d*x+c)~(1/2)/b/d"3+2*b~2/ (axd-b*xc) ~2/ ((a*d-b*c)*b) ~(1/2)*arctan ((d*x+c
)~ (1/2)/((a*d-b*c) *b) " (1/2) *b) *A-2%b/ (a*d-b*c) "2/ ((a*xd-b*c) *b) ~(1/2) *arctan
((d*x+c)~(1/2)/ ((a*xd-b*xc)*b) ~(1/2) *b) *B*a+2/ (a*xd-b*c) "2/ ((axd-b*c) *b) ~(1/2)
xarctan ((dxx+c) ~(1/2)/((a*d-b*xc)*b) ~(1/2) *b)*C*xa~2-2/b/ (a*d-b*xc) "2/ ((a*d-bx*

c)*b) ~(1/2)*arctan((d*x+c) " (1/2)/((a*d-b*c)*b)~(1/2) *b) *D*a~3-2/3/ (a*d-b*c)

/ (d*x+c)~(3/2)*A+2/3/d/ (a*d-bx*c) / (d*x+c) ~(3/2) *Bxc-2/3/d"2/ (axd-b*c) / (d*x+c

)~ (3/2)*%C*xc~2+2/3/d"3/ (axd-b*c) / (d*x+c) ~(3/2) *D*xc~3+2/ (a*xd-b*c) 2/ (d*x+c) ~(

1/2) *Axb-2/ (a*d-b*c) "2/ (d*x+c) " (1/2) *Bxa+4/d/ (a*d-b*c) "2/ (dxx+c) ~(1/2) *Cxa*
c-2/d"2/ (a*d-b*c) "2/ (d*x+c) ~(1/2) #*Cxb*c~2-6/d"2/ (a*xd-bxc) "2/ (d*x+c) ~(1/2)*D
*axc~2+4/d"3/ (axd-b*c) "2/ (d*x+c) ~(1/2) *D*xb*c~3

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x~3+C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(5/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(a*xd-b*c>0)', see “assume?” for more
details)Is a*d-b*c positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fA+Bx+Cx2+x3D
(a+bx) (c+dx)*?
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x + C*xx~2 + x~3*D)/((a + b*x)*(c + d*x)~(5/2)),x)
[Out] int((A + Bxx + Cxx~2 + x~3%xD)/((a + b*x)*(c + d*x)~(5/2)), x)

sympy [A] time = 153.50, size = 214, normalized size = 1.02

2 —
2DVe+dx 2 (-Abd® + Bad® - 2Cacd? + Cbc?d + 3Dac%d - 2Dbc®) 2 (-Ad® + Bed? - Cc%d + Dc) (
— + [ —

b #e + dx (ad — be)® 348 (c + dx)? (ad — bo)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x**3+Ckxx*x*2+B*xx+A)/ (b*x+a)/(d*x+c)**(5/2) ,%)

[Out] 2*D*sqrt(c + d*x)/(bxd**3) - 2x(-Axbxdx*3 + Bkaxd*x3 - 2xCxaxcxd**2 + Cxb*c
*xk2xd + 3kDkaxck*2*xd — 2xDxbkcx*3)/(d*x*3xsqrt(c + d*xx)*(axd — bxc)**2) + 2%
(—Axd**3 + Bxcxdx*2 — Cxcx*2xd + Dxcx*3)/(3xd**3*%x(c + d*xx)**x(3/2)*(a*xd - bx*

c)) — 2% (-A*b**3 + Bkaxb**x2 - Cka*x*2xb + Dxa*x*3)*atan(sqrt(c + d*x)/sqrt((a

xd - bxc)/b))/(b*xx2xsqrt((a*xd - bxc)/b)*(a*xd - b*c)**2)



114

3.23

fA-I—Bx+Cx2-+Dx3
(a+bx)?(c+dx)>/2

Optimal. Leaf size=336

2D—abC+b2B
A- % ~a3dD + a2bCd® + ab?d (~3Bd? — 6¢2D + 4cCd) — (b® (-5 Ad® + 2Bed? — 2c3D)
(a + bx)(c + dx)¥2(bc — ad) b2d2+/c + dx (be — ad)?

[Out] 1/3*%(3*a*xb™2%B*xd~3-3*a”2*xb*Cxd~3+3*a~3*d"3*D-b~ 3% (5xA*d~3-2*B*c*d~2+2*C*c~2
*d-2*D*c"3)) /b~3/d"2/ (—a*xd+b*xc) "2/ (d*x+c) " (3/2) +(-A+a*x (Bxb~2-C*axb+D*a"2) /b

~3)/ (—a*xd+bx*xc) / (bxx+a)/ (d*x+c) ~(3/2) - (b~ 3% (=5*xAxd+2*B*c) —a*b™2* (-3*Bxd+4*Cx
c)—a~3*d*D-a"2*b* (Cxd-6*xD*c) ) *arctanh (b™ (1/2) *(d*x+c) ~(1/2) / (—a*d+b*c) ~(1/2

)) /b7 (3/2)/ (—a*d+b*c) " (7/2)+(-a"2xb*xC*d~3+a”~3*d"3*D-a*b~2*xd* (-3*B*d~2+4*C*c
*d-6*D*c”2) +b " 3* (-5*%A*xd"3+2*Bxc*d~2-2%D*c”3) ) /b"2/d"2/ (—a*d+b*c) "3/ (d*x+c)~

(1/2)

Rubi [A] time = 0.79, antiderivative size = 336, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 32,

number of rules _ 5 125, Rules used = {1621, 897, 1261, 208}

integrand size

a?bCd® - a>d®D + ab?d (-3Bd? - 6¢2D + 4cCd) + b* (- (-5Ad® + 2Bcd? - 2c°D))  -3a2bCd® + 3a%d°D + 3a
- +

b2d2\c + dx (be — ad)? 3

Antiderivative was successfully verified.
[In] Int[(A + B*x + C*x"2 + D*x"3)/((a + bxx) 2x(c + d*x)~(5/2)),x]

[Out] (3*axb™2*xB*xd~3 - 3*a~2%b*C*d"3 + 3*a~3*d"3*D - b~ 3*(2*%c™2*Cxd - 2*Bxcxd~2 +
5xA*d~3 - 2xc~3*D))/(3*b~3*d"2*(b*c - a*xd) "2x(c + d*x)~(3/2)) - (A - (ax(b

~2%B - axb*C + a~2*D))/b"3)/((b*c - axd)*(a + b*xx)*(c + d*x)"(3/2)) - (a~2%
b*Cxd~3 - a~3*%d"3*D + a*b”~2*xd*x(4*xcxCxd - 3*%B*d~2 - 6*xc”2*D) - b~ 3% (2%B*c*d”

2 - B*Axd"3 - 2%c73%D))/(b~2*%d"2*(b*c - a*xd) " 3xSqrtlc + d*x]) - ((b~3*(2*Bx*

c - 5%Axd) - ax*b”2*x(4*xcxC — 3*Bxd) - a~3*d*D - a”~2xb*x(Cxd - 6*c*D))*ArcTanh
[(Sqrt [bl*Sqrt[c + d*x])/Sqrt[bxc - a*xd]])/(b~(3/2)*(b*c - axd)~(7/2))

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 897

Int[((d_.) + (e_)*(x))"(m )*x((f_.) + (g_.)*(x_)) " (n)*((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int[x"(gq*(m + 1) - 1)*((exf - d*xg)/e + (gxx~q)/e) nx((c*d”2 - bxd*e +

axe”2)/e”2 - ((2xc*d - b*xe)*x"q)/e”2 + (c*xx~(2%q))/e"2)7p, x], x, (d + e*x)
~(1/9)], %11 /; FreeQl{a, b, c, d, e, f, g}, x] && NeQ[exf - d*xg, 0] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - b*d*xe + axe”2, 0] && IntegersQ[n, pl] && Fra
ctionQ [m]

Rule 1261

Int [CE_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (
c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) m*x(d + e*x~2) qx
(a + b*x"2 + c*x74)7p, x], x] /; FreeQ[{a, b, ¢, d, e, £, m, g}, x] && NeQ[
b~2 - 4xaxc, 0] && IGtQ[p, 0] && IGtQlq, -2]

Rule 1621
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Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_)) " (n_.), x_Symbol]

> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(bx*c
- axd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*Rx(m + n + 2), x], x], x]] /; Fre
eQl{a, b, c, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],

2]

Rubi steps
, ) _ b3(@2Bc-5Ad)-ab?(2cC-3Bd)+3a%dD-a?b(3Cd-2cD) _ (be-ad)(bC—
) 3 A a(b B-abC+a D) f 213 b2
A+ Bx+ Cx“+ Dx o A N (a+bx)(c+dx)>2
(a + bx)2(c + dx)>/? (bc — ad)(a + bx)(c + dx)3/2 ~bc + ad
e, cd(bcfaa;)z(bcfaD) _ d2(b3(2Be-5Ad)—ab
2 Subst f a2
a(sz—abC+a2D)
_ _ B3 _
~ (bc - ad)(a + bx)(c + dx)32
P2BabCad2D 3ab?Bd3~3a2bCd®+3a%d° D-b3(2c2Cd~2Bcd’
- w 2 Subst (f ( 2b3d(bc—ad)x*

T (be—ad)(a + bx)(c + dx)32
3ab?Bd® - 3a*bCdl® + 3a°d°D - b° (2c2Cd - 2Bced? + 5Ad° — 26°D) A-
- 363d2(be — ad)?(c + dx)32 (b - aa
3ab?Bd® - 3a%bCdl® + 3a°d°D - b3 (2c2Cd — 2Bed? + 5Ad° - 2¢°D) A-
N 363d2(be — ad)2(c + dx)32 (b - aa

Mathematica [A] time = 1.05, size = 334, normalized size = 0.99

7/ 27y _ 2p\ _ AR3 Ab’ —a(a“D — abC + b°B) ) tan 2tan
c+dx (u (a D-abC+b B) Ab ) d( b ( 2 bC + b? )) h™ (\/Eb C+Zx) h™ (\/Er -
C—a C—Al
b(a + bx)(bc — ad)3 " b32(bc — ad)7? -

Antiderivative was successfully verified.

[In] Integrate[(A + B*xx + Cxx~2 + D*x~3)/((a + b*x)"2x(c + d*x)~(5/2)),x]

[Out] (2%x(-(c™2*%Cxd) + Bxc*d™2 - Axd~3 + c7~3%D))/(3*xd"2*x(bxc - axd) "2*x(c + d*x)~(
3/2)) + (—2kaxdx(-2*c*Cxd + B*d~2 + 3*c”2*D) + b*(-2%B*xc*d™2 + 4%A*d~3 + 2%
c™3*D))/(d72%(-(b*c) + a*xd) ~3xSqrtlc + d*xx]) + ((-(A*b~3) + a*(b"2%B - axbx

C + a~2xD))*Sqrtlc + d*x])/(b*(b*c - a*d)~3*(a + b*x)) - (2%(b"3*x(Bxc - 2%*A

xd) + axb”2x(-2*cxC + Bxd) + 3*a”2xb*c*D - a~3*d*D)*ArcTanh[(Sqrt[b]*Sqrt[c

+ dx*x])/Sqrt[bxc - axd]])/ (b~ (3/2)*(bxc - axd)~(7/2)) + (dx(A*b~3 - a*x(b~2

*B - axb*C + a~2*D))*ArcTanh[(Sqrt[b]l*Sqrt[c + d*x])/Sqrtlb*c - a*d]])/(b~(
3/2)*(b*xc - axd)~(7/2))

fricas [B] time = 1.06, size = 2444, normalized size = 7.27

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(5/2),x, algorithm="fricas"
)
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[Out] [-1/6%(3*x((D*a~4*c”2 + (C*a~3*b — 3*B*xa~2*b~2 + 5*xA*a*xb”™3)*c"2)*d~3 + ((D*a
~3%b + C*a”"2*b”"2 - 3*Bxaxb~3 + 5xA*xb"4)*d"5 - 2% (3*D*xa~2*¥b"2*c - (2*Cxa*xb”3
- Bxb74)*c)*d"4)*x"3 - 2% (3xD*a”3*b*c”3 - (2*C*a~2%b~2 - B*a*b~3)*c~3)*d"2
+ ((D*a"4 + C*xa~3xb - 3*%B*a™2*b~2 + b5xA*axb~3)*d~5 - 2% (2*D*a”3*xbxc - (3*C
*a"2%b72 - 4*xBxaxb"3 + 5xA*xb74)*c)*d"4 - 4x(3*xD*a"2%b"2%c”2 - (2*xCkxaxb”"3 -
B*b~4)*c"2)*d"3)*x"2 + (2% (D*a~4*c + (Cxa~3%b - 3*B*a " 2*b~2 + bxAxaxb~3)*c)
*d"4 - (11*D*a”3*b*xc”2 - (9*%C*a~2%b"2 - 7*B*a*xb~3 + 5xA*¥b"4)*c”2)*d"3 — 2% (
3*D*a"2%b"2%c”3 - (2%Ckxa*b”™3 - B*b74)*c”3)*d"2)*x)*sqrt(b~2*c - axb*d)*log(
(bxd*x + 2*bxc - a*d - 2*sqrt(b”2*c - axb*d)*sqrt(d*x + c))/(b*x + a)) + 2%
(4*D*a*xb~4*c™5 + 2xA*a~3*b"2xd"5 + 4*(B*a"3*b”"2 — 4xAxa~2%b~3)*c*d"4 + (3*D
*a"4*b*c”2 - (13*C*xa”~3*b~2 - 7+B*a~2*b"3 - 11xA*axb~4)*c”2)*d"3 + (13*D*a”3
*b72%c”3 + (11*C*xa~2*b~3 - 11*B*a*xb”™4 + 3*xA*b~5)*c~3)*d"2 + 3*(2*xD*xb~5xc~4x*
d - 8*D*a*xb~4*c~3%d"2 + (D*a~4xb - Cxa~3*b~2 + 3*B*xa~2*b~3 - 5xA*axb~4)*d”5
- (D*a"3*b~"2*xc + (3*%C*a~2%b~3 + Bka*b™4 - 5xAxb~5)*c)*d"4 + 2% (3*D*xa~2xb~"3
*Cc72 + (2*C*xa*xb™4 — Bxb75)*c”2)*d"3)*x"2 - 2*x(10*xD*a~2%b~3*c”4 - Ckxaxb~4xc”
4)*xd + 2x(2xD*b~5*c”5 + (3*B*a~3*b"2 - 5xA*xa~2+%b"3)*d"5 + (3*D*xa~4xb*xc - (9
*C*a"3*%b"2 - 5*Bxa~2*b"3 + SxA*xa*xb”4)*c)*d"4 + 2% (3*%D*xa”3*b"2*c”2 + (2*xCxa”
2%b~3 - 2*B*xa*b~4 + 5xAxb~5)*c”2)*d"3 - 4*x(D*a~2*%b"3*%c”3 - (Cxaxb™4 - B*b~5
)*c”3)*d"2 - (7*D*axb~4*c”™4 - Cxb~5*xc”4)*d)*x)*sqrt(d*x + c))/(axb~6*xc”6*xd”
2 — 4%a”2*%b"5*%c"5*xd"3 + 6%a”3*%b"4*xc"4*xd"4 - 4*xa"4*b"3*%c"3*xd"5 + a~b*¥b"2*c"2
*d76 + (b”"7xc"4*xd"4 - 4d*xaxb”6xc”3*d"5 + 6*a"2*%b"5xc”2*%d"6 - 4*a~3*b " 4d*xcxd”7
+ a~4%b"3%d"8)*x"3 + (2*%b"7*xc"5*d"3 - T*xaxb"6xc”4*d"4 + 8*a"2*%b " 5xc~3*d"5
- 2%a~3%b"4xc"2xd"6 - 2*%a~4*b~3%c*kd”7 + a"bxb"2xd"8)*x"2 + (b~ 7*c"6xd"2 - 2
*axb"6xc"5%d"3 - 2*%a”2%b"5xc"4*d"4 + 8*a~3*b”4*xc”3*%d"5 - T*a"4*xb"3*c”"2*d"6
+ 2*%a”5xbT2xcxd"7)*xx), -1/3*%(3*((D*a”4*xc”2 + (Cxa~3%b - 3*B*a~2*b~2 + b5xAxa
*b~3)*c”2)*d"3 + ((D*a~3%b + C*a~2*b~2 - 3*Bxaxb~3 + 5xA*xb~4)*d"5 - 2% (3*Dx*
a~2%b"2%c - (2*Cxaxb~3 — B*b~4)*c)*d"4)*x"3 - 2% (3*D*xa~3*b*c”3 - (2*xC*xa~2*b
"2 - B*a*xb"3)*c"3)*d"2 + ((D*a"4 + C*a”"3*b — 3*xBxa~2*%b~2 + HkA*xaxb~3)*d"5 -
2% (2xD*a”3xb*xc — (3*C*xa~2%b”2 - 4*B*xa*xb”3 + 5*xA*b~4)*c)*d~4 - 4% (3*D*xa~2x*b
“2%c”2 - (2*%Cxaxb”3 - Bxb"4)*c”2)*d"3)*x"2 + (2x(D*a~4*c + (C*a”3*b - 3*Bxa
“2%b72 + BkAxaxb"3)*c)*d"4 - (11*#D*a”3*bxc”2 - (9*%C*a~2%b~2 - 7*B*a*b~3 + 5
*xA*b"4)*c"2) *d"3 - 2x(3xD*a”24b”"2xc”3 - (2#C*axb”3 - B*b~4)*c”3)*d"2) *x) *sq
rt(-b"2xc + axb*d)*arctan(sqrt(-b~2*c + axb*d)*sqrt(d*x + c)/(b*d*x + b*c))
+ (4xD*axb~4*c”5 + 2*A*a~3*b"2%d"5 + 4*(B*xa~3*b"2 - 4*xAxa”2*b"3)*cxd"4 + (
3*D*a”4*xbxc™2 - (13%C*a~3%b~2 - 7*B*a~2*xb~3 - 11xA*xaxb”4)*c”2)*d"3 + (13*xDx
a~3*%b72*%c”3 + (11*C*xa~2xb~3 - 11*B*a*b”™4 + 3*xA*b~5)*c~3)*d"2 + 3*x(2*xD*xb~5*c
~4xd - 8*Dxaxb”4*xc”3*d"2 + (D*xa~4*b — C*a~3x%b"2 + 3*B*a~2%b”"3 - 5xAxaxb”4)x*
d"5 - (D*a"3*b"2xc + (3*%C*a”2%b~3 + B*a*xb~4 — 5xA*b~5)*c)*d"4 + 2% (3*xD*xa”~ 2%
b~3%c”2 + (2*Cxa*xb”™4 - B*b~5)*c”2)*d"3)*x"2 - 2% (10*D*a"2*b~3*c~4 - Cxaxb~4
*Cc"4)*d + 2% (2*xD*b"5xc”5 + (3*%B*a~3*b”2 - 5xA*xa~2xb~3)*d"5 + (3*D*a”4*xbxc -
(9%Cxa~3%b~2 - B*B*a~2*b~3 + bxAxaxb~4)*c)*d"4 + 2% (3*xD*a~3xb"2xc”2 + (2*C
*a"2%b"3 - 2*Bxaxb~4 + 5xA*b75)*c”2)*d"3 - 4x(D*a~2%b"3*%c”3 - (Cxaxb~4 - Bx
b~5)*c”3)*d"2 - (7xD*axb~4*c~4 - Cxb~5xc”4)*d)*x)*sqrt(d*x + c))/(a*xb™6xc”6
*d"2 - 4%a”2*b"5*xc"5*d"3 + 6*a”3*b"4*xc"4*xd"4 - 4xa~4*b"3*%c”3*d"5 + a~bxb"2x
c”2xd"6 + (b~7*c"4*d"4 - 4*xaxb”6*c”3*d"5 + 6%a”2xb"5*xc”"2%d"6 - 4*a”3*b 4xcx*
d"7 + a"4xb"3*d"8)*x"3 + (2*b~T*c"5*%d"3 - Txaxb~6*xc”4*xd"4 + 8xa~2*xb~5*c”3*d
“5 - 2%a"3*%b74*cT2%d"6 — 2*%a”4xb " 3*cxd”7 + a~5*b"2%d"8)*x"2 + (b~ T7*xc"6*d"2
- 2%axb76xc”b5*d"3 - 2%a"2xb"hb*xcT4*d"4 + 8%a”3*b74*c"3*%d”5 - T*xa"4*xb"3%c”2*d
6 + 2%a”b*b " 2*xc*xd”7)*x)]

giac [A] time = 1.42, size = 439, normalized size = 1.31

dx+cb
2 2 3 3 2 2 3 v
(6 Da%bc — 4 Cab®c +2 Bb*c - Da’d — Ca®bd + 3 Bab?d - 5 Ab d)arctan(—m) Vix T eDad - Nax T
+
(b4c3 —3ab3c?d + 3 a?b?cd? - a3bd3)\/—b2c + abd (b4c3 —3abBc2d +3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x"3+Cxx~2+B*xx+A)/(b*x+a) "2/ (d*x+c) " (5/2),x, algorithm="giac")
g g g
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[Out] (6*D*a”2*bxc — 4*Cxaxb™2%c + 2*B*b~3*c — D*a~3*d - C*a”2*b*xd + 3*Bxaxb~2*d
- BxAxb~3xd)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*%c + axb*d))/((b~4*c”™3 - 3xax*b
T3%c72xd + 3*%a”2%b72xc*d"2 - a"3*bxd"3)*sqrt(-b~2%c + axbxd)) + (sqrt(dxx +
c)*D*a~3*%d - sqrt(d*x + c)*C*xa~2*bxd + sqrt(d*x + c)*Bxaxb™2xd - sqrt(d*x

+ c)*Axb73*xd) /((b~4*c™3 - 3*a*b”3*kc”™2xd + 3*a~2*¥b"2%c*d"2 - a”3*xbxd"3)*((d*

X + c)*b - bxc + axd)) - 2/3*x(3x(d*x + c)*D*b*c”3 - D*b*c™4 - 9x(d*x + c)*D
*a*xc”2%d + Dxaxc”3*d + Cxb*c™3*d + 6x(d*x + c)*Cxaxc*d™2 - 3*(d*x + c)*Bxbx
c*d”2 - C*a*xc™2+%d"2 - Bxb*c™2*d"2 - 3*x(d*x + c)*B*axd™3 + 6% (d*x + c)*Axbx*d

3 + Bka*c*d~3 + Axb*c*d~3 - A*a*d"4)/((b73*c”3*%d"2 - 3*a*b"2xc”2*d”"3 + 3*a
“2%b*c*d”™4 - a~3xd"5)*x(d*x + ¢)~(3/2))

maple [B] time = 0.03, size = 730, normalized size = 2.17

> Vdx+c b Vdx+c b ) 2 ( Vdx+c b ) 2 ( Vdx+c b )
5A b“d arctan (—\/M ) 3Babd arctan (—\/M 2B b“c arctan W C a“d arctan W

(ad — b Nad 10T (ad—be @d-b)b  (ad—bo) N@d—b)b  (ad—bey Nad—b)b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(b*xx+a) "2/ (d*x+c)~(5/2),x)

[Out] d/(axd-b*xc) ~3*xb~2* (d*x+c) ~(1/2) / (bxd*x+a*xd)*A-d/ (a*d-b*c) "3*b*x (d*x+c) ~(1/2)
/ (b*xd*x+ax*xd) *a*xB+d/ (axd-b*c) ~3* (d*x+c) ~(1/2) / (bxd*x+a*d) *C*a~2-d/ (axd-b*c) "~
3/bx(d*xx+c) " (1/2) / (b*d*x+a*d) *a”~3*D+5*xd/ (axd-b*c) ~3*%b~2/ ((a*xd-b*xc)*b) ~(1/2)
*arctan ((dxx+c) ~(1/2)/((a*d-b*xc)*b) ~(1/2) *b) *A-3*d/ (a*d-b*c) ~3*b/ ((a*xd-b*c)
*b) ~(1/2) *arctan((d*x+c) ~(1/2)/ ((a*d-bxc)*b) ~(1/2) *b) *B*a-2/ (axd-b*c) ~3*b~2
/ ((axd-b*xc)*b) " (1/2) *arctan((d*x+c) " (1/2)/ ((a*d-b*xc)*b) ~(1/2) *b) *Bxc+d/ (axd
-b*xc) "3/ ((axd-b*xc)*b) ~(1/2) *arctan((d*x+c) " (1/2)/((a*d-b*xc) *b) ~(1/2)*b) *C*xa
~2+4/ (a*d-bxc) "3*xb/ ((axd-b*c)*b) ~(1/2)*arctan ((d*x+c) ~(1/2) / ((a*d-b*xc)*b) ~(
1/2) *b) *Cxax*xc+d/ (a*xd-b*c) “3/b/ ((a*xd-b*c)*b) ~(1/2) *arctan((d*x+c) ~(1/2) / ((a*
d-b*c)*b) ~(1/2)*b)*a~3*D-6/ (axd-b*c) "3/ ((a*xd-b*c) *b) ~(1/2) *arctan ((d*x+c) ~(
1/2)/ ((axd-b*c)*b) ~(1/2) *b) *D*a~2xc-2/3*d/ (a*d-b*c) "2/ (d*x+c) ~(3/2)*A+2/3/(
a*xd-b*c) "2/ (d*x+c) " (3/2)*B*xc-2/3/d/ (axd-b*xc) ~2/ (d*x+c) ~(3/2) *C*xc~2+2/3/d"2/
(a*d-b*c) "2/ (d*x+c) " (3/2) *Dxc~3+4*d/ (a*d-b*c) "3/ (d*x+c) ~(1/2) *Axb-2*d/ (a*xd-
b*xc) "3/ (d*x+c) " (1/2) *B*a-2/ (a*xd-b*xc) ~3/(d*x+c) ~(1/2) *B*xb*c+4/ (a*xd-b*c) ~3/(d
xx+c) "~ (1/2)*Cxa*xc-6/d/ (a*xd-b*c) ~3/ (d*x+c) ~(1/2) *D*xa*xc~2+2/d~2/ (axd-b*c) "3/ (
d*x+c) " (1/2) *Dxbxc~3

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(5/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(a*xd-b*c>0)', see “assume?” for more
details)Is a*d-b*c positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fA+Bx+Cx2+x3D
(a+bx)*(c+dx)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B¥x + C*x~2 + x"3%D)/((a + b*x) 2%(c + d*x)~(5/2)),x)
[Out] int((A + B*x + C*xx~2 + x~3%D)/((a + b*x) 2x(c + d*x)~(5/2)), x)
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sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+Bxx+A)/ (b*x+a)*x*2/(d*x+c)**(5/2) ,x)

[Out] Timed out
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3.24

fA-I—Bx+Cx2-+Dx3
(a+bx)3(c+dx)>/2

Optimal. Leaf size=438

A —a(a?D — abC + b?B)  a®(~d?) D + a?bCd? + ab? (~3Bd? - 6¢2D + 4cCd) + b* (7Ad? — 4Bcd +.
253 + bx)(c + PP (bc — ad) P 1 dx (be — ad)?

[Out] 1/6*(=3*a*xb~2xB*xd~3+3*a”2*b*Cxd~3-3*a~3*xd " 3*D+b~3* (7*A*d~3-4*Bxcxd " 2+4*C*c”
2%d-4*D*c”3)) /b~ 3/d/ (—axd+b*c) "3/ (d*x+c) ~(3/2) +1/2* (—A*xb~3+a* (B*xb~2-C*xaxb+D
*a"2)) /b 3/ (—axd+b*xc) / (bxx+a) "2/ (d*x+c) ~(3/2)-1/4* (b~ 3% (35%A*d~2-20*B*c*d+8
*C*xc™2)+a"3*d"2*D+3*a " 2xb*d* (Cxd-4*D*c) +3*a*xb~ 2% (—5xB*d~2+8*C*c*d-8*D*c~2) )
xarctanh (b~ (1/2)*(d*xx+c) ~(1/2)/ (~a*xd+b*c)~(1/2)) /b~ (3/2) / (~a*xd+b*c) ~(9/2)+(
a~2%b*Ckd"2+b7 3% (7T*xA*xd~2-4*B*c*d+2*C*xc™2) —a~3*xd~2xD+a*xb~ 2% (-3*B*d~2+4*C*xc*xd
-6%D*c”2)) /b 2/ (—axd+bxc) ~4/ (d*x+c) ~(1/2)-1/4* (b~ 3% (-7*A*d+4*B*c) -a*b~2*x (-3
*B*d+8*C*c) -5*a”~3xd*D+a~2*b* (Cxd+12*D*c) ) * (d*x+c) ~(1/2) /b/ (—a*d+b*c) "4/ (b*x

+a)

Rubi [A] time = 1.21, antiderivative size = 438, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 5, integrand size = 32,

number of rules _ ),156, Rules used = {1621, 897, 1259, 1261, 208}

integrand size

2bCd? + a3 (—dz) D + ab? (—3Bd2 — 62D + 4ch) + b3 (7Ad2 —4Bcd + 2c2c) —3a2bCd® + 3a3d3D + 3ab?

b2+ + dx (be — ad)* 6b°

Antiderivative was successfully verified.
[In] Int[(A + Bxx + C*x"2 + Dxx"3)/((a + b*x) " 3*x(c + d*xx)~(5/2)),x]

[Out] -(3*a*xb™2*xBxd~3 - 3*a~2*b*Cxd”~3 + 3*a~3*d"3*D - b~ 3*(4*c”™2*Cxd — 4*Bxcxd~2

+ T*A*d"3 - 4xc”3%D))/(6%¥b"3*d*(b*c - a*xd) 3*x(c + d*x)~(3/2)) - (A*b~3 - ax
(b~2%B - a*b*C + a~2*D))/(2*xb~3*(b*c - a*d)*(a + b*x) " 2x(c + d*x)~(3/2)) +
(a™2%b*C*d"2 + b7 3% (2*xc™2xC - 4*Bkc*d + 7*A*d"2) - a~3xd" 24D + a*xb”2*(4*xc*C

xd - 3*%B*d"2 - 6%c”2xD))/(b"2*(b*c - a*xd) “4xSqrtlc + d*xx]) - ((b73*(4*B*xc -
7TxAxd) - axb”2x(8xc*C - 3*%Bxd) - 5*a”3*xd+D + a~2xb*x(Cxd + 12%c*D))*Sqrt[c

+ dx*xx])/(4xbx(bxc - a*d) "4*(a + b*x)) - ((b73*%(8*%c™2+%C - 20*Bxc*d + 35%xA*d~

2) + a”3*d"2*D + 3*a~2xb*d* (C*d - 4*c*D) + 3*axb~ 2% (8*c*xCxd - 5xB*d"2 — 8*c
~2%D) ) *ArcTanh [(Sqrt [b]*Sqrt [c + d*x])/Sqrtlb*c - axd]])/(4*b~(3/2)*(b*c -
axd)~(9/2))

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 897

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx))"(n_)*((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int [x"(gq*(m + 1) - 1)*x((exf - dxg)/e + (gxx~q)/e) nx((c*d™2 - bxd*e +

axe”2)/e”2 - ((2xc*xd - bxe)*x"q)/e”2 + (c*xx~(2%q))/e”2)7p, x], x, (d + e*x)
“(1/9], x1] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && NeQ
[b"2 - 4xaxc, 0] && NeQ[c*d™2 - b*d*e + axe”2, 0] && IntegersQ[n, pl] && Fra
ctionQ[m]

Rule 1259

Int[(x_) " (m_)*((d_) + (e_.)*(x_)"2)"(q)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)~
4)~(p_.), x_Symbol] :> Simp[((-d)~(m/2 - 1)*(c*d"2 - bxd*e + a*e”2) p*xxx*(d
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+ exx"2)7(q + 1))/ (2%~ (2xp + m/2)*(q + 1)), x] + Dist[(-d)"(m/2 - 1)/(2%e”
(2xp)*(q + 1)), Int[x"m*(d + exx"2)"(q + 1)*ExpandToSum[Together [(1*(2*(-d)
“(-(m/2) + D*xe”(2xp)*(q + 1)*(a + b*x"2 + c*x74)"p - ((cxd"2 - bxdxe + axe
~2)7p/ (e (m/2)*x"m) ) *x(d + ex(2xq + 3)*x72)))/(d + exx"2)], x], x], x] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[p, 0] && ILtQlq, -1]
&& ILtQ[m/2, 0]

Rule 1261

Int [C(£_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (
c_.)*(x_)74)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(f+*x) m*x(d + e*x~2) q*
(a + b*xx"2 + c*x~4)7p, x], x] /; FreeQ[{a, b, c, d, e, f, m, g}, x] && NeQ[
b2 - 4*axc, 0] && IGtQ[p, 0] && IGtQlq, -2]

Rule 1621

Int[(Px )*((a_.) + (b_.)*(x )) " (m )*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*(a + b*x) " (m + 1)*(c + d*x)"(n + 1))/((m + 1)*(b*c

- axd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x)"(m + 1)*x(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R+x(m + n + 2), x], x], x]] /; Fre
eQl{a, b, c, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],

2]

Rubi steps
_ b3(4Bc-7Ad)-ab?(4cC-3Bd)+3a3dD-a?b(3Cd-4cD) _ 2(bc—ad)(b
263 v
A + Bx + Cx? + Dx® o Ab® —a (sz —abC + ﬂzD) _ J (a+bx)2(c+dx)2
(a + bx)3(c + dx)52 2b3(bc — ad)(a + bx)?(c + dx)3?2 2(bc — ad)

o ad\,. 2cd(be-ad)(bC-aD) 42(b3(4Bc-7Ad)-
—-2c (c—?)D+ 2 -

Subst f L2

Ab® — a (1B - abC + a?D)
T 263(bc — ad)(a + bx)2(c + dx)32

Ab® —a(PB-abC +a®D)  (b*(4Bc —7Ad) - ab?(8cC - 3Bd) — 5a°dD +
T 263%(bc — ad)(a + bx)2(c + dx)32 4b(bc — ad)*(a + bx

Ab® - a(b?B—abC +a?D)  (b*(4Bc - 7Ad) - ab*(8cC - 3Bd) - 5a°dD +
" 263(bc — ad)(a + bx)2(c + dx)32 4b(be — ad)*(a + bx

3ab?Bd3 — 3a2bCd® + 3a343D - b3 (4C2Cd — 4Bcd? + 7ADL - 4c3D) A3 —
- 6b3d(be — ad)3(c + dx)32  2b3(bc —

3ab?Bd3 - 3a2bCd3 + 3a343D - b3 (4c2c:d — 4Bcd? + 7ADL - 4C3D) Ab® —
- 6b3d(be — ad)3(c + dx)32  2b3(bc —

Mathematica [A] time = 2.10, size = 536, normalized size = 1.22

Ve dx (a(a2D - abC + 1?B) - Ap®) 3d (Ab° —a(a?D - abC + 1°B)) (d(a + bx) tanh ™! (%m) e

bc—ad

2b(a + bx)?(bc — ad)? 4b32(a + bx)(bc — ad)/?

Antiderivative was successfully verified.
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[In] Integrate[(A + B*x + Cxx~2 + D*x"3)/((a + b*x)"3*(c + d*x)~(5/2)),x]

[Out] (2%(c™2*%C*xd - Bkc*d™2 + A*d™3 - c73%D))/(3xd*(b*c - a*d) " 3x(c + d*x)~(3/2))
+ (2% (bx(c™2*%C - 2*%Bxc*d + 3%A*d”2) - a*(-2%c*Cxd + B*d™2 + 3*%c”2*D)))/((b
xc — axd) "4*xSqrtlc + d*x]) + ((-(A*b~3) + ax(b~2*B - axb*C + a~2*D))*Sqrt[c
+ d*x])/(2%b*(b*c - axd)~3*(a + b*x)"2) - ((b™3*x(Bxc - 2%A*xd) + a*b~2*(-2x
c*C + Bxd) + 3xa”2*bkxcxD - a”3*d*D)*Sqrtl[c + d*x])/(b*(bxc - axd) 4*x(a + bx
x)) + (d*(b73*(Bxc - 2*A*d) + axb~2%(-2%c*C + B*d) + 3%a~2xbxc*D - a~3*dx*D)
*ArcTanh [ (Sqrt [b]*Sqrt[c + d*x])/Sqrt[b*xc - a*xd]])/(b~(3/2)*(b*c - a*xd)~(9/
2)) - (2*%Sqrt[b]*(b*(c™2*C - 2xBkcxd + 3*xA*d~2) - ax(-2*cxCxd + B*d™2 + 3xc
~2%D) ) *ArcTanh [ (Sqrt [b]*Sqrt[c + d*x])/Sqrt[b*c - a*xd]])/(b*xc - a*xd)~(9/2)
- (3%d*(A*b~3 - ax(b~2*#B - a*bxC + a~2*D))*(-(Sqrt[b]*Sqrt[b*xc - a*xd]*Sqrt[
c + d*x]) + dx(a + b*x)*ArcTanh[(Sqrt[b]*Sqrtlc + d*x])/Sqrt[b*c - a*d]]))/
(4%b~(3/2)*(bxc - a*xd)~(9/2)*(a + bxx))

fricas [B] time = 1.26, size = 3889, normalized size = 8.88

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+Cxx~2+B*x+A)/(b*x+a) "3/ (d*x+c)~(5/2),x, algorithm="fricas"
)

[Out] [1/24*x(3*x(((D*a~3%b~2 + 3*C*a~2*b~3 - 15xBxa*xb~4 + 35xA*xb~5)*d~5 - 4x(3*D*a
“2%b73*%c - (6*Cxaxb~4 - 5xBxb~5)*c)*d"4 - 8% (3*Dxaxb~4*xc”2 - C*b~5*xc”2)*d"3
)*x~4 + (D*a”b*c”2 + (3*Cxa~4xb - 15+%B*a”3*b”2 + 35xA*a~2xb"3)*c”2)*d"3 + 2
*((D*a"4*b + 3*C*xa~3*b~2 - 15%B*a”2*b”~3 + 3b5xA*xaxb~4)*d"5 - (11*D*a”~3*b~2*c
- (27#%C*a”2%b~3 - 35*B*a*xb”4 + 35*A*b~5)*c)*d"4 - 4*(9*D*a”2*xb~3*c”2 - (8%
Cxa*b™4 - 5*Bxb~5)*c”2)*d"3 - 8*(3*D*axb~4*xc~3 - Cxb~5*xc~3)*d"2)*x~3 - 4x(3
*D*a”4*b*c”3 - (6*xC*xa~3*b~2 - 5*B*a”"2*b”"3)*c"3)*d"2 + ((D*a”5 + 3*C*xa~4*b -
15%B*a~3*b~2 + 35%A*a”2*xb"3)*d"5 - 4x(2xD*xa~4xb*c - (9*C*xa~3*b~2 - 20*B*a”
2%b~3 + 35kA*axb~4)*c)*d"4 - (71*%D*a”3*b"2*xc”2 - (107*C*a”2*b~3 - 95*Bkxaxb”
4 + 35%A*b7B)*c"2)*d"3 - 4*x(27*D*a"2%b”"3*xc”3 - (14*Cxaxb”4 - 5*B*b~5)*c”3)*
d"2 - 8*%(3*D*axb~4xc”4 - C*xb~5*xc™4)*d)*x"2 - 8% (3+%D*a"3*b”2*c”"4 - C*xa~2xb~3
*c74)*d + 2x((D*a”~bxc + (3*%C*a~4*b - 15*B*a”~3*b~2 + 35%A*a~2%b~3)*c)*d~4 -
(11%D*a~4*b*c™2 - (27*C*xa~3*b~2 - 35+%B*a”2*b”3 + 35xA*axb~4)*c”2)*d"3 - 4x*(
9*D*a"3*b"2*c”3 — (8*Cxa~2%b~3 - B*Bkaxb"4)*c~3)*d"2 - 8*(3*D*a”"2*xb"3*c"4 -
Cxaxb~4xc™4)*d) *x) *sqrt (b™2xc - axb*d)*log((b*xd*x + 2%bkc - axd - 2xsqrt(b
“2xc - axbxd)*sqrt(dxx + c))/(b*x + a)) - 2%(8*D*a”~2%b~4*c”5 - 8kA*a~4*b~2x
d"5 - 8% (2*B*a~4xb"2 - 11%xA*a”3*b"3)*c*xd"4 - (3*D*a”5*b*c”2 - (55*C*xa”~4*b~2
- B67*B*a”3*b"3 — 41xA*a"2%b"4)*c”2)*d"3 + 3*x((D*a~4*b~2 + 3*C*xa”~3*b"3 - 15
*B*xa"2+%b"4 + 35xA*axb~5)*d"5 - (13*D*a”3*b"3*c — (21*%C*a~2%¥b"4 - 5*B*a*xb”5
- 35%A*b76)*c)*d"4 - 4x(3*%D*xa"2%b"4*c”2 + (4*xCxaxb~5 - 5%Bxb"6)*c”2)*d"3 +
8% (3*%D*a*xb~5%c”™3 - Cxb~6%c”3)*d"2)*x~3 - (91*D*a”~4*b~2*c~3 + (5+%C*a”~3%b~3 -
TT7T*B*a~2*b~4 + 45xAxa*xb~5)*c~3)*d"2 + (8*D*b~6*c”5 - (3*D*a”5*b - 15*xCxa~4
*b~2 + 75*B*a”3*b"3 - 175xA*a"2%b"4)*d"5 - (21*D*a~4xb"2%c - (117*C*a”3*b~3
- 85*B*a”"2*b"4 — 35xA*axb”5)*c)*d"4 - 4*x(48*D*xa~3*%b"3*%c”2 - (Cxa"2*xb"4 + 2
0*B*axb™5 — 35xA*b~6)*c”2)*d"3 + 8% (19*D*a~2*b~4*c~3 - (13*Cxa*xb™5 — 10*Bxb
“6)*c”3)*d"2 + 8% (7xDxaxb~5*xc”4 - 4*C*xb”6*xc”4)*d)*x"2 + 2% (43*%D*a”3*b”"3*c”4
- (25*%C*a”2*b~4 - 3xBxa*xb”5 - 3*A*b~6)*c"4)*d + (16*D*a*xb”5*c”5 - 8*(3*B*xa
“4%b72 - TxA*a”"3*b"3)*d"5 - 2% (3*D*a”b*bxc - (39*C*xa~4xb~2 - 55%B*a”3*b”3 +
91%xA*xa~2xb~4)*c)*d~4 — (123*xD*xa"4*xb~2%c”2 — (71*C*a”3*b~3 - 11xB*a~2%b"4 -
217*A*axb~5)*c"2)*d"3 - (35%D*a”3*b"3*c”3 + (61*Cxa~2%b~4 - 133*B*xa*xb”™5 +
21%A*b76) *c"3) *d"2 + 4*x(37*D*a"2%b"4*xc"4 - (22*%C*xaxb”5 — 3*B*b~6)*c”4)*d) *x
)*sqrt(d*x + ¢))/(a”24b~7*c~7xd - 5*a~3xb~6*xc"6*d"2 + 10%a~4*b"5xc~5%d”3 -
10%a"5*b~4*c”"4*xd"4 + 5%a”6xb~3*%c"3*%d"5 - a"T7*b"2*%c”2*xd"6 + (b"9*c"5%d"3 - 5
*axb”"8xcT4*d"4 + 10*%a"2*b"7*c”3xd"5 - 10*%a"3xb"6xc”2*d"6 + bxa"4xb " hkxcxd”7
- a"bxb"4xd"8)*x"4 + 2% (b~ 9*c"6%d"2 - 4*axb~8*xc"5*xd"3 + 5*xa"2*xb~7*xc"4xd"4 -
5%a~4*b”5%xc"2*%d"6 + 4*a~5*xb"4xc*xd”7 - a“6xb"3*d"8)*x"3 + (bT9*c”7*xd - axb”
8*CcT6*xd"2 - 9*%xa"2xb"T7*c”5*d"3 + 2b*a"3*b"6*xc"4*xd"4 - 25%a"4xb"5*c”3*d”5 + 9
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*a"5xb"4*xc"2%d"6 + a”"6xb"3*xckd”7 - a~T7*b"2*%d"8)*x"2 + 2% (axb"8xc”T7xd - 4x*xa”
2%b"T7*cT6*d"2 + 5*a~3*b"6%c”5+%d"3 - 5*a"bxb"4*xc"3*%d"5 + 4*a”6*b"3*c"2*xd"6 -
a~T7*b"2xckd"7)*x), 1/12%(3%(((D*a~3*%b~2 + 3*C*xa~2%b~3 - 15*%Bxa*xb~4 + 35%A%
b~5)*d"5 - 4% (3+%D*a”2*%b"3*c - (6*Cxaxb~4 - 5+Bxb~5)*c)*d"4 - 8x(3xDxaxb~4*c
"2 - C*b75*c”2)*d"3)*x74 + (D*a"b*c”2 + (3*Cxa~4xb - 15%B*a”3*b”"2 + 35%xAxa”
2%b"3) *c”2)*d"3 + 2x((D*a~4*b + 3*C*xa~3*b"2 — 15xB*xa~2%b~3 + 35xA*axb~4)*d”
5 - (11*D*a”3*b"2xc — (27*C*a~2%b~3 - 35*Bxa*xb~4 + 35%A*xb~5)*c)*d"4 - 4* (9%
D*xa~2*b~3%c”2 - (8*Cxa*xb~™4 — 5*B*b~5)*c™2)*d”"3 - 8*(3xD*axb~4*c”~3 - C*xb~5xc
“3)*%d"2)*x”3 - 4*x(3*D*a~4*b*c”3 - (6*C*a”3*b"2 - 5xBxa”2%b~3)*c”3)*d"2 + ((
D*a”~5 + 3*Cxa~4xb - 15*B*a”3*b~2 + 35xA*a~2%b~3)*d"5 - 4*x(2*xD*xa~4xbxc - (9%
C*a~3*b~2 — 20%B*xa~2%b~3 + 35*kA*a*b”™4)*c)*d~4 - (71*%D*a"3*b~2*c”2 - (107*Cx
a~2%b"3 - 95*Bkxaxb”4 + 35xA*b~5)*c”2)*d"3 - 4*x(27*D*xa"2*%b"3*%c”3 - (14*C*ax*b
~4 - 5%B*b75)*c”3)*%d"2 - 8*(3*Dxaxb"4xc”4 - Cxb~5xc”4)*d)*x"2 - 8*(3xD*a”3x%
b"2*c™4 - Cxa~2%b~3*c”4)*d + 2x((D*a~bxc + (3*%C*a~4*b - 15%B*a”~3*b~2 + 35%A
*a"2%b"3)*c)*d"4 - (11xD*xa~4*b*c”2 - (27*C*xa~3*b~2 - 35%B*a”2*b~3 + 35xAxax
b~4)*c"2)*d"3 - 4% (9*%D*a”3*b"2*c"3 - (8*%C*a~2%b~3 - 5*Bkaxb~4)*xc~3)*d"2 - 8
*x (3xD*a”2%b”"3xc”4 - Ckaxb~4*xc~4)*d)*x)*sqrt(-b~2*c + axbxd)*arctan(sqrt(-b~
2%c + axb*d)*sqrt(d*x + c)/(b*d*x + b*c)) - (8*%D*a~2%b~4*c”™5 - 8*kA*a~4*b~2x
d"5 - 8% (2*B*a~4xb"2 - 11%A*a”3*b~3)*c*xd"4 - (3*D*a~5*b*c”2 - (55*C*xa~4*xb~2
- B67*B*a”3*b~3 - 41xA%a"2%b"4)*c”2)*d"3 + 3*x((D*a~4*b~2 + 3*C*a”~3*b~3 - 15
*B*a”2%b"4 + 35xA*axb~5)*d"5 - (13*D*a”3*b"3*c - (21*%C*a~2%b"4 - 5*xB*xaxb”5
- 35%A*b76)*c)*d"4 — 4x(3*%D*xa"2%b"4*c”2 + (4*Cxaxb~5 - 5+Bxb"6)*c”2)*d"3 +
8% (3*xD*a*b~5*xc~3 - Cxb~6*c~3)*d"2)*x~3 - (91*D*a"4%b~2xc~3 + (5xC*xa~3*b~3 -
T7*B*a~2*b~4 + 45xAxa*xb~5)*c”3)*d"2 + (8*D*xb~6%c~5 - (3*D*a”b*b - 15*xCxa~4
*b~2 + 7H5*B*a”~3*%b~3 - 175%xA*a"2%b"4)*d"5 - (21*D*a~4xb"2%c - (117*C*a”3*b~3
- 85*B*a”2*b"4 - 35xA*axb”5)*c)*d"4 - 4*x(48*D*xa~3*b"3*%c”2 - (C*xa"2xb"4 + 2
0*B*a*xb”™5 — 35xA*b76)*c”2)*d"3 + 8% (19*D*a~2xb~4*c~3 - (13*Ckxa*xb™5 — 10*BxDb
"6)*c”3)*d"2 + 8x(7xDxaxb~5*xc”4 - 4*C*xb"6*xc”4)*d)*x"2 + 2% (43*%D*a”3*b"3*c”4
- (25*%C*a”2*b~4 - 3xBxa*xb”5 - 3*A*b~6)*c"4)*d + (16*D*a*b”b*c”5 - 8*(3*B*xa
“4xb"2 - TkA*a"3*b"3)*d"5 - 2% (3*%D*a”b*bkc - (39*Cxa~4xb~2 - 55%B*a”~3*b~3 +
91*A*a~2*b~4)*xc)*d~4 - (123*%D*a”4*b~2*c™2 — (71xC*a~3%b~3 - 11*B*a~2*xb~4 -
217*A*a*xb~5)*c"2)*d"3 - (35%D*a”3*b"3*c”3 + (61*xCxa~2%b~4 - 133*B*xa*xb”™5 +
21*%A*b76) *c"3)*d"2 + 4x(37*D*a"2%¥b"4*c"4 - (22*xCxaxb~5 - 3*B*b~6)*c”4)*d) *x
)*ksqrt(d*x + c))/(a”2*b~7*c"7*d - b5*a"3*b"6*c”6*d"2 + 10*a”4*xb~5*xc"5*d"3 -
10*a"5%b~4*c"4*d"4 + 5*xa”6*xb"3*%c”3*d"5 - a~7*¥b"2xc"2*d"6 + (b"9*%c”5%d"3 - 5
*a*xb"8xcT4xd"4 + 10*%a”2xb"7*c”3*d"5 - 10*%a"3*b"6*xcT2xd"6 + 5*a”4*xb"5xcxd”7
- a"bxb"4xd"8) *x"4 + 2% (b7 9*c"6%d"2 — 4*axb~8*c”5xd"3 + 5*xa"2xb~7*xc"4*xd"4 -
5%a~4xb"5%xc”2%d"6 + 4*xa~5xb"4xc*xd”7 - a"6xb"3*d"8)*x"3 + (b"9%c”7*xd - axb”
8*cT6*%d"2 — 9*%a"2*xb"T7*c”5xd"3 + 25*%a”"3xb"6xc”4*xd"4 - 25%xa"4*b"5*c”3*%d”"5 + 9
*a"5*b74*cT2%d"6 + a”6%b"3*ckd”7 - a~T7xb"2xd"8)*x"2 + 2% (ax*b”8xc”7*xd - 4*a”
2xD77T*c”6*%d"2 + 5%a”3xb76*%c”5*%d"3 - 5*%a"bxbT4*xc”3*%d"5 + 4*%a"6xb"3*%c”2*%d"6 -
a~T7*b"2*xc*xd”7) *x) ]

giac [A] time = 1.45, size = 767, normalized size = 1.75

(24 Dab?c? — 8 Ch3c? + 12 Da?bed — 24 Cab?cd + 20 Bb3cd — Dadd? — 3 Ca?bd? + 15 Bab?d? - 35 Ab3d2) arcta
4 (boc* - 4abc3d + 6 2b32d? — 4 a3b2cd® + a*bd*) V-b%c + abd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(5/2),x, algorithm="giac")

[Out] -1/4*(24*Dxaxb~2%c”2 - 8*C*b~3*c™2 + 12*xD*a~2%b*c*xd - 24*Ckxaxb™2xcxd + 20%*B
*b~3%c*kd - D*a”3*xd"2 - 3xC*xa”~2xb*d"2 + 15%xBxaxb”2xd"2 - 35*%A*xb~3*d"2)*arcta
n(sqrt(d*x + c)*b/sqrt(-b~2*c + axbxd))/((b"5xc”™4 - 4*axb~4*xc~3*d + 6%a~2*Db
“3%cT2xd"2 - 4%a”3*%b"2xc*d”3 + a"4*bxd"4)*sqrt(-b"2%c + axb*xd)) - 2/3%(Dxbx*

c”4 + 9% (d*x + c)*D*xaxc”2xd - 3x(d*x + c)*Cxb*c™2*d — D*axc~3*d - Cxb*c~3*d

- 6*%(d*x + c)*Cxaxcxd™2 + 6%(d*x + c)*Bxbxcxd™2 + Cka*xc™2+%d"2 + Bxbxc~2xd~

2 + 3*%(d*x + c)*Bxaxd™3 - 9*(d*x + c)*A*b*d"3 — Bxaxc*d”™3 - Axbk*c*d"3 + Axa
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xd~4)/((b~4*c™4*d - 4*axb~3*c”3*d"2 + 6%a”2xb"2xc”2*d"3 - 4*a”3xb*cxd"4 + a
“4xd75)*x(dxx + ¢c)7(3/2)) - 1/4x(12x(d*x + c)~(3/2)*D*a”~2%b"2*c*d - 8*(d*x +
c) " (3/2) #*Cxaxb~3xc*kd + 4*(d*x + c)~(3/2)*Bxb~4*cxd - 12*sqrt(d*x + c)*D*a”
2¥b~2%c"2%d + 8*sqrt(d*x + c)*Ckaxb~3*c”2*xd - 4xsqrt(d*x + c)*Bxb~4xc™2*xd -

(d*x + ¢c)~(3/2)*#D*a~3*b*xd"2 - 3*(d*x + c)~(3/2)*Cxa”2xb~2*d"2 + 7*(d*x + c
)~ (3/2)*Bxa*b~3*%d"2 - 11x(d*x + c)”(3/2)*A*xb~4xd"2 + 11lxsqrt(d*x + c)*D*a”3
*xbxc*d~2 - 3xsqrt(d*x + c)*C*ka~2xb~2*c*d”2 - b*xsqrt(d*x + c)*Bkaxb~3*c*xd”2
+ 13xsqrt (d*x + c)*A*b"4xc*d”2 + sqrt(d*x + c)*D*a”4*d”3 - bksqrt(d*x + c)*
Cxa”~3%bxd~3 + 9*sqrt(d*x + c)*B*a~2*b~2*xd"3 - 13xsqrt(d*x + c)*Axaxb~3*d~3)
/((b76%c™4 - 4xaxb”4xc”3*%d + 6%a”2%xb~3*%c"2*%d"2 - 4*a”3%b"2%cxd"3 + a~4xb*xd”
4)x((d*x + c)*b - b*xc + axd)~2)

maple [B] time = 0.04, size = 1376, normalized size = 3.14

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(b*x+a) "3/ (d*x+c)~(5/2) ,x)

[Out] -2/3*d"2/(a*xd-b*c) 3/ (d*x+c) " (3/2)*A-2/3/ (a*d-b*c) "3/ (d*x+c) " (3/2) *Cxc~2+2/
3/d/ (a*d-bxc) "3/ (d*x+c) "~ (3/2)*D*c~3+35/4*d~2/ (a*xd-b*c) “4*xb~2/ ((a*d-bxc) *b)~
(1/2)*arctan((d*x+c) ~(1/2)/((a*d-b*c)*b) ~(1/2) *b) *A+11/4%d"2/ (axd-b*c) "4/ (b
*d*x+ax*xd) "2* (dxx+c) ~(3/2) *A*xb~3+1/4*d"2/ (axd-b*xc) ~4/ (b*d*x+ax*d) ~2* (d*x+c) ~(
3/2)*a”~3*D+5/4*d~3/ (a*d-b*c) "4/ (b*xd*x+a*xd) ~2* (d*x+c) ~(1/2) *C*a~3+2/ (a*xd-b*c
) "4xb~2/ ((a*d-b*c)*b) " (1/2) *arctan ((d*x+c) ~(1/2) / ((a*xd-b*c)*b) ~(1/2) *b) *C*c
~2-4%d/ (a*xd-b*xc) "4/ (d*x+c) " (1/2) *B*b*c+4x*xd/ (axd-b*c) ~4/ (d*x+c) " (1/2) *Cxa*xc+
3/4%d”2/ (a*xd-bxc) ~4/ ((a*d-b*c) *b) ~(1/2) *arctan ((d*x+c) ~(1/2) / ((a*d-b*c)*b) ~
(1/2)*b) *a~2*C-2*d~2/ (axd-b*xc) ~4/ (d*x+c) " (1/2) *Bxa+2/3*d/ (a*d-b*c) "3/ (d*x+c
)~ (3/2) #*Bxc+6*d"2/ (axd-b*xc) ~4/ (d*x+c) ~(1/2) *A*b+2/ (axd-b*c) ~4/ (d*x+c) ~(1/2)
*c"2%b*C-6/ (axd-b*xc) ~4/ (d*x+c) " (1/2) *axc~2xD+2*d/ (a*d-b*c) "4/ (bxd*x+a*xd) ~2*
(d*x+c) " (3/2) *Cxaxb~2*xc-3*d/ (a*d-b*c) "4/ (bxd*x+a*xd) ~2* (d¥x+c) ~(3/2) *D*a”2*b
*c+3*d/ (a*xd-b*xc) 4/ (bxdxx+a*xd) ~2*b* (d*x+c) ~(1/2) *a~2%c~2+%D+5/4*d~2/ (axd-b*c
) "4/ (b*d*x+ax*d) ~2*xb~2*x (dxx+c) ~(1/2) *B*a*c+3/4*xd~2/ (axd-bxc) ~4/ (b*xd*x+ax*xd) "2
*b* (d*x+c) " (1/2) *Cxa~2xc-2*d/ (a*d-b*c) "4/ (bxd*x+axd) ~2+¥b~2* (d*x+c) ~ (1/2) xax
c"2*%C+6%*d/ (axd-b*xc) ~4xb/ ((a*d-b*xc) *b) ~(1/2) *arctan((d*x+c) ~(1/2)/((a*xd-b*c)
*b) " (1/2) *b) *C*ra*xc+13/4*d~3/ (a*d-b*c) "4/ (bxd*x+a*xd) ~2+¥b~2* (d*x+c) ~(1/2) *A*a
-13/4*d"2/ (a*d-b*c) ~4/ (bxd*x+a*xd) ~2*xb~3* (d*x+c) ~(1/2) *A*xc-9/4*d~3/ (a*xd-b*c)
~4/ (bxd*xx+a*xd) ~2xb* (d*x+c) ~(1/2) *B*a~2-6/ (a*d-b*c) “4*xb/ ((a*d-b*c)*b) ~(1/2) *
arctan((d*x+c) ~(1/2)/((axd-b*xc)*b) ~(1/2) *b) *D*xaxc~2+d/ (a*d-b*xc) ~4/ (bxd*x+ax*
d) "2*xb~ 3% (d*x+c) ~(1/2) *c~2*%B-1/4*d"3/ (a*xd-b*c) ~4/ (b*d*x+ax*xd) ~2/b* (d*x+c) ~ (1
/2)*D*a”4-11/4*d"2/ (axd-b*c) "4/ (b*d*x+a*xd) ~2* (d*xx+c) ~(1/2) #*D*a"3*xc+1/4*xd"2/
(axd-b*c) ~4/b/ ((a*xd-b*xc)*b) "~ (1/2) *arctan ((d*x+c) ~(1/2)/((a*d-b*c)*b) ~(1/2) *
b)*a~3*D-3*d/ (a*xd-b*c) "4/ ((axd-b*xc)*b) ~(1/2) *arctan ((d*x+c) " (1/2)/((a*d-b*c
)*b) " (1/2) #b) *D*a”2*xc-5*d/ (axd-b*c) “4*b~2/ ((a*d-b*c)*b) ~(1/2) *arctan ((d*x+c
)~ (1/2)/((a*d-b*c)*b) " (1/2) *b) *B*xc-15/4*d"2/ (axd-b*c) “4xb/ ((a*d-b*c) *b) ~(1/
2)*arctan((d*xx+c) " (1/2)/((a*d-b*c) *b) ~(1/2) *b) *Bxa-7/4+*d"2/ (a*d-b*c) "4/ (b*d
*x+ax*xd) "2* (dxx+c) " (3/2) *Bxaxb~2-d/ (a*d-b*xc) "4/ (bxd*x+a*xd) ~2* (d*x+c) ~(3/2) *B
*b~3*c+3/4*d"2/ (axd-b*xc) “4/ (b*xd*x+a*d) ~2* (d*x+c) ~(3/2) *a~2*b*C

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+Cxx~2+B*x+A)/(b*x+a) "3/ (d*x+c)~(5/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h
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elp (example of legal syntax is 'assume(a*d-b*c>0)', see “assume?” for more
details)Is a*d-b*c positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fA+Bx+Cx2+x3D
(a+bx)°(c+dx)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx + Cxx"2 + x~3%D)/((a + b*x)"3*x(c + d*xx)~(5/2)),x)
[Out] int((A + B*x + Cxx~2 + x~3%D)/((a + b*x) 3*(c + d*x)~(5/2)), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x**3+Ckx**2+B*xx+A)/ (b*x+a)**3/ (d*x+c)**(5/2) ,%)

[Out] Timed out
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3.25 f(a +bx)3(c +dx)" (A + Bx + Cx? + Dx3) dx

Optimal. Leaf size=455

(be - ad)(c + dx)"*® (a2d?(Cd - 3cD) — abd (-3Bd? - 15¢2D + 8¢Cd) + b? (3Ad® - 6Bcd? — 15¢D + 10c2C
- d7(n + 3)

[Out] -(-a*xd+b*xc) ~3*(A*d~3-B*c*d~2+C*xc~2*d-D*c”~3) * (d*x+c) ~(1+n)/d"7/(1+n) - (-axd+b
*¢) "2% (axdx (-Bxd~2+2*Cxcxd-3*D*c™2) —b* (3*kA*d~3-4*Bxc*xd~2+5%C*c~2*%d-6*D*c”3)
Y*x(d*x+c) " (2+4n) /A" 7/ (2+n) - (—a*xd+b*c) * (a”~2*d"2* (Cxd—3*D*c) —a*xb*d* (-3*B*xd~2+8
*Ckc*d-15%D*c”2) +b ™ 2% (3*xA*d~3-6*Bkc*d~2+10*Cxc~2xd-15*D*c~3) ) * (d*x+c) ~ (3+n)
/A77/(3+n)+(a”~3*d"3*D+3*a”2%b*d~2* (Ckd—4*D*c) —3*xaxb~2*d* (-B*d~2+4*Cxcxd—-10x%
D*c™2)+b~ 3% (A*d~3-4*B*c*d~2+10*Cxc~2xd-20%D*c~3) ) * (d*x+c) ~(4+n) /d~7/(4+n)+b

* (3*%a~2*xd"2*D+3*axbxd* (Cxd-5+D*c) -b~ 2% (-B*xd~2+5*xCxc*d-15+%D*c~2) ) * (d*x+c) ~ (5

+n) /4" 7/ (5+n) +b~ 2% (C¥b*d+3*D*a*xd-6*xDxb*xc) * (d*x+c) ~ (6+n) /d"7/ (6+n) +b~3*xD* (d*

x+c) " (7+n) /d~7/(7+n)

Rubi [A] time = 0.34, antiderivative size = 455, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 30,
number of rules _ ), 033, Rules used = {1620}

integrand size
(be - ad)(c + dx)"™*® (a2d?(Cd - 3cD) — abd (-3Bd? - 15¢2D + 8¢Cd) + b? (3Ad® - 6Bed? +10c2Cd - 15¢°1
- d7(n + 3)

Antiderivative was successfully verified.
[In] Int[(a + b*x) 3*(c + d*x) n*x(A + Bxx + C*x~2 + D*x"3),x]

[Out] -(((b*c - a*xd) 3*(c™2*%C*d - Bxc*d"2 + A*d"3 - ¢c”3*D)*(c + d*x)~(1 + n))/(d"
7*(1 + n))) - ((bxc - axd) " 2*x(a*d*(2xc*Cxd - B*d~2 - 3*c~2*D) - b*(5xc”2*xCx
d - 4%Bxc*d"2 + 3*%A*d"3 - 6%c”3*D))*(c + d*x)~(2 + n))/(@ 7*x(2 + n)) - ((b*
c - a*d)*(a”2*d"2*x(Cxd - 3*cxD) - axb*d*(8*c*Cxd — 3*Bxd~2 - 15%c”2*D) + b~
2% (10*%c™2*%C*kd — 6*Bxcxd™2 + 3*%A*d"3 - 15%c”3*D))*(c + d*x)~(3 + n))/(d"7*(3
+ 1n)) + ((a”3*xd"3*D + 3*a~2%b*d"2*%(Ckxd — 4*c*xD) — 3*axb~2*d*(4d*xcxCxd — Bxd
"2 - 10%c”2*D) + b~3*(10*c"2%C*d - 4*Bxcxd"2 + A*d~3 - 20%c”3%D))*(c + d*x)
~(4 + n))/(d"7%(4 + n)) + (bx(3%a~2%d~2*D + 3*axbxd*(Ckd - 5%c*xD) - b~ 2% (5%
cxCxd - B*d™2 - 16*%c™2*D))*(c + d*x)~(5 + n))/(d"7x(5 + n)) + (b~2x(b*Cxd -
6*xb*c*D + 3*xaxd*D)*(c + d*x)~(6 + n))/(A"7x(6 + n)) + (b~3*D*(c + d*xx)~(7
+ 1n))/(d77*(7 + n))

Rule 1620

Int[(Px_ )*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(xx_))"(n_.), x_Symbol]

:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon [Px, x], 2]

Rubi steps

(—=bc + ad)® (csz — Bed? + Ad® - C3D) (c+dx)" (b

i T

(be - ad)® (c2Cd - Bed? + Ad® - D) (c + dx)*" (be -
- d7(1 + n) -

f(ﬂ +bx)>(c + dx)" (A + Bx + Cx? + Dx%) dx = f[

Mathematica [A] time = 0.68, size = 418, normalized size = 0.92

(c+dx)?(be—ad)(a?d2 (3cD~Cd)+abd(~3Bd?~15¢2D+8cCd ) +b?(~3 Ad® +6Bcd?+15c3D-10c2Cd)) b(c+dx)*(3a2d2D+3abd(Ca
+

n+l
(c +dx) —
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Antiderivative was successfully verified.

[In] Integrate[(a + b*x) 3%(c + d*x) n*x(A + Bxx + C*x"2 + D*x73),x]

[Out] ((c + d*x)~(1 + n)*(((b*c - axd) " 3*x(-(c"2%C*d) + B*c*d™2 - A*d~3 + c~3%D))/
(1 + n) - ((bxc - axd) " 2x(-(a*xd*(-2*c*C*xd + B*d~2 + 3*%c~2%D)) + b*(-5*xc”~2*C

*d + 4*Bkxckd"2 - 3*%A*d"3 + 6%c”3*D))*(c + d*x))/(2 + n) + ((b*c - a*xd)*(a”2
*d"2% (- (C*xd) + 3*c*xD) + axb*d*(8*c*Cxd - 3*Bxd~2 - 15%c™2%D) + b~ 2*x(-10*c~2

*C*xd + 6*Bxc*d™2 - 3xA*d”~3 + 15*%c”3*D))*(c + d*x)"2)/(3 + n) + ((a~3*d"3x*D

+ 3*a”"2xbxd"2*x (Cxd - 4*c*D) + 3*axb~2xd*x(-4xc*xC+d + B*d~™2 + 10*c”™2*D) + b~3
*(10*%c™2*%C*kd — 4*Bxcxd™2 + A*d"3 - 20*%c”3*D))*(c + d*x)"3)/(4 + n) + (b*x(3%
a~2+%d"2+D + 3*axbxd*x(Cxd — 5%c*D) + b~ 2x(-5*xc*xCxd + Bxd~2 + 15%c™2*D))*(c +
d*x)~4)/(5 + n) + (b™2x(b*C*d - 6*xbxc*D + 3*xaxd*D)*(c + d*x)~5)/(6 + n) +
(b~3*%D*(c + d*x)~6)/(7 + n)))/d”7

fricas [B] time = 1.07, size = 4115, normalized size = 9.04

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 3% (d*x+c) "n*(D*x~3+Cxx~2+B*x+A) ,x, algorithm="fricas")

[Out] (A*a~3*c*d™6*n~6 + 720*Dxb~3*c~7 + 5040*%A*a~3*c*xd”6 + 1680*(C*xa~3 + 3*B*a~2
*b + 3*kA*axb”2)*c"3xd"4 - 2520%(B*a”3 + 3xA*a~2xb)*c”2+%d"5 + (D*b~3*d"7*n"6
+ 21%xDxb"3*%d"7*n"5 + 175%xD*xb~3*%d"7*n"4 + 735xDxb~3*%d"7*n"3 + 1624*D*b~3*xd”
7*n"2 + 1764*D*b~3*%d"7+#n + 720*D*b~3*d"7)*x~7 + (840*(3*D*a*xb”™2 + Cxb~3)*d~
7 + (D*b"3*c*xd"6 + (3*%D*xa*b”2 + Cxb~3)*d"7)*n"6 + (15*%D*b"3*c*xd"6 + 22*(3*D
*axb"2 + C*b~3)*d"7)*n"5 + 5x(17*D*b~3*xc*xd”6 + 38*(3*D*a*b”2 + Cxb~3)*d~7)x*
n~4 + 5x(45xD*b~3*c*d”6 + 164*x(3*D*xaxb”2 + C*b~3)*d"7)*n"3 + (274*D*b~3*c*d
"6 + 1849*%(3*D*axb”2 + Cxb~3)*d"7)*n"2 + 2% (60*D*b~3*xc*d”6 + 1019*(3*D*xa*xb”
2 + Cxb73)*d"7)*n)*x"6 + (27*A*a"3*c*d"6 - (B*xa~3 + 3*A*a~2*b)*c"2*d"5)*n"5
+ (1008*(3*D*a”~2xb + 3*C*a*xb™2 + B*b~3)*d~7 + ((3*%D*a"2%b + 3*C*xa*xb™2 + Bx
b~3)*d"7 + (3*Dxa*b”2xc + Cxb~3*c)*d"6)*n"6 - (6%D*b~3%c~2*xd~5 - 23*(3*D*a”
2xb + 3*%Cxa*xb™2 + B*xb~3)*d~7 - 17*(3*D*a*xb”2*c + C*xb~3*c)*d~6)*n"5 - 3*(20%
D*b~3*c"2*%d"5 - 69*(3*D*a”2*b + 3*Cxaxb~2 + B*b~3)*d”7 - 35%(3*D*xaxb~2xc +
Cxb~3*c)*d"6)*n"4 - 5% (42+«D*b"3*c”"2*d"5 — 185*(3*%D*a~2%b + 3*C*xaxb™2 + Bxb~
3)*d"7 - 59*(3*Dxaxb~2%c + C*b~3*c)*d"6)*n"3 — 2% (150*%D*b"3*c”"2xd"5 - 1072%
(3*D*a”2%b + 3*Ckxa*b™2 + Bxb~3)*d~7 - 187*(3*D*xa*xb~2*c + C*b~3*c)*d”6)*n"2
- 12%(12*#D*b~3*%c™2*xd"5 - 201*(3*D*a”2*b + 3*Cxaxb~2 + B*b~3)*d”7 - 14*(3*Dx
a*xb”2*c + Cxb~3*c)*d"6)*n)*x"5 + (295*%A*a”3*cxd"6 + 2% (C*xa~3 + 3*Bxa~2*b +
3kA*axb"2)*c"3*xd"4 - 25%(B*a”3 + 3kA*a"2xb)*xc”2*%d"5)*n"4 + (1260*x(D*a~3 + 3
*C*a~2%b + 3*Bxaxb™2 + A*b~3)*d"7 + ((D*a”"3 + 3*Cxa~2xb + 3*B*a*b”™2 + A*b~3
)*d~7 + (3*%D*a”2*b*xc + (3*Cxaxb~2 + B*b~3)*c)*d"6)*n"6 + (24*(D*a”3 + 3*Cx*a
“2%b + 3*Bkxaxb”2 + A*xb~3)*d"7 + 19*%(3*D*a”2xbxc + (3*%Cka*b”2 + Bxb~3)*c)*d”
6 - 5*(3*D*axb™2*c”2 + Cxb~3%c”2)*d"5)*n"5 + (30*D*b~3*c~3%d"4 + 226*(D*a”3
+ 3*C*a”2*%b + 3*Bxaxb”2 + A*xb~3)*d”7 + 131x(3xD*a”2xb*c + (3*Cxaxb~2 + B*Db
~3)*c)*d"6 - 65%(3*D*xaxb"2*%c”2 + C*xb~3*c”2)*d"5)*n"4 + (180*D*b~3*c”"3*d"4 +
1056*% (D*a~3 + 3*%C*a~2%b + 3*B*xa*xb™2 + A*b~3)*d~7 + 401*(3*D*a”2*xbxc + (3*C
*a*xb”2 + B*b~3)*c)*d"6 - 265%(3*%D*a*b”2*c”2 + Cxb~3xc"2)*d"5)*n"3 + 5x(66*D
*b~3*%c”"3*d"4 + 509*(D*a~3 + 3*%C*a”2*b + 3*Bxaxb~2 + A*b~3)*d”7 + 108*(3*D*a
“2%b*xc + (3*Cxaxb”2 + Bxb~3)*c)*d”"6 - 83*%(3*D*xaxb~2xc”2 + C*b~3*c”2)*d”~5)*n
2 + 6%(30*D*b"3*c"3*xd"4 + 492+ (D*a”3 + 3*C*xa~2xb + 3*Bxaxb”2 + A*xb~3)*d"7
+ 42*%(3*D*a”~2xbxc + (3*%Cka*xb™2 + B*b"3)*c)*d"6 - 35+ (3*D*a*b”2*c”2 + Cxb~ 3%
c”2)*d"5)*n)*x"4 - 1260*(D*a~3*c~4 + (3xC*a”2xb + 3*Bxaxb™2 + A*xb~3)*c™4)*d
~3 + (1665*%A*a”3*xcxd"6 + 44%(C*a~3 + 3*Bxa~2%b + 3xAxaxb~2)*c”~3*d"4 - 245x%(
B*a~3 + 3xA*xa”2%b)*c”2*d"5 - 6x(D*a~3xc”4 + (3*C*a”2*b + 3*Bxaxb~2 + Axb~3)
*c74)*d73)*n"3 + (1680*(C*a~3 + 3*B*a~2*%b + 3*xA*xaxb~2)*d"7 + ((C*xa~3 + 3*Bx
a~2xb + 3*kA*xaxb"2)*d"7 + (D*a~3*c + (3*C*kxa"2*b + 3*Bxaxb~2 + A*b~3)*c)*d”6)
*n"6 + (26%(C*a”~3 + 3*xBxa~2%b + 3*A*a*xb”2)*d”7 + 21x(D*xa~3*c + (3*Cxa”~2*b +
3*B*a*xb”™2 + A*b~3)*c)*d"6 - 4*(3*D*ka”2xbxc”2 + (3*%Cxa*xb”2 + B*b~3)*c"2)*d”
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5)*n"5 + (247*(C*xa”~3 + 3*%B*a~2%b + 3*xA*axb~2)*d~7 + 163*(D*a"3*c + (3*C*xa~2
*b + 3*B*axb”2 + A*b~3)*c)*d"6 - 64*(3*D*xa"2xbxc”2 + (3*%Cxa*b”2 + B*b~3)*c”
2)*d"5 + 20*%(3*D*axb~2xc~3 + C*b~3*c”3)*d"4)*n"4 - (120%D*b~3*c”4*d"3 - 121
9% (C*a~3 + 3*B*xa~2*b + 3xA*xa*xb~2)*d”7 - 567*x(D*a”~3*c + (3*%C*a~2%b + 3*Bxaxb
"2 + A*b73)*c)*d"6 + 332% (3*%D*xa”2*b*c”2 + (3*Cxaxb”2 + B*b~3)*c”2)*d”5 - 20
0* (3*D*a*xb™2*c~3 + C*b~3*%c~3)*d"4)*n"3 — 4*x(90*D*b~3*c"4*d"3 - 778*(Cxa~3 +
3*%B*a”~2*b + 3*xA*xaxb~2)*d"7 - 211k (D*a”"3*c + (3*%C*a~2%b + 3*Bxa*xb™2 + A*xb~3
)*c)*d"6 + 152%(3*Dxa”2*xbxc”2 + (3*C*xaxb™2 + B*b~3)*c”2)*d”5 - 115%(3*D*ax*b
“2%c”3 + C*b73*%c”3)*d"4)*n"2 - 4% (60*D*b”"3*c"4*d"3 - 949%(C*a~3 + 3*B*xa~2x*b
+ 3*kA*axb"2)*d"7 - 105%(D*a”3*c + (3*Cxa~2xb + 3*B*a*xb™2 + A*xb~3)*c)*d"6 +
84* (3*D*a”2xbxc”2 + (3*%C*a*b™2 + B*b~3)*c"2)*d~5 - 70*(3*D*xaxb™2*xc~3 + Cxb
~3%c”3)*d"4) *n) *x~3 + 1008* (3*¥D*a”2*b*c”5 + (3*Cxaxb~2 + B*xb~3)*c”5)*d"2 +
(5104*xA*a~3*c*xd”™6 + 358*(Cxa~3 + 3*B*a~2%b + 3*A*a*xb~2)*c"3%d"4 - 1175*(B*a
3 + 3*%A*a”2*xb)*c"2xd"5 - 108+ (D*a”3*c”4 + (3*Cxa~2%b + 3*B*a*b”2 + A*xb~3)x
c"4)*d"3 + 24*(3*D*a”2xbxc”5 + (3*%Cxa*b™2 + B*b~3)*c"5)*d"2)*n"2 + (2520*%(B
*a”3 + 3*kA*a”"2xb)*d"7 + ((C*a~3 + 3*B*a~2*b + 3xAxaxb~2)*c*d"6 + (Bxa"3 + 3
*A*a"2%b) *d"7)*n"6 + (23*%(C*a~3 + 3*B*a"2*b + 3*xAxaxb~2)*c*d"6 + 26*(B*a”3
+ 3kA*a"2*b)*d"7 - 3*%(D*a"3*c”2 + (3*Cxa~2xb + 3*Bxaxb”2 + A*xb"3)*c"2)*d"5)
*n~5 + 3*%(67x(C*xa”~3 + 3xBxa~2%b + 3*A*a*xb”™2)*cxd~6 + 90*(B*a~3 + 3*A*a”2x*b)
*d77 - 19%(D*a”3*c”2 + (3*%C*a~2%b + 3*Bxa*b™2 + Axb~3)*c”2)*d"5 + 4*x(3*D*xa”
2%b*c”3 + (3*Cxa*xb™2 + B*b~3)*c~3)*d"4)*n"4 + (817x(C*a~3 + 3*B*a~2*b + 3*A
*axb”2)kckd"6 + 1420*(B*a~3 + 3*A*a”2*b)*d”7 - 375x(D*xa”3*c”2 + (3*C*xa”2*b
+ 3*%B*axb”2 + A*b"3)*c"2)*d"5 + 168*(3xD*a~2xb*c~3 + (3*C*xaxb”2 + B*b~3)*c”
3)*d"~4 - 60%(3*D¥axb”2%c”4 + Cxb~3*c”4)*d"3)*n"3 + (360*D*b~3*c~5xd"~2 + 147
8*%(C*a~3 + 3*Bxa~2xb + 3*xA*xa*b”2)*c*xd™6 + 3929%(B*a~3 + 3*A*a~2*b)*d~7 - 95
1x(D*xa~3*%c”2 + (3*C*a”2*b + 3*Bxa*xb~2 + A*b~3)*c”2)*d"5 + 660*(3*xDxa~2*b*c”
3 + (3*C*xa*xb”2 + B*b~3)*c"3)*d"4 - 480*(3*xD*xaxb~2%c”4 + C*xb~3*c”"4)*d"3)*n"2
+ 6% (60*D*b"3*xc"5*xd"2 + 140%(C*a”3 + 3*Bxa~2xb + 3*xA*xa*xb”2)*c*xd"6 + 879*(B
*¥a”3 + 3*kA*a"2*b)*d”7 - 105%(D*a~3*c”2 + (3x%C*a”2xb + 3*B*axb™2 + A*xb~3)*c”
2)*d"5 + 84x*(3*D*xa~2xbxc”3 + (3*C*ax*b”™2 + B*b~3)*c~3)*d"4 - 70*(3*D*xaxb~2*c
4 + Cxb"3*c”4)*d"3)*n)*x"2 - 840*(3*D*axb"2*c"6 + Cxb~3*c”6)*d + 2*x(4014x*A
*a"3*%c*d”6 + 638*x(C*xa~3 + 3*%B*xa~2%b + 3*kA*axb"2)*c"3*%d"4 - 1377*(B*a”~3 + 3%
A*a~2xb)*c"2%d"5 - 321*%(D*a”"3*c”4 + (3*%C*xa~2%b + 3*B*xaxb™2 + A*b~3)*c”4)*4d"
3 + 156*%(3*D*xa~2xbxc”5 + (3*C*a*b”™2 + B*b~3)*c~5)*d"2 - 60*(3*Dxaxb™2*xc~6 +
Cxb~3*c”6)*d)*n + (5040*%A*a~3*d~7 + (A*xa~3xd”7 + (B*a~3 + 3*%A*a~2%b)*c*d”6
)*n"6 + (27*A*a”3*d”7 - 2*x(Cxa~3 + 3*%B*a~2*b + 3*xAxaxb~2)*xc”2*%d"5 + 25*(B*a
3 + 3*%A*a”2*b)*cxd"6)*n"5 + (295%A*a”3*d”"7 - 44x(Cxa~3 + 3*B*a”"2*b + 3xAxa
*b72) *c”2%d"5 + 245%(B*xa~3 + 3*A*a”2*b)*c*xd"6 + 6x(D*xa”3*%c”3 + (3*Ckxa"2*b +
3*Bxa*xb~2 + A*b~3)*c”3)*d"4)*n"4 + (1665*xA*xa~3*d~7 - 358%(C*xa~3 + 3*Bxa~2x*
b + 3%xA*xaxb~2)*c”2+%d"5 + 1175%(B*a”~3 + 3xA*a~2%b)*c*d”6 + 108*(D*a~3*c~3 +
(3*%C*a~2%b + 3*B*xaxb™2 + A*xb~3)*c”3)*d"4 - 24*x(3*xD*a~2xb*c”4 + (3*C*xaxb”™2 +
B*b~3)*c"4)*d"3)*n"3 + 2*%(2552*A*a~3*d"7 - 638*%(C*a”3 + 3*Bxa~2xb + 3*xAxax
b"2)*xc"2xd"5 + 1377*(B*a”~3 + 3xA*xa~2xb)*c*d"6 + 321*(D*a”~3*c”3 + (3*%C*xa~2*b
+ 3*B*xaxb”2 + A*b~3)*c"3)*d"4 - 156*%(3*xD*xa"2xbxc”4 + (3*C*a*b”™2 + B*xb~3)*c
“4)*d"3 + 60*%(3*D*xaxb”2xc”5 + C*xb~3*c”5)*d"2)*n"2 - 12%(60*D*b~3*c"6xd - 66
9%A*xa~3*d”7 + 140*(Cxa~3 + 3*B*a~2*b + 3*xAxaxb~2)*c”2%d"5 - 210*(B*a~3 + 3%
A*a~2xb)*cxd”6 - 105%(D*a”3*c”™3 + (3*Cxa~2%b + 3*B*a*xb™2 + A*b~3)*c~3)*d"4
+ 84*(3*D*a”~2xbxc~4 + (3*%C*a*b”™2 + B*b~3)*c"4)*d~3 - 70*(3*D*axb™2*c”5 + Cx
b~3*c75)*d"2)*n) *x) *(d*x + ¢c)"n/(d"7*n"7 + 28+%d"7*n"6 + 322*xd"7*n"5 + 1960%
d"7*n"4 + 6769*d"7+*n"3 + 13132%d"7*n"2 + 13068*d"7*n + 5040%d~7)

giac [B] time = 1.86, size = 9032, normalized size = 19.85

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~3*(d*x+c) “n*(D*x~3+C*x~2+B*x+A) ,x, algorithm="giac")

[Out] ((d*x + c) " n*D*xb~3*%d"7*n"6*x"7 + (d*x + c) " n*D*b " 3*c*xd " 6*n"6*xx"6 + 3*x(d*x +
c) "n*D*xa*xb~2xd"7*n"6*x"6 + (d*x + c) n*xCxb~3*d"T7*n"6xx"6 + 21*%(d*x + c) nx*
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D*b~3*d"7*n"5%x"7 + 3*%(d*x + c) n*Dxaxb”2*xc*d"6*n"6*x"5 + (d*x + c) n*Cxb~3
*cxd"6*n"6*x"5 + 3x(d*x + c) n*¥D*a”2*b*d"7*n"6*x"5 + 3% (d*x + c) nkCkxaxb~2x*
d"7*n"6*x"5 + (d*x + c) n*Bxb~3*d"7*n"6*x"5 + 15%(d*x + c) n*D*b~3*cxd~6*n~
5%¥x76 + 66*(d*x + c) nxDxaxb”2+%d"7*n"5*x"6 + 22*x(d*x + c) n*Cxb~3*d”7*n"5*x
"6 + 175%(d*x + c) " n*Dxb~3*%d"T7*n"4*x”7 + 3x(d*x + c) n*D*a”2*b*cxd"6*xn"6xx"
4 + 3x(d*x + c) n*C*a*xb”™2*c*xd"6*n"6*x"4 + (d*x + c) n*Bxb"3*xcxd"6*n"6*%x"4 +
(d*x + ¢) "n*D*a”3*d"7*n"6*x"4 + 3*x(d*x + c) n*kC*xa"2*b*xd~7*n"6xx"4 + 3*(d*x
+ ¢) "n*Bxaxb”2xd"7*n"6*xx"4 + (d*x + c) nxAxb"3*d"7*n"6*xx"4 - 6x(d*x + c)"n
*D*b”3*%c”2xd"5*n"5*x"5 + 51%(d*x + c) n*Dxaxb"2xcxd"6*n"5*x"5 + 17x(d*x + ¢
) "nxC*b~3*%c*d"6*n"5*x”5 + 69x(d*x + c) “n*D*a”2xbxd~7*n"5xx"5 + 69*%(d*x + c)
“n*C*a*xb”"2xd"7*n"5*x"5 + 23*%(d*x + c) n*Bxb~3*d"7*n"5%x"5 + 85%(d*x + c) nx
D*b~3*c*xd~6*n"4*x"6 + 570*%(d*x + c) n*Dxaxb~2+%d"7*n"4*x"6 + 190*(d*x + c)"n
*Cxb~3*%d"7*n"4*x"6 + 735x(d*x + c) nxD*xb”3*xd"7*n"3%x"7 + (d*x + c) nxD*a”3x%
cxd"6*n"6*x"3 + 3k (d*x + c) nxCxa~2%b*c*d”"6*n"6*x"3 + 3x(d*x + c) n*B*axb”2
*c*d76*n"6*x"3 + (d*x + c) n¥A*¥b " 3*ckd"6*n"6*x"3 + (d*x + c) n*kC*xa~3*xd"7*n"
6*%x~3 + 3*k(d*x + c) " n*Bxa”2%b*d"7*n"6*x"3 + 3*x(d*x + c) n¥A*axb”2*xd”7*n"6*x
3 - 15k (d*x + c) " n*D*xaxb”2*%c”2*d"5*n"5*x"4 — 5x(d*x + c) n*C*b~3*c”2*d"5*n
“B*xx74 + 57x(d*x + c) nxD¥xa”2xb¥xc*d"6*n"5*x"4 + 57+ (d*x + c) nxCkaxb~2*c*xd”
6*n~5*x"4 + 19%(d*x + c) n*B*b~3*c*d"6*n"5*xx"4 + 24x(d*x + c) n*D*a”3*d”7*n
“B*xx74 4+ 72x(d*x + ) nxC*a"2%b*d”7*n"5*x"4 + 72x(d*x + c) n*Bxaxb~2xd~7*xn”
5%¥x74 + 24*x(d*x + c) " nxAxb~3*%d"7*n"5*x"4 - 60*x(d*x + c) n*D*¥b~3*c”2*xd"5*n"4
*x75 + 315%(d*x + c) nxD¥xa*xb”2*c*d"6*n"4*x"5 + 105%(d*x + c) nkCxb~3*xcxd"6*
n"4*xx"5 + 621%(d*x + c) n*D*a"2xbxd"7*n"4*x"5 + 621*(d*x + c) nxCxaxb~2*d"7
*n"4%x"5 + 207*(d*x + ¢) n*B*¥b”"3*d"7*n"4*xx"5 + 225%(d*x + c) “n*D*b”3*cxd"6x
n~3*x76 + 2460% (d*x + c) nkD*xaxb~2xd"7*n"3%x"6 + 820*(d*x + c) n*xCxb~3*%d"T7*
n"3*x76 + 1624*(d*x + c) n*D*b"3*d"7*n"2xx"7 + (d*x + c) n*C*xa~3xcxd"6*n"6*
x72 + 3*x(d*x + c) n*B*a " 2*b*c*xd"6*n"6xx"2 + 3*%(d*x + c) nxAxaxb~2xc*d"6*n"6
*x72 + (d*x + ¢)"n*B*xa”3*%d"7*n"6*x"2 + 3k (d*x + c) nxA*a"2*b*d"7*n"6*x"2 -
12% (d*x + c) “nxD*a”2xb*c”™2*xd"5*n"5%x"3 — 12*%(d*x + c) n*C*xaxb~2*c~2*d"5*n"5
*x73 - 4*x(d*x + ) n*Bxb~3%c”2*%d"5*n"5*x"3 + 21x(d*x + c) n*D*a”3*c*xd~6*n"5
*x73 + 63*%(d*x + c) n*xCxa~2%b*c*d”"6*n"5*x"3 + 63*x(d*x + c) n*B*axb~2xcxd"6*
n"5*x"3 + 21*x(d*x + ¢) nkA*xb"3*cxd"6*n"5*xx"3 + 25*%(d*x + c) " n*Cxa~3*d~7*n"5
*x73 + 75x(d*x + c) " n*xBxa”2*b*d"7*n"5*x"3 + 75x(d*x + c) n*xA*xaxb"2*xd"7*xn" 5%
x~3 + 30*x(d*x + c) " n*D¥b”3*c"3*d"4xn"4*x"4 - 195%(d*x + c) “n¥D*axb"2*c”2xd”
5¥xn"4*x"4 - 65x(d*x + c) nxCxb"3*c"2%d"5*n"4*x"4 + 393*%(d*x + c) n*D*a”2xbx
cxd"6*n"4*x"4 + 393*%(d*x + c) n*Ckaxb”2*c*d"6*n"4*xx"4 + 131%(d*x + c) n*Bx*b
“3*c*d76*n"4*x"4 + 226x(d*x + c) "n*D*a”3*d"7*n"4*xx"4 + 678+ (d*x + c) nxCxa”
2+%b*xd"T7*n"4*x"4 + 678*(d*x + c) n*B*axb”2xd"7*n"4*xx"4 + 226*(d*x + c) nxA*b
“3*d"7*n"4*xx"4 - 210*%(d*x + c) n*D*b"3*c”2*xd"5*n"3%x"5 + 885*%(d*x + c) n*Dx
a*xb”2*c*d"6*n"3*x"5 + 295%(d*x + c) "n*Cxb~3*cxd"6xn"3%x”5 + 2775x(d*x + c)”
n*D*xa " 2xbxd~7#n"3*x"5 + 2775x(d*x + c) n*C*axb”2*d"7*n"3*x"5 + 925x(d*x + C
) "nxB*b~3%d"7*n"3*x"5 + 274*x(d*x + c) "n*D*b " 3*ckd"6*n"2*xx"6 + 5547*(d*x + cC
) "nxD*xaxb”2xd7T7*n"2*%x"6 + 1849% (d*x + ¢) "n*Cxb”"3*d"7*n"2*%x"6 + 1764*(d*x +
c) " n*D*b"3*%d"T7*n*kx"7 + (d*x + c) n*¥B*a”3*ckd"6*n"6*xx + 3x(d¥x + c) nkA*xa" 2%
bxcxd“6*n"6xx + (d*x + c) nkA*a~3*d"7*n"6xx - 3*%(d*x + c) n*D*a”~3*xc”2xd"5%*n
“B*xx72 - 9k (d*x + c) " nxC*a~2%b*c”2*%d"5*n"5*x"2 - 9% (d*x + c) “n*kBxaxbT2xc"2x
d"5*n"5*x"2 — 3x(d*x + c) n*A*b " 3*cT2xd"5*n"5xx"2 + 23*%(d*x + c) nxCxa~3*xcx
d"6*n"5*x"2 + 69*(d*x + c) n*B*a " 2*b*ckd"6*n"5*xx"2 + 69*(d*x + c) nxAxaxb~2
*cxd76*n"5*x72 + 26*(d*x + ¢) "n*B*a”"3*d"7*n"5*x"2 + 78+ (d*x + c) nkA*xa"2xbx
d"7*n"5*x"2 + 60*x(d*x + c) nxD¥xaxb”2%c”3*d"4*n"4*xx"3 + 20*(d*x + c) n*C*xb~3
*c73%d74*n"4%x"3 - 192*%(d*x + c) n*D*xa”2*xbxc”2xd"5¥n"4*xx~3 - 192*%(d*x + c)”
nxCxaxb~2xc”2%d"5*n"4*x"3 - 64*x(d*x + c) n*B*xb~3*c”2xd"5*n"4*x"3 + 163*(d*x
+ ¢) "nkD*a”"3xcxd"6*n"4*xx"3 + 489*(d*x + c) "n*xCxa~2xbxc*d"6+n"4*x"3 + 489%(
d*x + c) " n*Bxaxb"2*xc*d"6*n"4*x"3 + 163*x(d*x + c) n¥A*xb " 3*kckd"6*n"4*x"3 + 24
Tx(d*x + c) nxCxa~3*d"7*n"4*xx~3 + 741*%(d*x + c) n*B*a~2*xb*d~7*n"4*xx~3 + 741
*(d*x + c) nxAxaxb"2xd"7*n"4*x"3 + 180*%(d*x + c) n*D*b"3*c”3*d"4*n"3*x"4 -
795*% (d*x + c) " nxDxa*xb~2%c”2*d"5*n"3*x"4 - 265x(d*x + c) n*Cxb~3*c"2*xd"5*n"3
*x74 + 1203*%(d*x + c) nxD*a”2%b*c*d"6*n"3*x"4 + 1203*(d*x + c) nxCkxaxb~2xcx
d"6*n"3*x"4 + 401*x(d*x + c) n*Bxb"3*cxd"6*n"3*%x"4 + 1056*%(d*x + c) nxDxa”3*
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d"7*n"3*x"4 + 3168*(d*x + c) nkC*xa~2xbxd"7*n"3*x"4 + 3168*(d*x + c) n*Bxaxb
~2+%d77#n"3*%x"4 + 1056*%(d*x + ¢) "n*A*b"3*d"7*n"3*x"4 - 300%(d*x + c) n*D*b~3
*CT2xd75*n"2%x75 + 1122*(d*x + c) “n*Dxaxb”2xc*d"6*xn"2*x"5 + 374x(d*x + c)"n
*C*xb~3*ckd"6*n"2%x"5 + 6432%(d*x + c) “n*D*a”2xbxd"7#n"2%x"5 + 6432*x(d*x + ¢
) TnxC*axb”2xd77*n"2*%x”"5 + 2144x(d*x + c) "n*Bxb"3*d"7*n"2*xx"5 + 120*%(d*x + c
) "n*xD*b"3*xc*kd”6*n*x"6 + 6114x(d*x + c) "n*D*axb"2xd"7*n*x"6 + 2038*(d*x + c)
“n*xC*b"3*d"7*n*x"6 + 720% (d*x + c) nkD*b"3*xd"7xx"7 + (d*x + c) nkA*a~3kxcxd”
6*n"6 - 2*x(d*x + c) n*Cxa~3*c”2xd"5*n"5*x — 6% (d*x + c) n*¥B*a~2xb*c”2*xd"5*n
“Bxx - 6*%(d*x + c) nxAxaxb”2+c”2*d"5*n"5*xx + 25x(d*x + c) “n*B*a~3*c*xd~6*n"5
*x + 75k (d*x + c) " nxA*a~2%b*xc*d"6*n"5*x + 27x(d*x + c) n¥A*a~3*d”"7*n"5*xx +
36*(d*x + c) " nxDxa”2%b*c”3*d"4*n"4*x"2 + 36x(d*x + c) n*Ckaxb~2*xc~3*xd"4*n"4
*x72 + 12%(d*x + c) "n*Bxb"3*c”3*d"4*n"4*x"2 — 57x(d*x + c) n*D*a”"3*c”2*xd 5%
n~4%x"2 - 171x(d*x + c) n*Cxa~2*xbxc~2*d"5%n"4*x"2 - 171*(d*x + c) n*B*xaxb~2
*CT2xd"5*n"4%x"2 — 57*x(d*x + c) n¥A*b~3*%c”2*xd"5*n"4%x"2 + 201*(d*x + c) nx*xC
*a"3*%c*d76*n"4*x"2 + 603*%(d*x + c) n*B*xa”2xbxcxd“6xn"4*x"2 + 603*(d*x + c)”
nxAxaxb~2xcxd"6*n"4*x"2 + 270%(d*x + c) n*¥B*a”~3*d"7*n"4*x"2 + 810%(d*x + c)
“n*xA*a”2*%bxd"7*n"4*x"2 - 120%(d*x + c) "n*D*b"3*c"4*d"3*n"3*%x"3 + 600*%(d*x +
c) "n*D*xa*xb”2*xc”3*d"4*n"3*x"3 + 200*(d*x + c) n*Cxb~3*c"3*%d"4*n"3*x"3 - 996
*(d*x + c) " n*D*a”2xbxc”2*%d"5*%n"3*x"3 - 996* (d*x + c) n*Ckxaxb”2*c”2*xd"5*n" 3%
x73 - 332x(d*x + c) n*B*b”3*c”2xd"5*n"3*x"3 + 567*(d*x + c) n*D*a”~3*xcxd"6%*n
“3%x73 + 1701*x(d*x + c) n*C*a~2*b*c*d"6*n"3*x"3 + 1701+ (d*x + c) n*Bxaxb~2x
cxd"6*n"3*%x"3 + 567*(d*x + c) n*xA*¥b~3*c*d"6*n"3*x"3 + 1219*(d*x + c) n*C*a”
3*d"7*n"3*x"3 + 3657*(d*x + c) nkBxa"2xbxd"7*n"3%x"3 + 3657*(d*x + c) nxA*xa
*b72%d"7*n"3*x”3 + 330%(d*x + c) "n*D*b " 3*c”3*xd"4*n"2%x"4 - 1245*%(d*x + c)"n
*D*axb " 2xc"2%d"5*xn"2*%x"4 - 415%(d*x + c) "n*Cxb”3*c”2xd"5¥n"2*x"4 + 1620*(dx*
X + ¢) " nxDxa”2%b*xc*d”6*n"2*x"4 + 1620%(d*x + c) "n*Ckaxb"2xcxd"6*n"2*xx"4 + 5
40* (d*x + c) n*B*¥b~3*ckd"6*n"2*xx"4 + 2545%(d*x + c) nkD*a”3*xd"7*n"2*%x"4 + 7
635% (d*x + c) nxCxa~2*xbxd~7*n"2*xx"4 + 7635%(d*x + c) n*Bxaxb~2xd~7*n"2xx"4
+ 2545%(d*x + c) n¥Axb"3*%d"7*n"2*x"4 - 144x(d*x + c) n*D¥b”3*c”2*d”"5*n*x"5
+ 504*(d*x + c) nxD*a*xb”2*c*d”6*n*x"5 + 168*(d*x + c) n*C*b~3*c*xd~6*n*x~5 +
7236* (d*x + c) " n*D*xa”2*b*d"7*n*x"5 + 7236x(d*x + c) n*Cxaxb”2*d"7*n*x"5 +
2412% (d*x + c) " n*Bxb~3*d"7#n*x"5 + 2520*%(d*x + c) n*D*xa*xb”2*d"7*x"6 + 840%(
d*x + ¢c)"n*Cxb~3*%d"7*x"6 - (d*x + c) " n*Bxa~3*xc”2*%d"5*n"5 - 3*(d*x + c) nxAx
a”~2xbxc”2xd"5*%n"5 + 27*x(d*x + c) nkA*a~3*cxd”"6*n"5 + 6x(d*x + c) n*Dxa”3*c”
3*d~4*n"4*xx + 18*(d*x + c) n*Cxa~2*xbxc”~3*d"4*n"4*xx + 18*(d*x + c) n*Bxaxb~2
*Cc73*%d74*n"4*xx + 6x(d*x + c) n*A*b”"3*c”3*d"4*n"4xx - 44*(d*x + c) nxCxa~3*c
“2+%d75*n"4*xx - 132*x(d*x + c) "n*B*a”2*xb*xc"2*xd"5*n"4*x - 132*%(d*x + c) “nxAxax
b"2*xc"2xd"5*xn"4*x + 245%(d*x + c) n*Bxa~3*c*d"6*n"4*x + 735x(d*x + c) n¥A*a
“2*%bxc*xd"6xn"4*x + 295%(d*x + c) nkxA*a~3*d"7*n"4*xx - 180%(d*x + c) “nxD*axb”
2%c”4*d73*n"3*x"2 - 60x(d*x + c) n*Cxb~3*c"4*xd"3*n"3*%x"2 + 504*(d*x + c) nx
D*a~2xbxc~3*%d"4*n"3*x"2 + 504*x(d*x + c) n*C*a*xb”2*c”3*d"4*n"3*x"2 + 168+ (d*
X + ) n*Bxb~3%c”3%d"4*n"3*x"2 - 375x(d*x + c) n*D*a”3*c”2xd"5*n"3*x"2 - 11
25% (d*x + c) "nxC*xa~2xbxc”2*%d"5+n"3*x"2 - 1125%(d*x + c) n*B*a*b”2*c”2*d"5*n
~3%x72 - 375%(d*x + ) n¥A*¥b"3*%c”2*%d"5*n"3*x"2 + 817+ (d*x + c) nkC*xa~3xcxd”
6*n”"3*%x"2 + 2451*%(d*x + c) n*Bxa~2*bxc*d"6*n"3*x"2 + 2451x(d*x + c) “nxAxaxb
“2xckdT6*n"3%x72 + 1420*%(d*x + c) "nkBxa”3*d"7*n"3*x72 + 4260*%(d*x + c) TnxAx*
a~2%b*d"7*n"3*x"2 - 360*(d*x + c) n*D*b"3*c"4*xd"3*n"2*%x"3 + 1380*(d*x + c)”
nxDxaxb~2xc”3*%d"4*n"2%x"3 + 460*(d*x + c) n*xCxb~3*c”3*d"4*n"2*xx"3 - 1824%*(d
*xX + ¢) nkD*a”2xbxc”2*xd"5*n"2%x"3 - 1824*(d*x + c) n*Ckxaxb”2*c”2xd"5*xn"2*x”
3 - 608*%(d*x + c) n*Bxb~3*%c”2*xd"5*n"2%x"3 + 844*x(d*x + c) n*D*xa~3*cxd~"6*n"2
*x73 + 2B532*%(d*x + c) nxC*xa~2%b*c*d"6*n"2*xx"3 + 2532%(d*x + c) “n*Bkxaxb~2xcx
d"6*n"2*x"3 + 844x(d*x + c) nkA*b"3*cxd"6*n"2%x~3 + 3112*%(d*x + c) nxCxa~3*
d"7*n"2*x"3 + 9336* (d*x + c) nkB*xa"2xbxd"7*n"2*%x~3 + 9336*(d*x + c) nxAxaxb
~2+%d77#n"2*%x”"3 + 180*(d*x + ¢) "n*D*b”"3*c”3*xd"4*n*x"4 - 630*(d*x + c) “nxDxax
b~2%c”2xd"5*n*x"4 - 210*%(d*x + c) n*Cxb~3*c”2*xd"5*n*x"4 + 756*(d*x + c) n*D
*a " 2%b*ckd"6*n*x"4 + 756%(d*x + c) n*kCkaxb"2xcxd"6xn*x"4 + 252*(d*x + c) nx
Bxb~3*cxd~6xn*x"4 + 2952*(d*x + c) " n*D*a~3*%d"7*n*x"4 + 8856*%(d*x + c) n*xCxa
“2%b*d"7*n*x"4 + 8856%(d*x + c) n*Bxaxb"2xd"7*n*x"4 + 2952*(d*x + c) nxAxb”
3*d"7*n*x"4 + 3024* (d*x + c) nkD*a”"2xbxd"7xx"5 + 3024*(d*x + c) n*xCxaxb~2*d
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“T7T+#x75 4+ 1008*%(d*x + c) "n*Bxb~3*%d"7*x"5 + 2%x(d*x + c) n*C*a~3*c”"3*d"4*n"4 +
6% (d*x + c) " n*Bxa~2xb*xc~3*d"4*n"4 + 6x(d*x + c) n¥A*xaxb"2%c”"3*d"4*n"4 - 25
*(d*xx + c) n*Bxa”3*c”2*%d"5*n"4 - 75*x(d*x + c) n*A*a"2xbxcT2*d"5*n"4 + 295%(
d*x + c) nxA*xa~3xcxd"6*n"4 - 72*x(d*x + c) nxD*xa”2%b*c”4*d"3*n"3*x - 72x(d*x
+ ¢) "nxCxaxb~2*xc"4*xd"3*n"3*x - 24*(d*x + c) n*Bxb~3*%c”4*d"3*n"3*x + 108*(d
*xX + ¢) nkD*a”3*c”3*xd"4*n"3*x + 324*(d*x + c) nxCxa~2xb*xc”3*d"4*n"3*x + 324
*(d*x + c) " nkBxaxb"2*xc”3*%d"4*n"3*x + 108*(d*x + c) n*A*b"3*c”3*d"4*n"3*x -
358*(d*x + c) n*Cxa~3*c”2*d"5*xn"3*x - 1074x(d*x + c) n*B*xa~2xbxc”2*d~5*n" 3%
X — 1074x(d*x + c) n*xA*a*xb”~2*c”2*xd"5*n"3xx + 1175*%(d*x + c) n*B*a~3*xcxd~6%*n
~3%x + 3525%(d*x + c) nxA*a"2xb*c*d"6*n"3*x + 1665%(d*x + c) nkA*a~3xd"7*n”
3*x + 360*(d*x + c) n*¥D¥b"3*%c”5kd"2*n"2*x"2 - 1440%(d*x + c) n*D*xaxb"2xc 4x
d"3*n"2*x"2 — 480*(d*x + c) n*C*xb"3*c"4*xd"3*n"2*%x"2 + 1980*(d*x + c) n*D*xa”
2%b*c”3*%d"4*n"2*x"2 + 1980* (d*x + c) n¥C*axb~2*c”™3*d"4*n"2*x"2 + 660*(d*x +
C) "n*B*b~3*c”3*d"4*n"2*xx"2 - 951%(d*x + c) nkD*a”~3*c”2xd"5*n"2*x"2 - 2853%
(d*x + c) "n*C*a”2*xbxc~2*xd"5*n"2%x"2 - 2853*(d*x + c) nxBxaxb~2%c”2*d"5*n"2x*
X72 = 951x(d*x + c) n*A*b " 3*cT2xd"5*n"2*xx"2 + 1478*(d*x + c) n*xCxa~3xc*xd"6*
n"2*x72 + 4434%(d*x + c) nkB*a"2xbxcxd"6*n"2%x"2 + 4434*(d*x + c) nxA*xaxb”2
*ckdT6*n"2%x72 + 3929*% (d*x + c) n*Bxa~3*d"7xn"2*x"2 + 11787*x(d*x + c) n*xA*a
“2%b*d"T7*n"2*xx"2 - 240%(d*x + c) "n*D*b”"3*cT4*xd"3xn*x"3 + 840*(d*x + c) n*xDx
a*xb”2*c”3*d"4*n*x"3 + 280*(d*x + c) "n*Cxb~3*c"3*xd"4*n*x"3 - 1008*(d*x + c)”
n*D*xa”~2xbxc”2%d"5*n*x"3 - 1008*(d*x + c) n*Cxa*xb”2*c”2*d"5*n*x"3 - 336% (d*x
+ ¢)"n*Bxb"3%c"2%d"5*n*x"3 + 420*%(d*x + c) n*D*a”3*c*d"6*n*x"3 + 1260* (d*x
+ ¢) "nxC*xa”~2*xbxcxd~6xn*x~3 + 1260*(d*x + c) n*Bxaxb~2*c*d"6*n*x"3 + 420*(d
*X + ¢) nxAxb"3*ckxd"6*n*x"3 + 3796*(d*x + c) n*Cxa~3*d”"7*n*x"3 + 11388 (d*x
+ ¢) "n*kB*xa”~2xbxd"7xn*x"3 + 11388*%(d*x + c) nxA*axb”2*d"7*n*x"3 + 1260* (d*x
+ ¢)"nkD*a”3*d"7*x"4 + 3780*(d*x + c) nxCxa~2xbxd~7*x"4 + 3780*(d*x + c)"n
*B*xa*xb " 2xd"7*x"4 + 1260*(d*x + c) "n*A*b”"3*d"7*x"4 - 6x(d*x + c) n*D*a"3*c”4
*d"3*%n"3 - 18*%(d*x + c) n*xC*xa~2*b*c 4*xd"3*n"3 - 18*(d*x + c) n*kBxaxb~2xc 4x
d"3*n"3 - 6%(d*x + c) " nxA*b"3*xc”4*d"3*%n"3 + 44*x(d*x + c) n*Cxa~3*c”3xd"4x*n"
3 + 132%(d*x + c) n*B*a"2*b*c”3*d"4*n"3 + 132%(d*x + c) “nkA*xaxb~2xc”3xd"4*n
3 - 245%(d*x + c) " n*Bxa~3%c”2+%d"5*n"3 - 735x(d*x + c) n*A*a”2*bxc~2xd"5*n”
3 + 1665%(d*x + c) n¥A*a~3*c*d"6*n"3 + 360*(d*x + c) n*D*axb”2xc 5xd"2*n" 2%
X + 120*x(d*x + c¢) "n*C*b~3*c~5xd"2*xn"2*xx - 936* (d*x + c) “n*D*a”"2xb*xc~4*xd"3*n
“2%x - 936*x(d*x + c) nxCxaxb"2xc”4*xd"3*n"2*x - 312%(d*x + c) n*B*b~3xc”4x*xd”
3*n"2*x + 642x(d*x + c) n*D*a”3*c”3*d"4*n"2xx + 1926*(d*x + c) “n*Ckxa~2xbxc”
3*d74*n"2*xx + 1926% (d*x + c) “n*Brxaxb"2xcT3*xd"4*xn"2*x + 642*(d*x + c) nxAxb”
3kc73*d74*n"2xx - 1276*(d*x + c) "nkC*xa~3*xc”2xd"5*n"2*x - 3828*(d*x + c) n*B
*a " 2%b*c”2xd"5*n"2%x — 3828* (d*x + c) "nkA*axb"2xc"2xd"5*n"2%x + 2754*(d*x +
c) "n*B*a~3*c*xd"6*n"2*x + 8262*%(d*x + c) nkxA*xa~2*xbxc*d"6xn"2*x + 5104*(d*x
+ ¢) "nxA*a”~3xd"7xn"2%x + 360*(d*x + c) " n*Dxb"3*c”5*xd"2*n*x"2 - 1260*(d*x +
c) "n*D*a*xb”2*%c”4*d"3*nxx"2 - 420% (d*x + c) "nkCxbT3*cT4xd"3*n*x"2 + 1512*(dx*
X + ¢) " nxDxa”2%b*c”3*d"74*n*x"2 + 1512x(d*x + c) "n*Ckaxb"2xc"3*d"4*n*x"2 + 5
04*(d*x + c) " n*Bxb~3*c”3*d"4*n*x"2 - 630*(d*x + c) n*D*a”3*xc”2*d"5*n*x"2 -
1890* (d*x + c) n*C*xa~2*b*c™2%d"5*n*x"2 - 1890*(d*x + c) n*Bxa*b~2xc~2*xd~5%*n
*x72 - 630*%(d*x + ) nxA*b~3*c”2*d"5*n*x"2 + 840x(d*x + c) n*C*a”3*kcxd"6*xnx*
X"2 + 2520%(d*x + c) "n*B*xa”2xbxcxd"6xnxx"2 + 2520* (d*x + c) nxAxaxb~2*c*d”6
*n*x"2 + 5274*x(d*x + c) n*B*a”3*d"7*n*x"2 + 15822x(d*x + c) “n*A*a”2*xbxd”~7*n
*x72 + 1680*%(d*x + c) n*xC*xa~3*d"7*x"3 + 5040*(d*x + c) n*B*xa " 2*b*xd"7*x"3 +
5040* (d*x + c) " nxA*xaxb~2%d"7*x"3 + 72x(d*x + c) n*xD*xa"2%b*c”5xd"2*n"2 + 72%
(d*x + c) "nxCxa*xb”™2%c~5xd"2*n"2 + 24*x(d*x + c) n*Bxb~3*c~5%d"2*n"2 - 108*(d
*X + ¢) n*kD*a”3*cT4*xd"3*n"2 - 324*(d*x + c) nxCxa~2%b*c”4*d"3*n"2 - 324x(dx
X + ) nxBxaxb”2%c”4*d"3*n"2 - 108*(d*x + c) n¥A*b~3*c”"4*d"3*n"2 + 358* (d*x
+ ¢)"nkC*xa”3*c"3*xd"4*n"2 + 1074*(d*x + c) " n*Bxa”2%b*c”3*d"4*n"2 + 1074*(d*
X + ¢) nxAxaxb"2%c”3*%d"4*n"2 - 1175%(d*x + c¢) n*B*a”3*xc”2*d"5*n"2 - 3525%(d
*X + c) nxAxa"2*xbxc”2xd"5%n"2 + 5104*x(d*x + c) nxAxa"3*cxd"6*n"2 - 720%(d*x
+ ¢) "n*D*b”"3*cT6xd*n*x + 2520% (d*x + c) n*Dxaxb”2*c”5*d”"2*n*x + 840*(dxx +
C) "n*C*b~3*c”5xd"2xn*x — 3024* (d*x + c) n*D*xa”2xbxc~4xd"3*n*x - 3024* (d*x
+ ¢) "n*Cxaxb~2xc~4*d"3*n*x - 1008*(d*x + c) n*B*b~3*c”4*d"3*n*x + 1260* (d*x
+ ¢) "nkD*a”"3*c”3*xd"4*n*x + 3780*(d*x + c) " n*xCxa~2¥b*xc”3*d"4*n*x + 3780* (d*
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X + ¢) " nxBxaxb”2%c”3*d"4*n*x + 1260*(d*x + c) n*¥A*b"3*c”3*d"4*n*x — 1680%*(d
*x + ¢) nkC*xa~3*xc”2xd"5xn*x - 5040%(d*x + c) “n*Bxa~2*b*xc”2*d"5*n*x — 5040%(
d*x + c) n*A*axb~2xc”2*d"5*nxx + 2520*(d*x + c) “n*B*a~3*c*d"6*n*x + 7560%*(d
*xX + c) nkA*xa”"2xbxcxd"6xn*x + 8028* (d*x + c) nxA*xa~3*%d"7#n*x + 2520*%(d*x +

C) "n*B*a”3*%d"T7*x"2 + 7560*x(d*x + c) n¥xA*a”2*xb*d"7*x"2 - 360*(d*x + c) n*D*a
*b72%c”6*xd*kn - 120%(d*x + ¢) "n*C*b~3*c”6*xd*n + 936x(d*x + c) “n*D*xa”2*xbxc 5%
d"2*n + 936*x(d*x + c) n*C*a*b ™ 2*c”5*xd"2*n + 312*(d*x + c) n*B*b~3*c~5xd"2*n
- 642+ (d*x + c) " n¥D*a”3*%c”4*xd"3*n - 1926*(d*x + c) n*Cxa~2*bxc~4*d"3*n - 1
926%* (d*x + c) " n*Bxaxb~2xc”4*d"3*n - 642*%x(d*x + c) nxA*b~3*c"4*d"3*n + 1276%
(d*x + c) "n*C*a~3*c~3*d"4*n + 3828+ (d*x + c) n*Bxa~2xbxc~3*d"4*n + 3828*(dx*
X + ¢) nxAxaxb”2+%c”3*d"4*n - 2754*(d*x + c) n*B*a”"3*c"2*xd"5*n - 8262* (d*x +
c) "n*xA*a"2*bxc”2*d"5*n + 8028*(d*x + c) "nkA*a~3*xcxd~6*n + 5040%(d*x + c)"n
*A*a"3*%d"7*xx + 720%(d*x + c) "n*D¥b”3*c”7 - 2520*%(d*x + c) n*Dxaxb”~2*xc”6*d -
840* (d*x + c) n*Cxb~3%c”6*d + 3024*(d*x + c) n*D*a”2%b*c”~5xd"2 + 3024*(d*x
+ ¢) "nxCxaxb~2*xc"5xd"2 + 1008*(d*x + c) n*Bxb~3xc”5%d"2 - 1260*(d*x + c)"n
*D*a”3*%c"4*d"3 - 3780*(d*x + c) n*kC*xa”"2*bxc~4*d~3 - 3780*(d*x + c) n*xBxaxb~
2%c”4%d"3 - 1260*(d*x + c) n¥A*b~3*c”4*d"3 + 1680*(d*x + c) n*C*a~3*c”3*d"4
+ 5040*(d*x + c) n*B*a~2%b*c~3*%d"4 + 5040*(d*x + c) nxAxa*xb~2xc”3*d"4 - 25
20% (d*x + c) "nxB*a~3*c”2+xd"5 - 7560*(d*x + c) n*A*a~2xbxc”"2*d~5 + 5040%* (d*x
+ c) " n*A*a~3*cxd"6)/(d77*n"7 + 28*d"7*n"6 + 322*xd"7*n"5 + 1960*%d"7*n"4 + 6
769%d~7*n"3 + 13132*%d"7*n"2 + 13068*d"7*n + 5040*d"7)

maple [B] time = 0.04, size = 5003, normalized size = 11.00

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) ~3*(d*x+c) "n*(D*xx"3+Ckxx~2+B*x+A) ,x)
[Out] result too large to display

maxima [B] time = 0.76, size = 1802, normalized size = 3.96

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~3*(d*x+c) “n*(D*xx~3+C*x~2+B*x+A) ,x, algorithm="maxima"

[Out] (d"2%(n + 1)*x"2 + c*d*n*x - c”2)*(d*x + c) n*Bxa~3/((n"2 + 3*n + 2)*d"~2) +
3k (d72%(n + 1)*x72 + cxd¥n*x - c”2)*x(d*x + c) nxAxa"2*xb/((n"2 + 3*n + 2)*d
“2) + (d*x + ¢c)"(n + 1D*A*¥a"3/(d*(n + 1)) + ((n”2 + 3*n + 2)*d"3*x"3 + (n~2
+ n)xc*d"2xx72 — 2¥cT2xd¥n*kx + 2*%c”3)*(d*x + c) " n*¥C*a~3/((n"3 + 6*n"2 + 11
*n + 6)*d73) + 3*x((n"2 + 3%n + 2)*d"3*x"3 + (072 + n)*c*d"2*x"2 - 2*c”2*xd*n
*x + 2%c”3)*(d*x + c) "n*xB*xa"2+b/((n"3 + 6*n"2 + 11xn + 6)*d"3) + 3*x((n"2 +
3kn + 2)*d"3*x"3 + (072 + n)*c*xd"2*xx72 - 2%c”2*xd¥xn*x + 2*%c”3)*(d*x + c) n*xA
*axb~2/((n"3 + 6*n"2 + 11%n + 6)*d"3) + ((n™3 + 6*n"2 + 11%n + 6)*d"4*xx"4 +
(n~3 + 3*%n"2 + 2*n)*c*xd"3*x"3 - 3% (072 + n)*cT2xd"2*x"2 + 6xc”3*d*n*x - 6%
c”4)*(d*x + c) n*D*a"3/((n"4 + 10*n~3 + 35*n"2 + 50*n + 24)*d"4) + 3*x((n"3
+ 6*n"2 + 11*n + 6)*d"4*x"4 + (0”3 + 3*n"2 + 2*xn)*c*d"3*x"3 - 3*(n"2 + n)*c
“2%dT2%x72 + 6*c”3xd*n*x - 6*%c”4)*(d*x + c) n*Cxa"2%b/((n"4 + 10*n~3 + 35*n
"2 + 50%n + 24)*d"4) + 3*((n"3 + 6*n”"2 + 11*n + 6)*d"4*x"4 + (n~3 + 3*n"2 +
2*n) *ckd"3*x"3 - 3*x(n72 + n)*c”2*xd72*x”"2 + 6xc”3*d*n*x - 6*%c”4)*(d*x + ¢c)”
n*Bxaxb~2/((n"4 + 10*n"3 + 35*n"2 + 50*n + 24)*d"4) + ((n”3 + 6*n"2 + 11*n
+ 6)*d"4*x"4 + (n”3 + 3*n"2 + 2*n)*c*xd"3*x"3 - 3% (n"2 + n)*c"2xd"2*xx"2 + 6%
c"3*xd*n*x - 6*xc”4)*(d*x + c) n*A*b~3/((n"4 + 10*n"3 + 35%n"2 + 50*n + 24)x*d
“4) + 3*((n"4 + 10%n"3 + 35*n~2 + 50*n + 24)*d"5*x"5 + (n"4 + 6%n~3 + 11*n~
2 + 6*xn)*c*xd"4*x"4 - 4%x(n”3 + 3*n"2 + 2*n)*c”2*%d"3*x"3 + 12*x(n"2 + n)*c”3*xd
T2%x72 - 24*cT4xd*nxx + 24%c”5)*(d*x + c) nxDxa"2xb/((n~5 + 15*%n"4 + 85*n~3
+ 225*%n"2 + 274*n + 120)*d75) + 3*((n"4 + 10*n~3 + 35%n"2 + 50*n + 24)*d"5
*x75 + (04 + 6*n"3 + 11%n"2 + 6*n)*ckd"4*x"4 - 4*x(n"3 + 3*n"2 + 2*n)*c”"2*d
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"3%x73 4+ 12%(n72 + n)*c”3*%d72%x72 - 24*xc 4dxd*nxx + 24*c”5)*(d*x + c) “nxCxax
b"2/((n"5 + 15%n"4 + 85*n"3 + 225*n"2 + 274%n + 120)*d"5) + ((n"4 + 10*n"3
+ 35%n"2 + 50*n + 24)*d"5*x”5 + (n74 + 6*n~3 + 11*n"2 + 6*n)*c*d"4*xx"4 - 4%
(n™3 + 3*n72 + 2*n)*c”2*d"3*x"3 + 12*(n"2 + n)*c”3*d"2*x"2 - 24xc 4xd*n*x +
24xc”5)*(d*x + c) n*Bxb~3/((n"5 + 15%n"4 + 85%n~3 + 225*n"2 + 274*n + 120)
*d75) + 3*x((n"5 + 15*n"4 + 85%n~3 + 225*n"2 + 274*n + 120)*d"6*x"6 + (n”5 +

10*n"4 + 35%n"3 + 50*%n"2 + 24x*n)*c*xd"5*x"5 - 5%x(n"4 + 6*%n”3 + 11*n"2 + 6%n
)¥cT2xd"4*x74 + 20%(n"3 + 3*%n”2 + 2*n)*c”3*d"3%x"3 - 60*(n"2 + n)*c 4*xd"2*x
"2 + 120%c”5*d*n*x - 120%c”6)*(d*x + c) n*Dxaxb”2/((n"6 + 21*n~5 + 175%n"4
+ 735%n"3 + 1624*n"2 + 1764*n + 720)*%d"6) + ((n™5 + 15%n"4 + 85%n~3 + 225%n
T2 + 274%n + 120)*d"6*x76 + (n”5 + 10*n"4 + 35*n"3 + 50%n"2 + 24#*n)*c*xd"5*x
"5 - 5%x(n"4 + 6*n"3 + 11%n"2 + 6*n)*c " 2*xd"4*x"4 + 20%(n"3 + 3*n"2 + 2*n)*c”
3*d"3*%x"3 - 60*(n"2 + n)*c”4*xd"2*x"2 + 120%c”5*xd*n*x - 120*c”6)*(d*x + c)”n
*Cxb~3/((n"6 + 21*n"5 + 175*n"4 + 735%n"3 + 1624*n"2 + 1764*n + 720)*d"6) +

((n™6 + 21*n"5 + 175%n"4 + 735*n"3 + 1624*n"2 + 1764%n + 720)*d"7*x"7 + (n
"6 + 15%n"5 + 85%n"4 + 225%n"3 + 274*n"2 + 120*n)*c*d"6*xx"6 - 6%(n”5 + 10*n
4 + 35*%n"3 + 50*n"2 + 24%n)*c”2*%d"5*x”"5 + 30*%(n"4 + 6*n"3 + 11*n"2 + 6*n)x*
c"3*%d"4*x"4 - 120%(n"3 + 3*n"2 + 2*n)*c”4*d"3*x"3 + 360*(n"2 + n)*c 5*xd"2*x
"2 = 720*%cT6*d*n*x + 720%c”7)*(d*x + c¢) " nxD*b"3/((n~7 + 28*n"6 + 322*n"5 +

1960*%n"4 + 6769%n"3 + 13132*n"2 + 13068*n + 5040)*d~7)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
f(a+bx)3(c+dx)" (A+Bx+ C x? +x3D) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*x) 3x(c + d*x) " n*x(A + B*xx + Cxx"2 + x~3*D),x)
[Out] int((a + b*x) " 3*%(c + d*x) n*x(A + Bxx + C*x"2 + x~3%D), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**3* (d*x+c)**xn* (Dkx**3+C*x**2+B*x+A) ,x)

[Out] Timed out
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3.26 f(a +bx)?(c +dx)" (A + Bx + Cx? + Dx3) dx

Optimal. Leaf size=338

(c + dx)"*3 (a2d*(Cd — 3cD) — 2abd (~Bd? - 6¢2D + 3¢Cd) + b? (Ad® - 3Bcd? —10c°D + 6¢2Cd)) (c + dx)"
+
dé(n + 3)

[Out] (—axd+b*xc) ~2*x (A*d~3-B*c*d~2+C*xc~2xd-D*c”~3) * (d*x+c) ~(1+n)/d~6/ (1+n)+(-a*d+b*
c)* (a*xd* (-B*d"2+2*Cxc*xd—3*D*c~2) —b* (2¥A*d"3-3*Bxc*xd~2+4*Cxc~2%d-5+%D*c"3) ) *(
d*x+c) " (2+n)/d"6/ (2+n)+(a~2*d"2* (Cxd-3*D*c) —2*xa*xb*d* (-B*d~2+3*Cxc*xd—-6*D*c~2

)+b7 2% (A*d~3-3%B*xc*xd~2+6*Cxc~2%d-10*D*c~3) ) * (d*x+c) ~(3+n) /d"6/ (3+n)+(a~2*d~
2%D+2*a*xb*xd* (Ckd—4*D*c) -b~ 2% (-B*d~2+4*C*xcxd-10*D*c~2) ) * (d*x+c) ~(4+n) /d"6/(4

+n) +b* (Cxbxd+2*xD*xa*d-5*D*b*c) * (d*x+c) ~(5+n) /d~6/ (5+n) +b~2*D* (d*x+c) ~(6+n) /d
~6/(6+n)

Rubi [A] time = 0.25, antiderivative size = 338, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 30,

number of rules _ ) 033, Rules used = {1620}

integrand size

(c + dx)"*3 (a2d%(Cd — 3¢D) - 2abd (~Bd? - 6c2D + 3¢Cd) + 1? (Ad® - 3Bed? + 6¢2Cd - 10c°D))  (c + dx)”
+
dé(n + 3)

Antiderivative was successfully verified.
[In] Int[(a + b*x)72%(c + d*x) nx(A + Bxx + C*x"2 + D*x"3),x]

[Out] ((b*c - a*xd) " 2x(c™2%C*d - B*c*d™2 + A*d~3 - ¢~ 3*D)*(c + d*x)~(1 + n))/(d"6%
(1 + n)) + ((bxc - axd)*(axd*(2*c*Cxd - B*d™2 — 3*c"2%D) - b*(4*c™2*Cxd - 3
*Bxc*d™2 + 2xA*d"3 - 5xc”3*D))*(c + d*x)"(2 + n))/(d76%(2 + n)) + ((a"2*xd"2

*(C*xd - 3*c*D) - 2*axbxd* (3*%c*C*xd - B*d"2 - 6*xc™2*D) + b~ 2% (6%c”2*Cxd - 3*B
*c*d"2 + A*d”3 - 10*c”3%*D))*(c + d*x)~"(3 + n))/(d76x(3 + n)) + ((a~2xd~2*D

+ 2kaxbxd*x (Cxd - 4*c*D) - b~ 2% (4xcxCxd - Bxd™2 - 10*c™2*D))*(c + d*xx)~ (4 +
n))/(d"6x(4 + n)) + (b*(b*Cxd - SxbxcxD + 2*a*d*D)*(c + d*x)~(5 + n))/(d"6%

(6 + n)) + (b™2xDx(c + d*x)~(6 + n))/(d"6%(6 + n))

Rule 1620

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(—=bc + ad)? (CZCd — Bed? + Ad® - C3D) (c+dx)" (b
& T
(be - ad)? (c2Cd - Bed? + Ad® - D) (¢ + dx)™*" (be -

- 451 + 1) "

[+ vpic oy (A+Bx+ €+ D) dx = [ [

Mathematica [A] time = 0.49, size = 308, normalized size = 0.91

(c+dx)?(a?d?(Cd—3cD)+2abd(Bd?+6c2D-3cCd ) +b?( Ad®~3Bcd?~10c*D+6c2Cd))  (c+dx)>(a?d? D+2abd(Cd—4cD)+b?(Bd?+
+

n+3 n+4

(c + dx)"*!

Antiderivative was successfully verified.
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[In] Integrate[(a + b*x)~2*(c + d*x) n*x(A + Bxx + Cxx"2 + D*x"3),x]

[Out] ((c + d*x)~(1 + n)*(((b*c - a*xd) " 2*x(c"2*xC*d - B*c*d"2 + A*xd"3 - ¢~3%D))/(1
+ n) + ((b*c - a*xd)*(-(axd*(-2%c*Cxd + B*d~2 + 3%c”2*D)) + b*(-4xc™2xCxd +
3*Bxckd"2 — 2%A*d"3 + 5*xc”3*D))*(c + d*x))/(2 + n) + ((a~2*d"2x(Cxd - 3*c*D

) + 2%axbxd* (-3*ckCkxd + Bxd"2 + 6%c”2%D) + b 2% (6xc”2*xCxd — 3*Bxc*d™2 + Axd

~3 - 10*%c”3*D))*(c + d*x)"2)/(3 + n) + ((a"2*xd"2xD + 2*axb*d*(Cxd - 4*c*xD)

+ b72%(-4*c*xCxd + B*d"2 + 10*c”2*D))*(c + d*x)"3)/(4 + n) + (b*x(b*xCxd - 5%b
xc*D + 2%axd*D)*(c + d*x)74)/(5 + n) + (b™2+D*(c + d*x)75)/(6 + n)))/d"6

fricas [B] time = 0.74, size = 2258, normalized size = 6.68

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (d*x+c) "n* (D*x~3+Cxx~2+B*x+A) ,x, algorithm="fricas")

[Out] (A*a™2%c*d~5*n"5 - 120%D*b~2*c™6 + 720%A*a”2%cxd”5 + 240%(Cxa”~2 + 2*Bxaxb +
Axb~2)*c"3%d"3 - 360*(B*a”2 + 2xAxaxb)*c”2+%d"4 + (D*b~2*d"6*n"5 + 15%D*b~2
*d76*n"4 + 85%D*b"2xd"6*n"3 + 225%D*b72xd"6*n"2 + 274*D*xb"2xd"6xn + 120*D*b
~2%d76) *x"6 + (144*x(2*xD*xaxb + C*b~2)*d"6 + (D*b~2*xc*xd~5 + (2+D*a*b + C*xb~2)
*d76)*n"5 + 2% (5*xD*xb~2xc*d~5 + 8*(2*D*axb + Cxb~2)*d"6)*n"4 + 5x(7*D*xb~2*xcx*
d~5 + 19%(2+D*a*xb + C*b~"2)*d"6)*n"3 + 10%(5*xD*b~2*c*d~5 + 26*(2+«D*axb + Cx*b
“2)*d76)*n"2 + 12%(2xDxb~2*xc*d”5 + 27*x(2*xD*axb + Cxb~2)*d"6)*n)*x"5 + (20%A
*a"2%c*d”5 - (B*a"2 + 2xAxaxb)*c”2*d"4)*n"4 + (180*(D*a”2 + 2*Ckaxb + B*b~2
)*d"6 + ((D*a”2 + 2*C*xaxb + Bxb~2)*d"6 + (2*D*axb*c + Cxb~2xc)*d~5)*n"5 - (
5%Dxb"2*%c”2*d"4 - 17x(D*a”2 + 2*Ckaxb + Bxb~2)*d"6 - 12%(2#D*axb*c + Cxb~2x
c)*d"5)*n"4 - (30*D*b~2*c"2%d"4 - 107*x(D*a”2 + 2*Cxaxb + B*b~2)*d"6 - 47*(2
*Dxaxb*xc + Cxb~2*%c)*d"5)*n"3 - (55*D*b~2%c~2%d"4 - 307*(D*a”2 + 2*Cxaxb + B
*b72)*d"6 - 72x(2*xDxaxbxc + Cxb~2*c)*d"5)*n"2 — 6x(5xD*b~2%c”2*d"4 - 66*(Dx*
a”2 + 2*Ckaxb + B*b~2)*d"6 - 6*(2*D*axb*c + Cxb~2xc)*d~5)#*n)*x"4 + (155%A*a
“2%c*d”5 + 2% (C*xa”2 + 2xBxaxb + A*b"2)*c”3*d"3 - 18%(B*a~2 + 2*Axaxb)*c~2*d
“4)*n~3 + (240*%(C*xa~2 + 2*B*axb + A*b~2)*d"6 + ((Cxa"2 + 2*Bxaxb + A*xb~2)x*d
6 + (D*a"2xc + (2*Cxaxb + B*b~2)*c)*d"5)*n"5 + 2x(9x(C*a~2 + 2xBkxaxb + Axb
“2)*%d76 + Tx(D*a"2xc + (2*Cxaxb + B*b~2)*c)*d~5 - 2% (2+D*axb*c”2 + Cxb~2xc”
2)*d"4)*n"4 + (20*D*b"2xc"3*%d"3 + 121*%(C*xa”2 + 2*xBxaxb + A*b~2)*d"6 + 65%(D
*a"2%c + (2*Ckxaxb + Bxb~2)*c)*d"5 - 36*%(2*D*axb*xc™2 + C*xb~2%c”2)*d"4)*n"3 +
4x (15*%D*b~2%c”3%d"3 + 93*%(C*xa~2 + 2*Bkaxb + A*xb~2)*d~6 + 28x(D*a”2xc + (2%
C*xaxb + B*b~2)*c)*d~5 - 20%(2*D*ax*b*c™2 + Cxb~2%c~2)*d"4)*n"2 + 4*x(10*D*b~2
*c73%d"3 + 127*(C*xa”~2 + 2xBxaxb + A*b~2)*d"6 + 15x(D*xa~2*c + (2*C*axb + B*b
"2)*c)*d75 - 12%x(2*xDxaxb*c”2 + C*xb~2*c”2)*d"4)*n)*x~3 - 180*(D*a”2*c™4 + (2
*C*a*xb + Bxb"2)*c"4)*d"2 + (580*A*a”2*c*d”5 + 30*%(C*a~2 + 2*Bkxaxb + Axb~2)x*
c”3*%d"3 - 119*%(B*a”2 + 2xAxaxb)*c”2+%d"4 - 6x(D*a"2*xc”4 + (2*Ckaxb + B*b~2)*
cT4)*d"2)*n"2 + (360*(B*a”~2 + 2xA*axb)*d”6 + ((Cxa~2 + 2xBxaxb + A*xb~2)*cx*d
"5 + (B*a"2 + 2xA*axb)*d"6)*n"5 + (16%(Cxa”~2 + 2xBxaxb + A*xb~2)*c*d™5 + 19%
(B*xa~2 + 2*A*axb)*d”6 — 3x(D*xa~2*c”2 + (2*xCkxaxb + B*b~2)*c"2)*d"4)*n"4 + (8
9% (C*a™2 + 2*B*axb + Axb~2)*c*d”5 + 137*(B*a”~2 + 2*A*axb)*d”~6 - 36*x(D*a”~2*c
"2 + (2%Ckaxb + B*b~2)*c"2)*d"4 + 12*%(2*D*a*b*xc™3 + C*b~2%c"3)*d"3)*n"3 - (
B60*D*b~2*%c~4%d"2 - 194*%(C*xa~2 + 2*B*xaxb + Axb~2)*c*d”™5 - 461*(B*xa”2 + 2*Ax*xa
*b)*d"6 + 123*(D*a”~2*xc”2 + (2*Cxaxb + B*b~2)*c"2)*d~4 - 84*(2+D*a*b*c”™3 + C
*b72%c”3)*d"3)*n"2 — 6x(10*%D*b"2%c”4*d"2 - 20%(Cxa~2 + 2*Bxaxb + A*xb~2)*cx*xd
“5 - 117*(B*a”2 + 2xAxaxb)*d”6 + 15%(D*a”2*c”2 + (2*xCxaxb + B*b~2)*c”2)*d"4
- 12*%(2*D*a*b*xc™3 + C*b~2%c"3)*d"3)*n)*x"2 + 144 (2+D*a*b*c”™5 + Cxb~2xc~5)
*d + 2% (522xA*a”2xc*d”5 + 74*x(Cxa~2 + 2*B*xaxb + Axb~2)*c~3*%d"3 - 171x(B*a~2
+ 2kA*xaxb)*xcT2xd"4 - 33*%(D*a"2*%c”4 + (2xCxaxb + B*b72)*c”4)*d”2 + 12%(2xDx
axb*c”5 + Cxb™2xc”™5)*d)*n + (720%A*a”2*d"6 + (A*a~2xd"6 + (B*a~2 + 2*A*xaxb)
*c*d75)*n"5 + 2*x(10*xA*a~2%d"6 - (C*a”2 + 2xBxaxb + A*b~2)*c”2*d"4 + 9*x(B*xa~
2 + 2%A*xaxb)*ckxd"5)*n"4 + (155%A*a”2*d"6 — 30*x(Cxa~2 + 2*B*a*b + A*xb~2)*c”2
*d"4 + 119%(B*a”2 + 2*xAxaxb)*cxd”5 + 6+%(D*a~2*%c”™3 + (2*xCxa*xb + B*b~2)*c”3)*
d"3)*n"3 + 2x(290*xA*a~2+%d"6 - T74*x(C*xa~2 + 2xBxaxb + A*b~2)*c™2*d"4 + 171x(B
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*a"2 + 2kA*xaxb)*cxd”5 + 33%(D*xa”2*c”3 + (2xCxaxb + B*b~2)*c”3)*d"3 - 12x(2x
Dxaxb*xc™4 + C*b~2%c"4)*d"2)*n"2 + 12*x(10*%D*b"2%c”5xd + 87*xA*a~2*xd~6 - 20*(C
*¥a”"2 + 2*Bxaxb + A¥b"2)*c"2*d"4 + 30*x(B*a"2 + 2*xAxaxb)*c*xd”5 + 15%x(Dxa”2x*c”
3 + (2xCxaxb + Bxb72)*c~3)*d"3 - 12x(2*xD*axb*xc”4 + C*xb~2*c”4)*d~2)*n)*x)*(d
*x + ¢)"n/(d76*n"6 + 21*d"6*n"5 + 175%d"6*n"4 + 735%d"6*n"3 + 1624*d"6*n"2
+ 1764%d"6%n + 720%d"6)

giac [B] time = 1.48, size = 4972, normalized size = 14.71

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (d*x+c) "n*(D*x~3+Cxx~2+B*x+A) ,x, algorithm="giac")
g g g

[Out] ((d*x + c) n*Dxb~2*%d"6*n"5*x"6 + (d*x + c) n*xD*b~2*c*d~5*n"5*x"5 + 2x(d*x +
c) "n*D*a*xb*d"6*n"5*x"5 + (d*x + c) n*C*xb~2*d"6*n"5*xx"5 + 15x(d*x + c) “n*Dx
b"2*d"6*n"4*xx"6 + 2% (d*x + c) nxDxaxbxcxd~5*%n"5%x"4 + (d*x + c) n*Cxb~2xc*d
~5#xn"5*x"4 + (d*x + c) " n¥D*a”2*d"6*n"5*x"4 + 2*x(d*x + c) “n*Ckaxb*xd"6*xn"5xx~
4 + (d*x + ¢) " n*B*b"2*%d"6*n"5*x"4 + 10x(d*x + c) n*D*b”~2*c*xd"5*n"4xx"5 + 32
*(d*x + c) n*Dxaxbxd~6xn"4xx~5 + 16*%(d*x + c) n*Cxb~2xd"6#n"4*x"5 + 85*(d*x
+ ¢) "n*D*b"2%d"6*n"3*x"6 + (d*x + c) n*D*a"2%cxd"5*%n"5*xx~3 + 2x(d*x + c)"n
*C*axb*ckd"5*xn"5*x"3 + (d*x + c) n*Bxb"2*xcxd"5*n"5%x~3 + (d*x + c) nxCxa~2x
d"6*n"5*x"3 + 2*x(d*x + c) n*B*axb*d"6*n"5*xx"3 + (d*x + c) nkAxb"2*xd"6*n"5*x
~3 - 5x(d*x + c) " nxD*b”2*xc”2*d"4*n"4*xx"4 + 24*(d*x + c) “n¥xD*axbxc*d 5xn"4x*x
“4 + 12+ (d*x + c) " n*xCxb"2%c*kd"5¥n"4*x"4 + 17x(d*x + c) n*D¥xa”2*xd"6*n"4xx"4
+ 34*x(d*x + c) nxCxa*xb*d~6*n"4*x"4 + 17x(d*x + c) n*B*xb~2*d"6*n"4*xx"4 + 35%
(d*x + ¢) "n*D*b~2*c*d"5*n"3*x"5 + 190*(d*x + c) n*D*axb*xd~6xn~3*x~5 + 95*(d
*xX + ¢) nkCxb"2*d"6*xn"3*x"5 + 225%(d*x + c) "n*D*b"2*xd"6*n"2*%x"6 + (d*x + c)
“nxCxa~2*xcxd"5*n"5%x"2 + 2% (d*x + c) n¥Bxaxb*xckxd"5+n"5*x"2 + (d*x + c) nxAx
b™2xcxd"5*xn"5*x"2 + (d*x + c) n*Bxa~2xd"6#n"5%x"2 + 2*x(d*x + c) nxAxaxb*d”6
*n"5*%x72 - 8%(d*x + c) n*D¥xaxb*c”2*d"4*n"4*xx"3 - 4x(d*x + c) nkCxbT2xcT2xd”
4xn~4xx"3 + 14%(d*x + c) n*D*a”"2*xcxd"5*xn"4*x"3 + 28*(d*x + c) n*xCxaxb*c*d”5
*n"4*x73 + 14*x(d*x + c) n*¥B*¥b " 2%c*kd"5*n"4*x"3 + 18*(d*x + c) nkC*xa~2*xd"6*n”
4xx~3 + 36%(d*x + c) n¥Bxaxb*d"6*n"4*x"3 + 18*(d*x + c) n*Axb"2*xd"6*n"4*x"3
- 30*%(d*x + c) n*Dxb"2%c”2+%d"4*n"3*x"4 + 94x(dxx + c) n*D*axbkckd 5*n"3*x”
4 + A7x(d*x + c) n*C*xb~2*xcxd"5*n"3*x"4 + 107*(d*x + c) n*D*a”~2*xd"6*xn"3*x"4
+ 214*%(d*x + c) nxCxa*xb*d~6*n"3*x"4 + 107*(d*x + c) n*B*xb~2*d"6*n"3*x"4 + 5
0*(d*x + c) " n*D*b~2%c*d"5+n"2*x"5 + 520*(d*x + c) n*D*xaxb*d”~6*n"2*x"5 + 260
*(d*x + c) " nxCxb"2*xd"6xn"2*%x"5 + 274*x(d*x + c) n*xD*¥b"2*d"6*n*x"6 + (d*x + ¢
) "n*Bxa~2*%cxd5*n"5xx + 2% (d*x + c) “nxAxaxbxcxd"5*n"5%x + (d*x + c) nxA*xa”2
*d76*n"5*x - 3x(d*x + c) n*¥D*a”2*c”2*xd"4*n"4*xx"2 - 6% (d*x + c) nkCkaxbxcT2x*
d"4*n"4*x72 - 3x(d*x + c) n*B*b”"2*xc”2xd"4*n"4xx"2 + 16*(d*x + c) nxCxa"2xcx
d"5*n"4*x"2 + 32x(d*x + c) “n*Bxaxbxcxd“5*xn"4%x72 + 16*%(d*x + c) nxAxb~2xc*d
“5*n"4%x72 + 19%(d*x + c¢) n*¥B*a”2*%d"6*n"4*x"2 + 38%(d*x + c) nkAxaxbxd~6xn”
4xx~2 + 20%(d*x + c) " n*D*b"2%c”3*d"3*n"3*x"3 - 72*(d*x + c) n*D*xaxb*c~2*xd"4
*n"3*%x7"3 - 36%(d*x + c) nxCxb~2%c”2+%d"4*n"3*x"3 + 65x(d*x + c) n*xD*a”2%c*d”
5%¢n~3*x"3 + 130*(d*x + c) n*Cxa*b*c*d"5*n~3*x"3 + 65*(d*x + c) n*Bxb~2*xcxd”
5%¢n"3*%x73 + 121*(d*x + c) n*C*a~2*d"6*n"3*x"3 + 242x(d*x + c) “n*B*xaxb*xd~6*n
~3%x73 4+ 121*(d*x + c) "n*xA*¥b"2+%d"6*n"3*x"3 — 55x(d*x + c) n*D*b”2*c”2*d"4*n
“2*%x74 + 144x(d*x + c) “nxD¥xaxbxc*d"5*n"2*x"4 + 72x(d*x + c) n*Cxb~2*cxd”5*n
“2*%x74 + 307x(d*x + c) n¥D*a”2*%d"6*n"2*%x"4 + 614*x(d*x + c) nxCxaxbxd"6*n”2x*
x74 + 307x(d*x + c) n*B*b”"2*d"6*n"2*xx"4 + 24*(d*x + c) n*Dxb"2xcxd"5xn*x"5
+ 648*%(d*x + c) nxD*axb*d”6*n*x"5 + 324*x(d*x + c) n*C*b~2*d"6*n*x"5 + 120%(
d*x + c) " n*D*b"2*xd"6%x"6 + (d*x + c) nkA*xa"2xcxd"5*%n"5 - 2*%(d*x + c) n*xCxa”
2%c”2%d74*n"4*x — 4x(d*x + c) n*Bkaxbxc 2*xd"4*n"4xx - 2% (d*x + c) nkxAxb"2*c
“2%d74*n"4*x + 18%(d*x + c) n*B*a”~2*xckd"5*n"4*xx + 36%(d*x + c) “nkAxaxbxcxd”
5%¢n~4xx + 20%(d*x + c) "nxA*a"2*xd"6*n"4xx + 24*(d*x + c) “nxD*axbxc”~3*d"3*n"3
*x72 4+ 12%(d*x + ¢) "n*xCxb72%c”3*d"3*n"3*x"2 — 36x(d*x + c) n*D*a”2xc”2xd"4x*
n"3*x72 — 72x(d*x + c) nxCkxaxb*xc"2*xd"4*n"3%x"2 - 36*%(d*x + c) n*Bxb~2xc”2*d
“4*n"3%x72 + 89k (d*x + c¢) n*¥C*a"2%c*kd"5*n"3*x"2 + 178%(d*x + c) n*kBxaxb*xc*xd
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“B#n"3%x72 + 89*%(d*x + ) n¥Axb"2*ckd"5*n"3*x"2 + 137+ (d*x + c) n*B*a~2*xd”"6
*n"3%x72 + 274*%x(d*x + c) “n¥A*axb*d"6*n"3*x"2 + 60*x(d*x + c) n*D*b"2*c”"3*d"3
*n"2*xx73 - 160*(d*x + c) n*D*axb*c™2*xd"4*n"2%x"3 - 80*(d*x + c) n*xCxb~2*c~2
*d"4*n"2*%x73 + 112x(d*x + c) "n*D*a”2*xcxd"5*xn"2xx"3 + 224*(d*x + c) “nxCkxaxbx
cxd"5*n"2%x"3 + 112*%(d*x + c) n*B*b " 2*c*d"5*n"2*x"3 + 372x(d*x + c) n*C*a”2
*d76*n"2*%x"3 + 744*x(d*x + c) n*B*axb*d"6*n"2*xx"3 + 372*(d*x + c) nxAxb"2xd”
6+¥n"2%x"3 - 30*(d*x + c) n*¥D*¥b"2%c”2xd"4*n*x"4 + 72%(d*x + c) n*D*axbxcxd~5
*n*x~4 + 36x(d*x + c) nxCxb~2*xcxd"5*n*x"4 + 396*(d*x + c) n*D*a~2*d”6*n*x"4
+ 792x(d*x + c) “nxCxaxb*d~6*n*x"4 + 396%(d*x + c) n*Bxb~2*d"6*n*x"4 + 288%
(d*x + c) "n*D*xaxbxd"6*xx~5 + 144%(d*x + c) n*Cxb~2*xd"6*x~5 - (d*x + c) n*B*a
"2%c72+%d74*n"4 - 2x(d*x + c) “n¥xA*xaxbxcT2xd"4*n"4 + 20%(d*x + c) "nxA*xa”2*xc*xd
~5*n"4 + 6x(d*x + c) " nxDxa"2%c”3*d"3*n"3*x + 12*x(d*x + c) n*Ckaxbxc”3*d"3*n
“3%x + 6*%(d*x + c) n*Bxb"2x%c”3*%d"3*n"3*x - 30*(d*x + c) n*C*a~2*c”2*d"4*n"3
*x — 60*%(d*x + c) n¥Bxaxb*c”2*xd"4*n"3%x - 30%(d*x + c) n¥A*b"2%c”2*xd"4*n" 3%
X + 119%(d*x + c) n*B*a”2*c*d"5*xn"3*x + 238*(d*x + c) “nxAxaxbxcxd“5*n"3*x +
155% (d*x + c) n¥A*a~2*d"6*n"3*x — 60*(d*x + c) n*D*b”"2*c"4*xd"2*n"2*xx"2 + 1
68* (d*x + c) n*D*xaxbxc~3*%d"3*n"2*x"2 + 84*(d*x + c) n*Cxb~2%c”"3*d"3*n"2*xx"2
- 123*%(d*x + c) " n*xDxa~2*c”2*%d"4*n"2*x"2 - 246x(d*x + c) “n*Ckaxbxc~2xd"4*n"
2%x72 - 123%(d*x + c) "n*B¥b”2*xc”2*d"4*n"2*%x"2 + 194*(d*x + c) n*C*xa~2*c*d”5
*n"2%x72 + 388%(d*x + c) n¥Bkxaxb*ckd"5*n"2xx72 + 194%(d*x + c) nxAxb"2*xcxd”
5¢n"2%x72 + 461x(d*x + c) n*B*a”2*d"6*n"2*x"2 + 922x(d*x + c) “n*A*xaxb*xd~6*n
T2%x72 4+ 40*(d*x + ) "nxD¥b"2%c”3*d"3*n*kx"3 — 96x(d*x + c) “n*D*xaxbxc”2xd"4x*
n*x~3 — 48*x(d*x + c¢) n*Cxb~2*xc"2*xd"4*n*x"3 + 60*(d*x + c) “n*D*a”~2xcxd " 5¥n*x
~3 + 120*%(d*x + c) n*Cxaxb*xc*d~5*n*x"3 + 60*(d*x + c) n*B*xb~2*c*d"5*n*x~3 +
508* (d*x + c) n*Cxa”~2*d"6*n*x"3 + 1016*(d*x + c) “n*Bxaxb*xd~6*n*x~3 + 508%*(
d*x + c) nxAxb"2xd"6*n*x"3 + 180*(d*x + c) n*D*xa”2*%d"6*x"4 + 360*(d*x + c)”
nxCxaxbxd~6*xx~4 + 180*(d*x + c) " n*Bxb~2xd"6%x"4 + 2% (d*x + c) n*xCxa~2xc~3*d
~3*%n"3 + 4*x(d*x + c) nxBxaxb*c”"3*d"3*n"3 + 2*x(d*x + c) n¥A*xb"2*c”3*d"3*n"3
- 18*(d*x + c) " n*Bxa"2*c”2*d"4*n"3 - 36*%(d*x + c) n*xA*axb*c”2*xd"4*n~3 + 155
*(d*x + c) nxA*a"2xcxd"5*n"3 - 48*(d*x + c) n*Dxaxbxc”4*d"2*n"2*x - 24x*(d*x
+ ¢) "nxCxbT2%xcT4*xd"24%n"2%x + 66*%(d*x + c) "n*Dxa”2*c”3*d"3*n"2*x + 132*(d*x
+ ¢) "nxCxaxbxc~3*xd"3*n"2%x + 66*%(d*x + c) n*Bxb"2%c”3*d"3*n"2*x — 148*(d*x
+ ¢) "nkC*xa”2xc"2xd"4*xn"2%x - 296*(d*x + c) “nxBxaxbxc”2+%d"4*n"2*x - 148*(dx*
X + ¢) nxA¥b72xcT2xd"4*n"2xx + 342%(d*x + c) nxB*a"2*xc*d"5*n"2*x + 684x*(d*x
+ c) "nxAxaxb*c*xd"5*xn"2*x + 580*(d*x + c) nxA*a”"2*d"6*n"2*x - 60*(d*x + c)”
n*Dxb~2*xc 4xd"24n*x"2 + 144*x(d*x + c) “n*D*xaxb*c”3*d"3*n*x"2 + 72x(d*x + c)”
nxCxb~2xc"3*%d"3*n*x"2 - 90*(d*x + c) nxD*xa”2*c”2*d"4*n*x"2 — 180*(d*x + c)”
nxCxaxbxc™2xd"4*n*x"2 - 90*(d*x + c) n*B*xb"2%c”2*%d"4*n*x"2 + 120*x(d*x + ¢)”
nxC*xa~2xc*xd”"5xn*x"2 + 240*%(d*x + c) n*Bxaxb*cxd~5*n*x"2 + 120*%(d*x + c) n*A
*b72%c*d"5*nkx"2 + 702x(d*x + c) n*B*a”~2*xd"6*n*x"2 + 1404*(d*x + c) nxAxaxb
*d76*n*x"2 + 240*(d*x + c) n*C*a~2*d"6*x"3 + 480*(d*x + c) n*B*axbxd 6xx"3
+ 240*%(d*x + c) " nxA*b"2%d"6*x"3 - 6x(d*x + c) n¥D*xa”2*c”4*d"2*n"2 - 12x(d*x
+ ¢c) "nxCxaxbxc~4*%d"2+n"2 - 6x(d*x + c) n*¥B*¥b"2+%c”4*d"2*n"2 + 30*x(d*x + c)”
nxCxa~2*xc”3*%d"3*n"2 + 60*(d*x + c) n*xBxaxb*c”3*d"3*n"2 + 30*x(d*x + c) n*A*b
“2xc73%d73*%n"2 - 119*%(d*x + c) "n*B*a"2xc”2xd"4*n"2 - 238*(d*x + c) “nxAxaxbx
c72xd74*n"2 + B80*(d*x + c) nxAxa~2*c*d"5*n"2 + 120%(d*x + c) n*D*¥b~2*c”5*d
*n*x - 288*%(d*x + c) nxDxaxb*c”4*d"2*n*x — 144x(d*x + c) “n*C*xb~2*xc”~4*xd"2*nx*
X + 180*(d*x + c) n*D*a”2*c”3*d"3*n*x + 360*(d*x + c) n*Cxaxbxc~3*%d"3*n*x +
180* (d*x + ¢) n*¥B*¥b~2%c”3*d"3*n*x — 240*(d*x + c) n*C*a”~2*c”2*xd"4*n*x - 48
O*(d*x + c) n*Bxaxb*c™2*%d"4*n*x - 240*(d*x + c) n¥A*xb~2*xc”2*xd"4*n*x + 360%(
d*x + c) n*Bxa~2xc*d"5*n*x + 720%(d*x + c) “n*xA*axb*c*d”"5knxx + 1044x(d*x +
c) "n*xA*a”2+%d"6*n*x + 360*(d*x + c) n*¥B*a"2*d"6*x"2 + 720*(d*x + c) “n*xA*axbx
d"6*x72 + 48*x(d*x + c) n*D*axbxc”5xd*n + 24x(d*x + c) nkCxb"2*xc"5xd*n - 66%
(d*x + c) "n*D*a”2*c"4*xd"2*n - 132*(d*x + c) "n*Ckxaxbxc~4*xd"2+n - 66*(d*x + c
) "n*Bxb~2%c”4xd"2*%n + 148*%(d*x + c) "n*Cxa”2*xc”3*d”"3*n + 296*(d*x + c) n*B*a
*b*c”3*%d"3*n + 148*(d*x + c) “n*A*b”"2*c”3*d"3*n - 342%(d*x + c) nkBxa~2xc"2x
d"4*n - 684x(dxx + c) n¥xA*xaxbxc”2xd"4*n + 1044*(d*x + c) nxAxa~2xcxd"5*n +
720*%(d*x + c) " nxA*xa~2+%d"6*x - 120*(d*x + c) "n*D*b~2%c”6 + 288*(d*x + c) n*D
*axb*c”bxd + 144*x(d*x + c¢) n*Cxb~2%c”5xd - 180*(d*x + c) n*D*a”2*c " 4*xd"2 -
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360*(d*x + c) " nxCxaxb*c™4*d"2 - 180*(d*x + c) n*¥B*xb~2*%c”4*d"2 + 240*(d*x +
c) "n*C*a~2%c”3*%d"3 + 480*(d*x + c) n*B*axb*c”3*d"3 + 240*(d*x + c) nkA*xb”"2x%
c”3*%d"3 - 360%(d*x + c) " n¥B*a"2*xc"2*d"4 - 720%(d*x + c) nxA*axbxc”2xd"4 + 7
20% (d*x + c) nxA*xa”~2*c*d~5)/(d"6*n"6 + 21*d"6*n"5 + 175%d"6*n"4 + 735*d"6%*n
~3 + 1624*d"6*n"2 + 1764%d"6*n + 720*%d"6)

maple [B] time = 0.02, size = 2588, normalized size = 7.66

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) ~2*(d*x+c) "n* (D*xx"3+Cxx~2+B*x+A) ,x)

[Out] (d*x+c)” (n+1)*(D*b~2*d~5+n"5*x"5+C*b~2xd~5*n~5*xx~4+2*D*a*b*xd~5*n~5*x~4+15*D
*b72*%d"5*n"4*xx"5+B*bT2xd"5*n"bxx " 3+2*Ckxa*xb*d 5*n"5*x"3+16*%Cxb"2*%d"5*%n"4*x"4
+D*a”"2*%d"5*n"5*x " 3+32*D*xa*xb*d " 5*n"4*x"4-5%D*xb " 2xckd"4*n"4*xx"4+85%D*b"2*%d 5%
n"3*x"H5+A*bT2*xd"5*n"5kx T 2+2*%Bxa*b*xd " 5*n"5*x"2+174Bxb " 2xd " 5*n"4*x " 3+Cxa"2xd"”
5xn~5*x"2+34*C*axbxd~5*n"4*x"3-4*Ckb~2%cxd 4*n"4*x"3+95*%Cxb"2*xd " 5*n"3*xx"4+1
T*D*xa”2*%d"5*n"4*x~3-8*D*axb*cxd"4*n"4*x"3+190*D*a*xb*xd”~5*xn"3*x"4-50*D*xb"2*cx*
d74*xn"3%x"4+225%D*b " 2%d"5*n " 2*xxX "5 +2x A*axb*xd " 5*xn " 5*xx+18*%A*xbT2*%d " 5*xn"4xx " 2+Bx*
a”2*xd"5*n"b*xx+36*Bxaxb*d"5*n"4*x"2-3*%B*b"2*%ckxd"4*n"4*xx"2+107*B*b"2*xd " 5*n" 3%
X" 3+18*%Cxa”~2%d"5*n"4*x"2-6%Cka*xbxc*d~4*n"4*xx"2+214*xCkaxb*d~5*n~3*xx~3-48*C*b
“2xckdT4kn " 3kx"3+260*%CkbT2xd"5*n"2xx"4-3*D*a”" 2% cxd"4*xn"4*x"2+107*D*xa”"2*xd " 5%
n~3%x"3-96xD*axb*xc*kd"4*n"3xx"3+520*%D*xa*b*xd"5*n"2*%x"4+20*%D*b"2%c”2%d " 3*n" 3*x
“3-175%D*b"2%c*d"4*n"2*x"4+274*%D*b"2*%d " 5*n*x " 5+A*a”"2xd " 5*xn"5+38*A*xaxb*xd " 5*n
ThAxx-2xAxbT2xckdT4*xn " 4xx+121xAxbT2xdT5*n T 3*x T 2+19%B*xa”2*%d " 5*n"4xx-4*xB*a*xb*c
*d74*n"4xx+242%Bxa*xbxd"5*n " 3%x"2-42%Bxb " 2xc*d"4*n" 3*x"2+307*B*b"2*xd"5*n"2%x
“3-2*%Cxa”2%ckd"4*n"4xx+121%C*a”~2+%d"5*n"3*x"2-84*Cka*xb*cxd"4*n"3xx"2+614*C*xa
*bxd"5*xn " 24X " 3+12%Ckb 2% c T 2xd " 3*xn " 3%x " 2-188*Cxb " 2xckd"4*kn " 2xx " 3+324*Cxb " 2*xd
“hinxxT4-42xDxa” 2% c*kdT4xn " 3xx " 2+307*D*xa”"2*%d " 5*n " 2*xx " 3+24*D*ka*xb*c”2xd " 3*n" 3%
x"2-376*xD*axb*cxd"4*n"2%x"3+648*Dxa*xb*d " 5*n*xx"4+120%D*b"2%c”"2xd " 3*n"2%x"3-2
50%D*b"2*%c*d"4*n*xx"4+120%D*b~2xd " 5xx"5+20*A*a~2*d " b*n"4-2*%Axa*xb*xckxd"4*n"4+2
TAxAxa*xbxd~5xn~ 3%x-32*%AxD 2% ckd"4*n " 3xx+372xA*xb"2%d"5*n"2*x"2-B*a~2*cxd " 4%*n
T4+137*Bxa”2*xd"5*%n"3*%x-64*xBkxaxbxckd"4xn" 3xx+744xB*xaxb*xd"5*xn"2*x"2+6*xB*xb”~ 2%
T2xd73*n " 3%x-195%B*bT2*%c*xdT4*n " 2%x " 2+396%B*xb"2*%d " 5*n*xx"3-32*%C*xa~2*%c*d"4*n"3
*x+372xCka~2xd"bxn"2xx"2+12*xCkaxbkxc™2xd " 3*n"3xx-390*C*axb*cxd 4*n~2*%x~2+792
*Cxa*xbxd~5*n*xx~3+108*Ckb~2*%c™2xd " 3*n"2*xx"2-288*Cxb~2xckxd ~4*n*x~3+144*Cxb~ 2%
d75*x74+6%D*a”2xc”2xd " 3*%n " 3%x-195%D*a" 2k c*kd"4*n"2*%x"2+396*%D*a"2*%d " 5*n*x " 3+2
16*D*xa*xb*xc™2+%d"3*n"2*x"2-576*D*axb*cxd~4*n*xx~3+288*D*a*xb*xd " 5*xx~4-60*D*b~2*c
T3%dT2xn " 2xx T 2+220%D*b 2% cT2x%d " 3*kn*kx " 3-120*D*b " 2% c*d T4*xx"4+155%Axa"2*%d " 5*n"
3-36*xA*axb*cxd"4*n"3+922*%Axa*xbxd " 5*n"2*%x+2*Axb"2%cT2%d"3*n"3-178*%A*b"2*cxd”
4%n”2*xx+508*%A*b"2xd " 5*n*x"2-18*B*a"2*xc*xd"4*n"3+461*B*a”2*xd"5*n"2*x+4*xBxaxb*
c”2xd"3*n"3-356*Bxa*bxckd~4*n"2xx+1016*B*axb*d 5*n*x"2+72*%Bxb~2*c"2*xd"3*n"2
*x-336*Bxb~2*%c*d"4*n*xx"2+180*%B*xb"2*%d " 5*x~3+2*C*ka~2*%c”2*xd"3*n"3-178*Cka”~2*c*
d74xn"2*x+508*C*xa”~2xd " 5*xn*xx"2+144*xCxa*xbxc™2*d~3*n"2*xx-672*Ckxaxb*cxd ~4*nxx"2
+360*%C*axb*d~5*x~3-24*Cxb~2%Cc~3*d"2*n"2*x+240*Cxb~2*xc~2%d " 3*n*x~2-144*C*xb~2
*cxdT4xxT3+72xD*a” 2% cT2xd " 3*xn " 2%x-336*%D*a" 2% c*xd " 4*n*xx"2+180*%D*a”2*xd " 5xx"3-4
8xD*axbxc”3*d " 2*n"2xx+480*D*axb*c”2*xd " 3*kn*x"2-288*D*a*xb*ckxd"4*xx~3-180%D*b"2
*CT3*%dT2kn*x"2+120*%D*xb 2% CcT2%d " 3*%x " 3+580*%A*a"2%d"5*n"2-238*A*axb*kcxd"4*n" 2+
1404*xA*a*xbxd~5xn*x+30*xA*b~2*%c™2*d " 3*n"2-388*A*b~ 2k c*d~4*n*xx+240*A*xb"2+%d " 5*x
T2-119%B*a~2*xc*d"4*n"2+702*%B*a”2*%d " 5*n*x+60*Bxa*xbxc”2*%d"3*%n"2-776*B*xaxb*c*xd
“4xn*x+480*%Bxa*xbxd"5*x"2-6*%B*xbT2*c”3*%d"2*%n"2+246*Bxb"2*xc”2*d " 3*n*xx-180*B*b”~
2k c*dT4*x72+30%Cxa”"2xc"2%d " 3%n"2-388*C*a " 2% cxd " 4xn*x+240%Cxa”~2xd"5xx"2-12*C
*axb*c™3*d"2*xn"2+492xCkaxbkxc”2xd " 3xn*x—-360*Cra*bxckd~4*x"2-168*C*b~2*c~3*d"
2*n*x+144*xCxb~2*xc™2xd " 3*xx"2-6*D*a”"2*%c”3*d"2*n"2+246*D*a"2*%c”2*+d " 3*n*x-180*D
*a"2%ckxd"4*x"2-336xD*axbxc”3xd " 2*kn*xx+288*D*kaxb*xc”2xd " 3*xx"T2+120*%D*xb "2k c " 4*d*
n*x—-120%D*b"2*c"3*d"2*%x"2+1044*A*xa”2xd"5*xn-684*xA*axb*cxd"4*xn+720*A*axb*d 5%
x+148%Axb~2xc " 2xd " 3*%n-240%A*b" 2% c*xd"4*x-342*xB*a~2*c*d"4*n+360*B*a~2*xd " 5*xx+2
96xB*axb*xc”2*xd "~ 3*xn-480*B*a*xb*cxd"4*xx-66*Bxb"2xc~3%d"2*n+180*B*b~2*%c”2xd " 3*x
+148*C*a”~2*xc~2*%d"3*n-240*C*a~2xc*xd~4*x-132*xCxa*xb*c”~3*%d~2*n+360*Cxaxb*xc”~2*d~
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3xx+24*Cxb~2%c™4xd*n-144*Cxb~2*c™3*d " 2*x-66*D*a”2*c”3*d~2*n+180*D*a~2*c”2*xd
“3%x+48%D*axbxc”4*xd*n-288*D*xa*xb*xc”3xd"2*x+120%D*xb " 2*c"4d*xd*xx+720%A*a"2*xd"5-7
20*%Axax*xbxcxd~4+240%A*b™"2xc”2*%d~3-360*B*a”~2*xc*d"4+480*B*ax*xb*c”2xd"3-180*B*xb~
2%c73*d"2+240*%Cxa”2xc”2xd " 3-360*C*axb*c”™3*d"2+144*Cxb~2xc"4*d-180*D*a"2*c”3
*xd~2+288*D*a*xbxc~4*d-120*D*b~2xc~5) /d"6/(n"6+21*n"5+175%n"4+735%n"3+1624*n"
2+1764*n+720)

maxima [B]  time = 0.64, size = 1118, normalized size = 3.31

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) "2*(d*x+c) “n*(D*xx~3+C*x~2+B*x+A) ,x, algorithm="maxima"

[Out] (@72*(n + 1)*x72 + c*d*n*x - c~2)*(d*x + c) " n*¥B*a~2/((n"2 + 3*n + 2)*d"2) +
2%(d"2%(n + 1)*x72 + c*d*n*x - c”2)*(d*x + c) n¥xA*xaxb/((n"2 + 3*n + 2)*d"2
) + (d*x + ¢c)"(n + D)*A*xa"2/(dx(n + 1)) + ((n72 + 3%n + 2)*d"3*x"3 + (n~2 +
n)*ckd"2*%x"2 — 2*cT2xd*n*xx + 2*c”3)*(d*x + c) n*C*xa~2/((n"3 + 6*n"2 + 11*n
+ 6)*%d"3) + 2x((n"2 + 3*n + 2)*d"3*x"3 + (n72 + n)*c*kd"2*x"2 - 2xcT2xd*n*x
+ 2%c73)*(d*x + c) n*xBxaxb/((n"3 + 6*n"2 + 11*n + 6)*d"3) + ((n"2 + 3*n +
2)*%d"3*%x"3 + (072 + n)*xc*xd"2%x"2 - 2kc T 2*xd*n*x + 2*%c”3)*(d*x + c) nxA*xb"2/(
(n~3 + 6*n"2 + 11*n + 6)*d"3) + ((n”3 + 6*n"2 + 11*n + 6)*d"4*x"4 + (n~3 +
3*n"2 + 2*n)*cxd"3*x"3 - 3% (072 + n)*cT2xd"2xx72 + 6*c”3*kd*n*kx - 6xc”4)*(dx
x + ¢)"nxD*xa”"2/((n"4 + 10*n~3 + 35%n"2 + 50*n + 24)*d"4) + 2%((n"3 + 6*n~2
+ 11*%n + 6)*d"4*x74 + (n”3 + 3*n"2 + 2*n)*c*xd"3*x"3 - 3*(n"2 + n)*c"2xd"2*x
"2 + 6%c”3*kd*n*x — 6*xc”4)*(d*x + c) nxCxaxb/((n"4 + 10*n"3 + 35*n"2 + 50*n
+ 24)*%d"4) + ((n"3 + 6*n"2 + 11*n + 6)*d"4*x"4 + (n"3 + 3*n"2 + 2*n)*c*d” 3%
Xx73 - 3*%(n72 + n)*c”2*%d72*x"2 + 6*c”3xd*n*x - 6*%c”4)*(d*x + c) nxBxb~2/((n”
4 + 10*n~3 + 35%n"2 + 50*n + 24)*d"4) + 2*x((n"4 + 10*n~3 + 35%n"2 + 50*n +
24)*d"5*x"5 + (n74 + 6*n~3 + 11*%n"2 + 6*n)*cxd"4*x"4 - 4%(n"3 + 3*n"2 + 2*n
)*cT2%d73%x73 + 12*(n72 + n)*c”3*%d72%x72 - 24*c 4dxd*nxx + 24*c”5)*(d*x + c)
“n*D*xa*xb/((n"5 + 15*n"4 + 85%n"3 + 225*n"2 + 274xn + 120)*d"5) + ((n"4 + 10
*n~3 + 35*n"2 + 50%n + 24)*d"5*x”5 + (n"4 + 6%n”3 + 11*n"2 + 6*n)*cxd"4*x"4
- 4x(n"3 + 3*%n72 + 2*n)*c”2*d"3*x"3 + 12*(n"2 + n)*c”"3*xd"2*x"2 - 24xc”4xdx*
nxx + 24xc”5)*x(d*x + c) nxCxb~2/((n"5 + 15%n"4 + 85*%n~3 + 225%n"2 + 274*n +
120)*d"5) + ((n~5 + 15*%n"4 + 85*n"3 + 225%n"2 + 274*n + 120)*d"6*x"6 + (n~
5 + 10*%n"4 + 35%n~3 + 50*%n"2 + 24*n)*c*d"5%x"5 5¥(n~4 + 6*xn~3 + 11*n"2 +
6*n) *c”2*%d"4*x"4 + 20*(n"3 + 3*n"2 + 2*n)*c”3*d"3*x"3 - 60*(n"2 + n)*xc 4x*xd”
2%x72 + 120*c”5*xd*n*x - 120*%c”6)*(d*x + c) " nxD*b”"2/((n"6 + 21*n~5 + 175%n"4
+ 735%n"3 + 1624*n"2 + 1764*n + 720)*d"6)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
f(a+bx)2(c+dx)" (A+Bx+ C x? +x3D) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*xx) 2x(c + d*x) " n*x(A + Bxx + Cxx"2 + x"3*D),x)
[Out] int((a + b*x) " 2x(c + d*x) n*x(A + Bxx + Cxx~2 + x~3%D), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**2* (d*x+c) *xn* (Dkx**3+Ckx**2+B*x+A) , x)

[Out] Timed out
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3.27 f(a + bx)(c + dx)" (A + Bx + Cx? + Dx3) dx

Optimal. Leaf size=226

(bc — ad)(c + dx)"*1 (Ad3 — Bed? + ¢3(-D) + csz) (c + dx)"+? (ad (—de -3¢?D + 2ch) -b (Ad3 - 2Bc
- A5 +1) - d5(n + 2)

[Out] -(-a*xd+b*xc)*(Axd~3-B*c*d~2+C*xc~2xd-D*c~3) * (d*x+c) ~(1+n)/d~5/(1+n) - (a*d* (-B*
d"2+2*Cxcxd—3*D*xc”2) —~b* (A*d~3-2*Bxc*xd~2+3*Cxc~2+%d-4*D*c”3) ) * (d*x+c) ~(2+n) /d

=5/ (2+4n)+ (a*xd* (Cxd—3*D*c) —b* (-B*d~2+3*C*xc*xd-6*xD*c”~2) ) * (d*x+c) ~(3+n) /d"5/(3+
n)+(Cxbxd+Dxa*d-4*D*b*c) * (d*x+c) " (4+n) /d~5/ (4+n) +b*D* (d*x+c) " (5+n) /d~5/ (5+n

)

Rubi [A] time = 0.16, antiderivative size = 226, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 28,

number of rules 0.036, Rules used = {1620}

integrand size

(bc — ad)(c + dx)"*1 (Ad3 — Bed? + ¢*Cd + c3(—D)) (c + dx)"+? (ad (—Bd2 -3c?D + ZCCd) -b (Ad3 - 2Bc
- d5(n +1) - d5(n + 2)

Antiderivative was successfully verified.
[In] Int[(a + b*x)*(c + d*x)"n*(A + Bxx + C*x"2 + D*x73),x]

[Out] -(((b*c - axd)*(c™2%C*d - B*xc*d™2 + A*d~3 - ¢~ 3*D)*(c + d*x)~(1 + n))/(d"5*
(1 + n))) - ((axd*x(2*xcxCxd — Bxd™2 - 3*c™2*D) - b*(3*c™2*xCxd - 2%B*xc*d™2 +

Axd~3 - 4%c”3xD))*(c + d*x)~(2 + n))/(d"5%(2 + n)) + ((axd*(Cxd - 3*c*D) -

b*x (3*%c*Cxd - B*d™2 - 6%c”2*D))*(c + d*x)~(3 + n))/(d"5%(3 + n)) + ((b*Cxd -
4xbxc*D + a*d*D)*(c + d*x)~(4 + n))/(d"5*(4 + n)) + (b*xD*x(c + d*x)~(5 + n)
)/(@75%(5 + n))

Rule 1620

Int[(Px )*x((a_.) + (b_.)*(x )) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(=bc + ad) (CZCd — Bed? + Ad® - C3D) (c + dx)" (—aa
+
44
(be - ad) (c2Cd - Bed? + Ad® = D) (c + dx)™*"  (ad (2
- d5(1 + n) -

f(a+bx)(c+dx)” (A+Bx+Cx2+Dx3) dx = f[

Mathematica [A] time = 0.27, size = 199, normalized size = 0.88

(c+dx)(ad(BA?+3c2D-2cCd)+b( Ad®~2Bcd?~4c3D+3c2Cd))  (be-ad)(—Ad®+Bed?+c3D~c2Cd)  (c+dx)?(ad(Cd—3cD)+b(1
+ +
n+2 n+1 n+3

d5

(c + dx)"*1

Antiderivative was successfully verified.

[In] Integrate[(a + b*x)*(c + d*x)"n*(A + B*x + C*x"2 + D*x73),x]

[Out] ((c + d*x)~ (1 + n)*(((bxc - a*d)*(-(c”2*%Cxd) + Bxc*d~2 - A*xd~3 + c~3%D))/(1
+ n) + ((a*d*x(-2%c*C*d + Bxd"2 + 3%c”2%D) + b*(3%c™2%Cxd - 2*Bxc*xd™2 + Axd
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~3 - 4xc”3%D) )*(c + d*x))/(2 + n) + ((a*d*x(Cxd - 3*c*xD) + bx(-3xc*xCxd + Bxd
"2 + 6%c”2xD))*(c + d*x)"2)/(3 + n) + ((b*xCxd - 4xb*c*D + axd*D)*(c + d*x)~
3)/(4 + n) + (b*¥Dx(c + d*x)~4)/(5 + n)))/d"5

fricas [B] time = 0.94, size = 988, normalized size = 4.37

(Aacd*n* + 24 Dbc® +120 Aacd* + 40 (Ca + Bb)c®d? — 60 (Ba + Ab)c2d® + (Dbd®n* + 10 Dbd®n® + 35 Dbd®n?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(d*x+c) “n*(D*x~3+Cxx~2+B*x+A) ,x, algorithm="fricas")

[Out] (A*axc*d~4*n~4 + 24%Dxb*c”5 + 120*%A*axcxd™4 + 40%(C*a + B*xb)*c™3*d"2 - 60%(
Bxa + Axb)*c”2*xd"3 + (D*b*d~5*n"4 + 10*D*b*d"5*n"3 + 35%Dxb*xd~5xn"2 + 50*D*
b*d"5*n + 24*D*b*d"5)*x"5 + (30*x(D*a + C*b)*d"5 + (D*b*c*d~4 + (D*a + Cxb)*
d"5)*n"4 + (6*D*b*c*d”4 + 11x(D*a + Cxb)*d~5)*n~3 + (11*D*b*c*d~4 + 41x(D*a
+ C*xb)*d~5)*n"2 + (6%D*b*c*d”4 + 61*x(D*a + Cxb)*d~5)*n)*x"4 + (14xAxaxcxd”
4 - (Bxa + A*Db)*c”2%d"3)*n"3 + (40*(Cxa + B*b)*d"5 + ((C*xa + B*xb)*d~5 + (D*
axc + Cxb*xc)*d"4)*n"4 - 4x(D*b*c”2*%d"3 - 3*(C*xa + Bxb)*d~5 - 2+ (D*axc + Cxb
*c)*d"4)*n"3 - (12*xDxbxc”2+%d"3 - 49*%(C*xa + B*xb)*d~5 - 17*(D*axc + Cxb*xc)*d~
4)*n"2 — 2x(4*D*b*c”2%d"3 - 39*%(C*xa + B*b)*d~5 - 5*x(D*xaxc + Ckxbxc)*d~4)*n) *
x73 + (71xAxa*xc*d™4 + 2*%(Ckxa + B*xb)*c~3%d"2 - 12*%(B*a + Axb)*c™2%d"3)*n"2 +
(60% (B*a + A*b)*d”5 + ((C*xa + Bxb)*c*d"™4 + (B*xa + Axb)*d~5)*n"4 + (10*(Cx*a
+ Bxb)*c*xd™4 + 13*x(B*a + A*b)*d"5 - 3*x(Dxaxc”2 + Cxb*c”2)*d"3)*n"3 + (12xD
*b*c”3*%d72 + 29*%(Cxa + B*b)*c*d”™4 + 59*%(B*xa + Axb)*d~5 - 18*(D*a*xc”™2 + Cxbx
c”2)*%d"3)*n"2 + (12*D*b*xc~3*%d"2 + 20*(C*a + B*b)*c*xd~4 + 107+ (B*a + Axb)*d~
5 - 15%(D*axc™2 + Cxb*c™2)*d"3)#*n)*x"2 - 30%(D*a*xc™4 + Cxb*c”™4)*d + (154x*Ax
axc*d”™4 + 18%(Cxa + Bxb)*c~3*%d"2 - 47*x(B*xa + Axb)*c”2%d"3 - 6*x(D*axc™4 + Cx
b*c~4)*d)*n + (120*%A*a*d”5 + (A*axd™5 + (B*a + A*b)*c*d™4)*n"4 + 2x(7xA*axd
~5 - (C*a + B*b)*c™2*xd"3 + 6*(B*a + Ax*b)*c*xd~4)*n~3 + (71xA*a*d™5 - 18*(Cxa
+ B*xb)*c"2*d"3 + 47x(B*a + Axb)*c*d"4 + 6x(D*xaxc”3 + Cxb*c~3)*d"2)*n"2 - 2
* (12%D*b*c”4*xd — 77*A*xa*xd”5 + 20%(C*a + B*b)*c~2*%d~3 - 30*(B*a + Axb)*c*xd~4
- 15%(D*a*c”™3 + Cxbxc~3)*d"2)*n)*x)*(d*x + ¢)"n/(d"5%n"5 + 15*d"5*n"4 + 85
*d75%n"3 + 225%d"5*%n"2 + 274*d"5%n + 120*d”5)

giac [B] time = 1.39, size = 2224, normalized size = 9.84

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(d*x+c) "n*(D*xx~3+Cxx~2+B*xx+A) ,x, algorithm="giac")
g g g

[Out] ((d*x + c) " n*xDxb*d~5*n"4*x"5 + (d*x + c) n¥D¥b*c*d"4*n"4*x"4 + (d*x + c) "n*
Dxaxd~5*n~4xx~4 + (d*x + c) n*Cxbxd~5xn~4*x~4 + 10*(d*x + c) n*Dxbxd~5+n~3*
x75 + (d*x + c) n*Dxaxc*d"4*n"4*x"3 + (d*x + c) n*Cxbxc*d~4*n"4*x~3 + (d*x
+ ¢) "n*Cxaxd~5*n"4*xx~3 + (d*x + c) n*Bxbxd"5*n"4%x~3 + 6*(d*x + c) n*Dxbxcx
d"4*n"3*x"4 + 11x(d*x + c) n*D*axd"5*n"3*x"4 + 11*(d*x + c) n*Cxbxd~5*xn~3*x
~4 + 35%(d*x + c) " n*Dxb*d"5+n"2*x"5 + (d*x + c) nxCkaxc*d"4*n"4*x"2 + (d*x
+ c) "n*Bxbxc*d"4*n"4*x"2 + (d*x + c) n*Bxaxd"5*n"4*x"2 + (d*x + c) nxAxb*xd”
5%¢n"4*x"2 - 4*x(d*x + c) n*D¥b*c”2+%d"3*n"3*x”"3 + 8x(d*x + c) n*D*axc*d"4*n~3
*x73 + 8*%(d*x + c) n*Cxbxc*d~4*n"3*x"3 + 12*x(d*x + c) n*C*a*d"5*n"3*x"3 + 1
2% (d*x + c) "n*Bxbxd"5*n"3%x"3 + 11x(d*x + c) n*Dxb*c*d"4*n"2*x"4 + 41x(d*x
+ c) "n*D*xaxd"5*n"2*%x"4 + 41%(d*x + c) " n*Cxbxd~5*n"2%x"4 + 50*(d*x + c) “nxD*
b*d~5*n*x~5 + (d*x + c) n*Bxakxckd“4*n"4*xx + (d*x + c) n¥Axbxcxd"4*xn"4*x + (
d*x + c) nxAxaxd"5xn"4*x - 3*%(d*x + c) nxDxaxc”2%d"3*n"3*x"2 - 3*x(d*x + c)”
nxCxbxc~2xd"3*n"3*x"2 + 10*(d*x + c) n*xCka*xc*d™4*n"3*x"2 + 10*x(d*x + c) n*B
*b*xckd"4*n"3*x"2 + 13*x(d*x + c) "n*kBxaxd"5*n"3*x72 + 13*(d*x + c) “nxAxbxd"5x
n"3*x72 - 12%(d*x + c) nkDxb*xc"2*xd"3*n"2%x"3 + 17*(d*x + c) “n*xDxaxc*d"4*n"2
*x73 + 17*(d*x + c) n*Cxb*cxd~4*n~2*x~3 + 49*(d*x + c) n*C*axd~5+*n"2*xx~3 +
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49% (d*x + c) "n*¥B*b*d"5*n"2*x"3 + 6x(d*x + c) n*D¥b*c*kd"4*n*x"4 + 61x(d*x +

c) "n¥D*a*d"5*n*x"4 + 61x(d*x + c) n*Cxb*d"5*n*x"4 + 24*x(d*x + c) n*D*b*xd 5%
x75 + (d*x + c) " n*Axaxc*d"4*n"4 - 2% (d*x + c) n¥xCkaxc™2*d"3*n"3*x - 2*x(d*x

+ ) "n*Bxbxc”2*d"3*n"3*x + 12x(d*x + c) n*Bxaxckxd“4*n”3xx + 12%(d*x + c) "nx*
Axbxcxd~4*n"3%x + 14*(d*x + c) nxA*xaxd~5*n"3*x + 12*%(d*x + c) n*Dxb*c~3*d"2
*n"2%x72 - 18%(d*x + c) n¥D¥xaxc”2*xd"3*n"2*xx"2 — 18*(d*x + c) “nkCxb*xc~2xd"3*
n"2*x72 + 29%(d*x + c) nkCkxaxcxd~4*n"2*%x"2 + 29%(d*x + c) “n*Bxbxckxd~4*n"2%x
"2 + 59%(d*x + c) n¥Bxaxd~5*n"2%x"2 + 59*%(d*x + c) n*Axbxd~5*n"2*x"2 - 8*(d
*X + ¢) n*D*xbxcT2xd"3*n*xx"3 + 10*%(d*x + c) “n*Dxaxcxd”4*n*x"3 + 10*(d*x + c)
“n*Cxb*ckd"4xnxx"3 + 78x(d*x + c) nkCxaxd"5xn*x"3 + 78+ (d*x + c) n*Bxbxd“5x
n*x~3 + 30*x(d*x + c) n*Dxaxd"5*x"4 + 30%(d*x + c) n*Cxb*d"5*xx~4 - (d*x + c)
“n*B*a*xc”2xd"3*n"3 - (d*x + c) n*xA*xb*c”2xd"3*n"3 + 14x(d*x + c) nkAxaxcxd"4
*n”"3 + 6*x(d*x + c) n*Dxaxc”3*d"2*n"2*x + 6x(d*x + c) n*Cxb*c”3*xd"2*n"2%x -

18*(d*x + c) n*C*a*c™2*d"3*n"2*xx - 18%(d*x + c) n*Bxb*c~2xd~3*n"2*x + 47*(d
*xX + c) nkBrxakcxd“4*xn"2xx + 47+ (d*x + c) nxAxbxcxd"4*xn"2%x + 71x(d*x + ¢)"n
*Axa*xd"5*n"2*xx + 12*x(d*x + c) "n*D*b*c”3*d"2*xn*x"2 - 15%(d*x + c) “n*Dxaxc”2x
d"3*n*x"2 — 15x(d*x + c) "n*Cxb*xc~2*d"3*n*x"2 + 20*(d*x + c) “n*Ckxaxcxd 4*n*x
"2 + 20*%(d*x + c) " n*Bxbxc*d"4*n*x"2 + 107*(d*x + c) n*¥Bka*xd"5* n*x"2 + 107*(
d*x + c) nxAxbxd"5xn*x"2 + 40*(d*x + c) n*Cxaxd~5*x~3 + 40*(d*x + c) n*Bxbx
d"5*x73 + 2x(d*x + c) n*C*a*xc™3*d"2*n"2 + 2x(d*x + c) n*Bxb*c~3*d"2*n"2 - 1
2% (d*x + c) nkBxaxc”2*xd"3*%n"2 - 12*%(d*x + c) "nxAxbxc”2+%d"3*n"2 + 71x(d*x +

c) " n¥xA*xaxc*d"4*n"2 - 24x(d*x + c) n*¥Dxb*c 4*xd*n*x + 30*x(d*x + c) “n*D*axc”3*
d"2*n*x + 30*(d*x + c) n*Cxb*c ~3*d"2*n*x — 40*x(d*x + c) n*Ckaxc™2*d"3*n*x -
40*(d*x + c) "n*Bxb*c”2*%d"3*n*x + 60%(d*x + c) n*Bxaxcxd“4*n*x + 60*x(d*x +

C) “n*Axb*xc*d"4*n*x + 154*x(d*x + c) “n*xA*a*d"5xn*x + 60*x(d*x + c) n*Bkxaxd 5*x
"2 + 60*%(d*x + c) " nxAxbxd"5*x72 - 6*%(d*x + c) nxDxaxc”4*d*n - 6*%(d*x + ¢c)"n
*Cxb*c”4*xd*n + 18*(d*x + c) n*Cka*c”™3*d"2*n + 18*(d*x + c) n*B*b*c”~3*d"2*n

- 47+ (d*x + c) " n*Bxaxc”2*%d"3*n - 47*(d*x + c) nxAxbxc”2+%d"3*n + 154*(d*x +

c) "nxAxaxckxd“4*n + 120*%(d*x + c) n*A*axd"5*x + 24*x(d*x + c) n*Dxb*xc”5 - 30%*
(d*x + c) "n*D*axc”4*d - 30*x(d*x + c) n*Cxb*c ™ 4*d + 40*x(d*x + c) n*Cxa*xc~3*d
"2 + 40*%(d*x + c) " n*Bxbxc”3%d"2 - 60*(d*x + c) n*Bxaxc”2%d"3 - 60*(d*x + c)
“n*xA*xb*c”2xd"3 + 120*(d*x + c) “n*A*xaxc*xd"4)/(d"5*n"5 + 15%d"5*n"4 + 85%d"5x*
n~3 + 225%d"5%n"2 + 274*%d"5%n + 120%d75)

maple [B] time = 0.01, size = 1039, normalized size = 4.60

(Db d*ntxt + Chd*n*x® + Dad*n*x® + 10Db d*nBx* + Bb d*n*x? + Cad*n*x? + 11Cb d*n3x® + 11Da d*n3x®

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)*(d*x+c) “n*(D*xx~3+Cxx~2+B*xx+A) ,x)

[Out] (d*x+c)” (n+1)*(D¥b*d"4*n"4*x~4+Cxb*xd~4*n~4*x~3+D*a*d"~4*n"4*x"3+10*D*xb*xd~4+*n
"3%x"4+B*xb*d"4*n"4*x"2+Cka*xd"4*n"4*x"2+11*Cxb*xd~4*n"3*x"3+11*D*xaxd"4*n"3xx"
3-4*Dxb*xcxd~3*n"3*x"3+35*%D*b*d"4*n"2*x"4+A*xbxd~4*n"4*x+B*xaxd 4*xn"4*x+12xBxb
*d74*n"3*xx"2+12*%Cxaxd"4*xn" 3%x " 2-3*%Ckxbxckxd"3*xn"3%x"2+41*Cxb*d"4*n"2*%x~3-3*Dx*
a*xcxd”3*n"3%x"2+41xD*axd"4*n"2%x"3-24%D*xbxc*d"3*xn"2*xx"3+50*%Dxb*d"4*n*xx"4+A*
a*d”"4xn"4+13xAxb*xd"4*n" 3%x+13*Bxa*d"4*xn" 3xx-2*Bxb*cxd " 3*n"3*x+49%Bxb*xd~4*n"~
2%x"2-2*%Ckaxckxd”3*xn"3xx+49*Cka*xd " 4*n"2xx"2-24*Cxb*xc*d~3*n"2*x"2+61*Cxbxd~4*
nxx~3-24xDxaxc*d”3*n"2*x"2+61*xDxaxd " 4xn*x"3+12*D*xb*xc”2*xd"2*n"2*xx"2-44*D*b*c
*d " 3knkx " 3+24*Dxbxd"4*x " 4+14xAxa*xd"4*n"3-Axbxc*d"3*n"3+59*%A*xb*xd " 4*n"2*x-B*a
*cxd"3*xn"3+59*%Bxaxd 4*xn"2*%x-20*Bxb*xc*xd”3*n"2*x+78*B*b*d " 4*n*xx"2-20*%Cxaxcxd”
3*n"2%x+78*Cxa*xd~4*n*xx~2+6*xCxb*xc~2*%d"2*%n"2*xx—-51*Cxb*xc*d ™ 3*n*xx~2+30*%Cxb*d~4x*
X" 3+6*xDxaxc”2%d"2+n " 2*x-51*D*a*ckd " 3xn*xx " 2+30*D*a*d"4*x"3+36*Dxb*xc”2%d " 2*n*
X" 2-24*Dxbxc*xd " 3*x"3+7 1kAxaxd 4*xn"2-12xAxb*c*xd"3*n"2+107*Axbxd~4*nxx-12*B*a
*c*d"3*n"2+107*Bxaxd~4xn*x+2*Bxb*xc”~2*xd " 2*xn"2-58*Bxb*c*xd " 3*n*x+40*Bxbxd~4*x"
2+2xC*xa*c™2*%d"2*xn"2-58*Cka*xcxd~3*xn*x+40*xCxa*xd~4*x~2+36*C*b*c™2*xd~2*xn*xx-30*C
*bxc*kd"3%xx"2+36%D*a*xc”2*%d " 2*n*x—-30*D*kaxckd”3xx"2-24*xDxb*xc”3*d*n*xx+24*Dxb*c”
2%d"2%x"2+154*Axaxd"4*n-47*A*xb*c*d"3*n+60*Axbxd~4*x-47*B*a*xc*d " 3*xn+60*Bxa*xd
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T4xx+18%Bxbxc”2*xd"2*n-40*B*xb*xcxd " 3*x+18*Cka*c”2xd"2*n-40*Cka*c*d”3*xx—-6*xC*xb*
¢~ 3xd*n+30*Cxbkxc™2*%d"2*x—-6*D*a*xc” 3xd*n+30*D*xaxc™2xd ™ 2*x—-24*Dxb*c”3*d*x+120%
Axaxd~4-60xA*xb*xc*xd”~3-60*xB*a*xc*xd”~3+40xB*xb*xc™2*xd~2+40*C*xa*xc™2xd~2-30*Cxb*c~3%*
d-30*D*a*xc~3*d+24xDxb*xc”4) /d~5/(n"5+15%n"4+85*n"3+225%n"2+274*n+120)

maxima [B]  time = 0.56, size = 596, normalized size = 2.64

(dz(n +1)x% + cdnx - cz)(dx +¢)"Ba N (dz(n +1)x% + cdnx — cz)(dx + c)”Ab+ (dx +c)"" Aa ((n2 +3n+ Z)d
(n2 +3n+ 2)d2 (n2 +3n+ 2)d2 d(n+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(d*x+c) “n* (D*x~3+C*x~2+B*x+A) ,x, algorithm="maxima")

[Out] (d72*x(n + 1)*x"2 + c*d*n*x - c”2)*(d*x + c) " n*Bxa/((n"2 + 3*n + 2)*d"2) + (
d"2x(n + 1)*x72 + c*d*n*x - c”2)*(d*x + c) " n*xA*b/((n"2 + 3*n + 2)*d"2) + (d
*x + ¢c)"(n + D*Axa/(dx(n + 1)) + ((n"2 + 3*n + 2)*d"3*x"3 + (0”2 + n)*cxd”
2*%x72 - 2*%cT2*d*n*xx + 2*xc”3)*(d*x + c) n*Cxa/((n"3 + 6*n"2 + 11xn + 6)*d"3)
+ ((n72 + 3%n + 2)*d"3*x73 + (n72 + n)*cxd™2*x"2 - 2*xc™2*d*n*x + 2*c~3)*(d
*x + ¢) nkBxb/((n"3 + 6*n~2 + 11*n + 6)*d"3) + ((n~3 + 6*n"2 + 11*n + 6)*d~
4xx™4 + (n73 + 3*n"2 + 2*n)*ckd"3*x"3 - 3*%(n72 + n)*cT2xd72*x"2 + 6*xc”3*d*n
*x — 6*%c”4)*(d*x + c) " nxD*xa/((n"4 + 10*n"3 + 35*n"2 + 50*n + 24)*d"4) + ((n
"3 + 6*%n72 + 11*n + 6)*d"4*x"4 + (0”3 + 3*n"2 + 2*n)*c*d"3*x"3 - 3*(n"2 + n
)*CT2xd72%x72 + 6*cT3*d*n*x — 6*%c”4)*x(d*x + c) n*xCxb/((n"4 + 10*n"3 + 35%n~
2 + 50%n + 24)*d"4) + ((n"4 + 10*n"3 + 35*n"2 + 50*n + 24)*d"5*xx"5 + (n"4 +
6*n"3 + 11*n"2 + 6*n)*c*d”4*x"4 - 4*x(n"3 + 3*n"2 + 2*n)*c”2*%d73*x"3 + 12%(
n"2 + n)*c”3*%d72%x"2 - 24*c 4*xd*nxx + 24%c”5)*(d*x + c) " nxDxb/((n~5 + 15%n”
4 + 85*n"3 + 225%n"2 + 274*n + 120)*d"5)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
f(a+bx) (c+dx)" (A+Bx+Cx2+x3D) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*x)*(c + d*x) " n*x(A + Bxx + Cxx~2 + x~3*D),x)
[Out] int((a + b*x)*(c + d*x) n*(A + B*x + C*xx"2 + x~3%D), x)

sympy [A] time = 12.51, size = 13522, normalized size = 59.83

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (d*x+c)**n* (Dkx**3+C*x**2+B*x+A) ,x)

[Out] Piecewise((ckx*n*(A*a*xx + Axb*xx*x2/2 + Bkaxx**2/2 + Bxb*x*x3/3 + Ckaxx**3/3
+ Cxbkxx**x4/4 + Dxaxx*x4/4 + D*bxx*x5/5), Eq(d, 0)), (-3xAxaxdx*x4/(12xc**x4x*d
*%k5 4+ 48kxckk3kdk*kBkx + TAkCkk2kd*kkTkx*k*k2 + 48kckd*k8kx**3 + 12kA**Qkx**x4) -
Axbxckdx*3/ (12kxckx*x4*xd*x*5 + 48kck*k3kd*xkBxx + T2kCkkkAk*kT*kx**x2 + 48kckd**8*
k%3 + 12%dx*Qkx*kx4) — LkAxbkdkkdkx/ (12%ck*x4xd*x*x5 + 48kck*x3kd*kB*kx + T2%kCk*
2kd*kTkx*k*k2 + A8kckd*k8kx*k*3 + 12kd*x*kQkx*k*x4) — Bxakckd**x3/(12xckx*x4xd*x*x5 + 4
8k CkkIkA*kkB*kX + TAkCk*kkA*kkT*x*k%2 + 4A8kckd**8*kx**3 + 12kxd*x*xQkx*x*k4) — 4*xBkax
d*xx4xx/ (12%ckk4xd*x*x5 + 48*kCk*3kd**kBkxX + T2kCkkkdA*k*kT*kx*k*x2D + 48kckd**Skx*k*3
+ 12%d*x*xQkx*x*4) — Bxbkckkx2xd*x*x2/ (12kckx*x4xd*x*5 + 48*kckkx3kd*x*xB*xx + TkCk*2Qkd*
*Tkx*%2 + 48kckd*x*8kx**3 + 12%d**xOkx**4) - 4*xBxbkckxdx*3xx/ (12*%ck*x4xd**x5 + 4
8kCkk3kd*kkBkx + T2kCk*kkd*xkxT*x**2 + 4A8kckd*x*8kx**x3 + 12kxd**xO*xx**4) — B*xBkxbx*
dkxdxxxx2/ (12kckxdxd*x*5 + 4A8kckk3kd*kxB*xx + T2kCk*kkd*kkThx**2 + A8kckd**8*xx*
*3 + 12%d*xOkx**x4) — Ckakckx2kd**x2/ (12%cx*k4*xd**5 + 4A8kck*x3kd**x6*xx + T2kC*k*2
*dkkTkx*k%2 + AZkckd*kkSkx*k*x3 + 12kA*k*kQkxk*k4) — AxCkrakxckd**x3*xx/ (12kck*k4xd*x*5
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+ 48k cxk3kd*xkBkx + TAkCkkDkd*kkTkxk*2D + 48kckd**8*kx**x3 + 12xd*x*Q*xx**x4) - 6xC
kaxdk*k4*xx*kx2/ (12%kckkdxd*x*x5 + 48*kck*3kd*kBkx + T2kCkkkd**k7T*kx**x2 + 48kckd**8
*xkk3 + 12%d*xkxOkx*%4) — 3kCkbkxckxkx3kxd/ (12*ckx*k4xd**x5 + 48kck*x3kd*x*k6*x + 72kcC*
*kAkKkTkx*k*kD + AZkCkd*kSkx*k*k3 + 12%d*k*xIkxk*k4) — 12xCxkbkck*x2xd*x*x2*xx/ (12%cx*x4
*Q*k*%5 + 48kckk3kdkkBkx + TAkCkk2kd*kkThkx*k*k2 + A4A8kckd**8*kx*k*x3 + 12%d*x*kQkx*k*4)
— 18%Cxbxckd*x3kxx*x*2/ (12kck*k4xd*x*5 + 48kc*k*x3kd**kB*kx + TAkCk*kDkd*kkTHx*k*D +
48xckd**x8kx*x*3 + 12kdA**xOkxx*%4) — 12%Ckbkd*k*x4*xx**x3/ (12*xc*k*x4xd*x*5 + 48*c*k*x3xd
*kBkX + TkCkk2kd*kkTkxk*k2 + 48kckd*kSkx*k*k3 + 12%d**Qkx**x4) — 3IkDkaxckx*x3xd/ (
12%ckk4kd*x*k5 + 48kCkk3kAk*kB*kX + TAkCkk2kdA*k*kTkxk*k2 + 48kckd*kx8kx*x*3 + 12%kd**
Oxx**x4) — 12%Dxakxck*x2xd*xx2xx/ (12*ckx*x4xd**5 + 48kck*x3kd*x*xB*xx + T2kCk*kQkd**T7*
x*k%2 + 48kckd*xkxSkxk*k3 + 12kd**kOxx**%4) — 18*Dkakckd*x*x3kx*kx2/ (12%ck*x4xd**x5 +
A8xckkx3kA*kB*kX + TAkCk*kDkd*kkThx**2 + 4A8kckd**8*kx**x3 + 12xd*x*Qkx*k*x4) — 12%Dx*
akxdx*k4xx*xx3/ (12kck*k4*xd*x*5 + 48*kckx*3kd*x*xB*x + T2kCk*kd**kTkx**x2 + 48kckd**8*
x**3 + 12xd**x9*x**4) + 12xDxbkcx*4xlog(c/d + x)/(12xck*4*xd**5 + 48*kcx*k3xd**
B*xX + T2xCkkkAk*kTkx*k*x2 + A8kckd**Sxx*kx*3 + 12%d**xJkx**4) + 25xDxbxck*x4/(12%
ckx4xd**x5 + 48kckx*kJkdxkBkx + T2kCkk2kd*kkTxx*k*2 + 48kckxd**8kx*x*x3 + 12%d**x9O*xx
x*k4) + A8+Dxbxc*k*3*kdxx*xlog(c/d + x)/(12%ck*4xd**5 + 48 ck*3*xd**6*x + T2kCk*
Okd*xkTxxk*2 + 48*kckd**x8xx**x3 + 12kd*x*Q*xx**x4) + 88*D*xbkckx*3kd*xx/ (12*kck*k4*xd**
5 + 48kxckxkx3kdA**k6*kxX + T22kCkk2kd*kkTkx*k*k2 + 48kckd**xS*xx*k*3 + 12%d**xOkxx*k*x4) + 7
2xDxbkxcxk2xd*x*x2*kxx*k2x1og(c/d + x)/(12xckx4*xd**5 + AB*ckx*k3xd**x6*x + T2*Ck*2%
d*xxTxx**2 + A8kckd**8kx**x3 + 12xd*x*xQkx*x*4) + 108*D*bkckk2xd**x2xx*k*x2/ (12%Ck*
Axd*x*5 + 48xckk3kdkkBkX + TAkCk*kDkd*kkThx*k*2 + 4A8kckd**8*kx**x3 + 12kxd**xQkx*k*4
) + 484D*bkcxdx*3xxx*k3xLog(c/d + x)/(12xck*4xd**5 + 4BxCH*k3xd*x*k6*x + T2xC**
DkAkkTkx**2 + 48kckd**x8kxkx*3 + 12%d*x*Qkx*%4) + 48*Dxbkckdk*x3kx**x3/ (12%c*k*4x*
d**5 + 4A8kck*k3kdA**kBkx + T2kCHkkkA*kTkx*k*k2 + A8kckd**Skx**k3 + 12kd*k*xIkx**4)
+ 12xD*bxd*x4*x*x*4x1log(c/d + x)/(12kck*4*xd**5 + AB*Ckx*3xd*x*x6*x + T2kCk*2kd*
*KTHxk*k2 + AB*kckd**8*x*k*3 + 12xd**x9*xx**x4) , Eq(n, -5)), (-2xAxaxdx*x4/(6*c**3x%
d**x5 + 18kcx*2kxd**xB%x + 18kckd*x*xT*xx**2 + 6xd*x*8*xx**3) — Axbkxckd**x3/(6*kc*x*x3%
d**5 + 18%ck*2kxd*xk6*xx + 18kCkd**k7*xx**2 + 6Gkxd*kx8*kx*x*3) — 3kAxbkd*xx4*xx/ (6xc**
3kdkk5 + 18kck*k2kd*kB*kx + 18kckdkkTxx*%x2 + B*xd**8xx**x3) — Bkakckd*x*x3/(6kxc*x*
3kd*k*5 4+ 18kck*kkd**kB*kx + 18kckd*k*kTxx**2 + Gxd*x*8*xx*x*3) — 3*Bkakxdkxdxx/(6*c
*k3%kd*k*x5 + 18kCk*kkdA**kB*xx + 18kckd*kT*xx*x*2 + 6xd*x*k8kx**x3) — 2kBxbkck*kQkd**2
/ (B*xc*x3xd*x*5 + 18%C*k*x2xd**x6*xx + 18kckd*x*7*x**2 + B*xd**x8*xx**x3) — 6*xBxbkxckdx*
*3%x/ (B*kckx*k3kd**5 + 18kCk*x2kdA*x*k6*xX + 18kckd**x7*xx*x*2 + Gxd**x8*xx**3) — B*B*xbx*
dx*k4xxkk2/ (B*xck*3kd*x*x5 + 18kckk2kd**xB*xx + 18kckd*kxT*x**2 + B*kd**Zkx**x3) — 2
*Ckaxck*k2kd*x*x2/ (6xck*k3kA*k*5 + 18kck*x2kd*x*k6*kx + 18kCkA**T*x*k*%2 + B*kd*k*xSkx**3
) — 6xCxaxckd**x3xx/ (6xckx*k3kd**5 + 18kc*k*x2kd*x*k6*kx + 18*kcCkd**7*x**x2 + B*xd**xSx*
x%%3) — 6xCkakxdx*x4*xx**2/ (6kck*x3kd**x5 + 18kck*k2kd*x*B*x + 18kckd**xT*xx**2 + 6%
dx*8xx*%3) + 6xCkxbxc**3*xd*xlog(c/d + x)/(6xc*k*3*kd**5 + 18*kck*2xd**x6*x + 18%*c
*dkkTkx*k*2 + Bkd*x*k8kx**3) + 11xCkxbkck*x3*xd/ (6xck*x3xd*x*x5 + 18kck*x2xd*x*x6xx + 1
BkCkdk*¥TxxX*k%2 + 6xd**8*kx*x*3) + 18*Ckxbkck*2kd*x*2*x*log(c/d + x)/(6xck*3*d*x*5
+ 18%Cck*kkd**kB%kx + 18kCkd*kkT*x**%2 + Bkxd*x*x8kx*x*3) + 27*xCkxbkckx2xd*x*2*xx/ (6%*c
*k3%kd*k*x5 + 18kCk*kkd**kB*x + 18kckd*x*xTxx*x*2 + 6xd*x*k8*kx**3) + 18*Ckbkckd**3*xx
x*2x1og(c/d + x)/(6*ck*3kd**5 + 18kCH*2kd*k*¥6*xX + 18*kCxd**THx**2 + Grd**8*x*
*3) + 18*%Ckxbkxckd**3*x**2/(6xck*x3kxd**x5 + 18kck*2xd*x*6xx + 18kckd*x*x7*xx*x*x2 + 6
*xd**x8*x**3) + 6*kCxbxd*x*4*xx**x3*x1log(c/d + x)/(6*kcx*k3xd**x5 + 18kc*k*x2*kd**6*xx +
18k ckd*k*xTxx*x*2 + Bxd**xSkxx*x*3) + 6*D*a*c**3*d*1og(c/d + x)/(6xcx*k3%d*x*x5 + 18
*CHkkkA*kkBkx + 18kckd*kTkx*k*2 + Bxd*x*k8xx*x*3) + 11*Dkakxcx*3*d/(6*ck*x3xd**x5 +
18k CH*2xd*k6*xX + 18kCkAk*T*kx*x*2 + Gxd*x8*x**3) + 18xDkaxc**x2*xd**2xx*log(c/
d + x)/(6kcx*k3kd**x5 + 18kcx*x2kd*x*k6*xx + 18*kckd**x7*x**%2 + Bxd**x8xx**3) + 27*D
kakckkQkdxk2xx/ (B*kckx*k3kd**x5 + 18kck*x2kd**6*x + 18kckd*xkx7*x**2 + BG*kd*x*x8kx**3
) + 18*D*a*c*d**3*x**2*log(C/d + x)/(6%ckx*k3%d**x5 + 18kck*x2kd**6*x + 18*c*xd*
*Tkx*x*%2 + Bxd*x*k8xx*x*3) + 18*Dkakckd*x*k3xx*x*2/ (6kck*x3kd**5 + 18*kc*k*x2kd**x6*xx +
18k Cxd**Txx**2 + 6xd**8*xx*3) + B*kDxaxdr*dxx*x3*xlog(c/d + x)/(Bkcx*3*xd**5
+ 18xCck*2kd*xk6xx + 18kCkd**Txx*%2 + 6xd**8*x**3) - 24*Dxb*ck*4*xlog(c/d + x)
/(Bkck*x3xd*x*x5 + 18kckx*x2xd*x*6xx + 18kckd**x7*xx*x*x2 + Gxd**x8*xx**x3) — 44*Dxbxckx*
4/ (B*c*k*x3xd*x*5 + 18*kck*x2kd**xB*xx + 18kckd*k7T*xx*x*2 + 6xd**8*x**x3) — T2*D*xbkcx*
*x3*xdxx*xlog(c/d + x)/(6*cx*k3xd*x5 + 18kck*x2kd**6xx + 18kckdk*T*x**2 + 6xd**8
*x%%3) — 108%D*bxcx*k3%d*x/ (Bxckx*k3k%d**5 + 18%ckx*kd**6*kx + 18kckd**kT7*x**2 +



144

Bxdx*8xx**3) — T2xDxbkcx*2xd**2xx*x*2x1log(c/d + x)/(6*xcx*3xd*x5 + 18kc**2*d*
*¥6%x + 18%ckd**kT*x*x*2 + GxA**kSkx*k*x3) — T2*kD*xbkck*k2kd*x*k2xx*x*2/ (6*kCc*k*x3xd**5 +
18k cHk*x2kd**k6%xX + 18kCkd**T*kx*x*2 + Gxd**x8*x**3) — 24*D*bkckxd**3*xx**3*log(c/
d + x)/(6kck*x3kd**5 + 18*kck*x2xd*x*x6*xx + 18kckd**xT*xx*k*x2 + Gkd**x8*kx**x3) + 6G*Dx
bxdxx4xxx*x4/ (Gxck*x3xd*x*x5 + 18kck*x2kd*x*Bxx + 18kckd**7T*xx**2 + Gkd*x*8*xx**3)
Eq(n, -4)), (—Axaxd*x*4/(2xc*x2*xd**5 + 4Akckxd**6*x + 2kd**T*x**2) — Axbkcxd**
3/ (2kc*x*x2kd**5 + Axckxdx*Bxx + 2kd*kkT*kx*k%2) — 2kAxbkdx*xdxx/(2kck*x2kxd**5 + 4%
ckd*x6xx + 2%d*x*k7*x*x%*2) — Bkakxckxdx*3/(2kck*x2kd**x5 + 4dxckxdx*kBxx + 2kdkkTkxkk
2) - 2xBxaxdkxdxx/ (2%xck*x2xd*x*x5 + 4kckd*kk6kx + 2kdk*k7Txx*k*k2) + 2%kBxbkckk2kd**
2xlog(c/d + x)/(2xc*x*x2%d*x*5 + 4Akcxd**6*x + 2kd**xT*x**2) + 3*Bkbxck*2*kd**2/(
2kCxk2kd*k*k5 + Akckd*x6*x + 2kdxkTxx*k%2) + 4xBkbkckd**3xx*log(c/d + x)/(2%cx*
*2%kd*x*k5 + Axckdk*kBxx + 2kd*kkTkx*k%2) + 4kBkbkckdx*k3%x/ (2kckx*k2kd**5 + 4Axckdk*k
B*x + 2xd*kxT*x**2) + 2*Bxbkdk*k4kx**x2%log(c/d + x)/(2%kcx*2xd**5 + 4kckd**6*x
+ 2kdk*kTkx*%2) + 2kCkakxcxk2xd**2*xLlog(c/d + x)/(2xc*k*x2*d**5 + 4dkcxd**6*x +
2xdxx7Txxk*x2) + 3xCkakxckx2xd*xx2/ (2kxckx*k2xd*x*5 + 4dxckd*x6xx + 2kd*x*7*xx*x*2) + 4
xCraxckd**x3*xxxlog(c/d + x)/(2%ck*2xd**5 + 4dxckd**6xx + 2*kd*k*T*xx**2) + 4*Cxa
xCkAkk3kx/ (2% Ck*k2xd*x5 + 4dkckdxk6xx + 2kdk*¥THx*%2) + 2xCraxdx*xdxx*x*x2*xlog(c/
d + x)/(2%kck*2%d**5 + 4xcxd**x6xx + 2kdk*T*x**2) — 6*Ckbkxcx*3xdxlog(c/d + x)
/ (2%ck*x2xd*x*x5 + 4kckd*kx6kx + 2kd**k7Txx*x*x2) — 9xCxbkckx*x3xd/ (2kcx*2xd*x*5 + 4x*c
xd*k*x6*kx + 2kd*xkTHx*k*2) — 12%xCxbkcx*2xd**2xx*x1og(c/d + x)/(2%ckx*2xd**5 + 4xc
*d*kkBkx + 2xdk*kTxx*k%k2) — 12%Ckbkcx*x2kd**x2kxx/ (2kc*k*2xd**5 + 4dkxcxd*x*6xx + 2*d
*kTxx*k%2) — 6xCkbrcxd**3xx**x2x1log(c/d + x)/(2kck*2xd**5 + 4d*xckd**6%xx + 2*d*
*7xx*k%2) + 2%Ckbkdkkdkxxx*x3/ (2kcx*2xd**5 + 4kcxd*xxG*xx + 2%d**xT7T*x**2) — 6%D*xa
xckx3*kdxlog(c/d + x)/(2%ck*2kd**5 + 4xckdk*6*xx + 2xd**T*x**2) — O*kDkakxck*3%
d/ (2xc*k*2%d**5 + 4xckd**6*x + 2xd*xT*x**2) — 12xDkaxck*x2*xd*x*2*xx*log(c/d + x
)/ (2%ckx2xd*x*x5 + 4kckd*kx6kx + 2xdx*k7Txx*x*2) — 12%kDkakck*x2kd**x2kxx/ (2kck*x2*xd**
5 + 4dkckxd*x6*x + 2kdxkTxx*k%2) — 6xDkaxckxdx*3xx*x*x2xlog(c/d + x)/(2*kck*2xd**5
+ Axckd*kBkx + 2kd*kTkx*x%2) + 2kDkaxdk*k4xx*x*k3/(2kck*2kd*k*5 + 4Adkckd**kB*x +
2xd*xxT*x**2) + 12xDxbkcx*x4xlog(c/d + x)/(2%cx*2xd*x5 + 4kckd*x*k6*x + 2kd**T*
x*%2) + 18%Dxbkxckx*x4/ (2xcx*k2xd*x*5 + 4xckd*x6xx + 2kd*x*7*x*x*2) + 24*xD*xbkckx*3*
dxx*xlog(c/d + x)/(2kcx*2xd**5 + 4*xckd**6%x + 2kd*x*Txx*%2) + 24*Dxb*cx*3xd*x
[ (2%ck*2%d**5 + Axckdk*6*xx + 2xd*k*kT*kx**k2) + 12+Dkbxck*2kd*x*2xx**2*%Llog(c/d +
x) / (2%xCcx*2xd*x*5 + 4dkxckd*x6*xx + 2kd**k7*x*x*2) — 4*D¥xbxckdkx*3xx*kx*x3/ (2*kcx*kQ*xd*
*5 4+ 4xckd**x6xx + 2kd*kTkx**2) + Dxbkdkkdkx**x4/(2xck*x2xd*x*x5 + 4kckd**x6kxx +
2xd*x*xTxx**2) , Eq(n, -3)), (-6*%Axaxd*x4/(6%cxd**5 + 6xd**6xx) + 6xA*xbxckd*x3
*log(c/d + x)/(6*%ckxd*x*5 + 6xd*x*6%x) + B*Axbkckd*x*3/(6xckxd**x5 + Bxd*x*x6*xx) +
6xAxb*xdx*4xx*log(c/d + x)/(6*kcxd*x5 + 6xd**6%x) + 6*Bxakxcxd*x3*log(c/d + x)
/ (6xckd**x5 + B6%d*x*6%x) + 6%Bxaxckxd**x3/(Bxckxd*x*x5 + 6kxd**x6*x) + 6*Bkakxdrk4*xx*
log(c/d + x)/(6*c*xd**5 + 6xd**6*x) — 12%Bxbxc**2xd**2x1log(c/d + x)/(B*c*xd*x*
5 + 6xd**6xx) — 12*%Bxbkc**2xd**2/(6%cxd**5 + 6xd**6%x) - 12*%Bxbxckd*x*3*x*1o
g(c/d + x)/(6*kcxd*x5 + 6xd**6%x) + 6*Bxbkxdx*4xx*x2/(6*kckd**x5 + 6*d**6%x) -
12xCkxaxc*x*x2xd*x*2x1log(c/d + x)/(6xc*xd**5 + 6xd*x*x6xx) — 12xCkakxcx*2xd*x*2/ (6%c
xd*xx5 + 6xd*k*6%x) - 12*Ckaxckd*x*3xx*log(c/d + x)/(B*kcxd* x5 + 6*xd**6%*x) + 6%
Craxd**4xx**2/ (6*xcxd*x*5 + 6*xd*x6%x) + 18xCxb*xc**3*d*log(c/d + x)/(6*c*xd**5
+ 6kd*x*¥6%x) + 18*Ckb*ck*3%d/(6*ckd*x*5 + 6xd**x6%x) + 18*Cxbkck*2*xd**2*xx*1og (
c/d + x)/(6*xckd**x5 + 6xd*x*6%x) — 9*kCxbxckxd**x3xx*x*x2/(6xcxd*x*x5 + 6Gxd**x6*xx) +
3%Ckbxd*x*x4*xx**x3/ (6*ckxd*x*5 + 6xd*x*6%x) + 18*D*a*c**3*d*log(c/d + x)/(6*xcxd**
5 + 6*xd**x6*xx) + 18xDkxakxc**x3xd/(6*xckd**x5 + 6xd*x*6%x) + 18*kDkakxckx*x2kxd**x2*xx*1o0
g(c/d + x)/(B*kcxd*x5 + 6xd**6%x) — OkDxakckd*x3*x**2/(6xc*xd**5 + 6xd**6%x)
+ 3kDkaxd**4*xx*x*k3/(6*%ckd*x*5 + 6xd*x6*x) — 24xD¥bkxck*x4*xlog(c/d + x)/(6*kcxd*x
5 + 6*dx*x6xx) — 24*Dxbkckx*4/(6xckxd**5 + 6xdx*x6%x) — 24*Dxb*cx*3xd*x*xlog(c/d
+ x)/(6%ckd*x*5 + 6xd*x*6%x) + 12%Dxbkck*x2xd*x*2kxx**x2/ (6kckxd**5 + 6xd*x*6*x) —
AxDxbxcxd*x*x3xx*k*x3/ (B6*xcxd*x*5 + 6xd**x6%xx) + 2kDkxbkd*x*4kxx**4/(6kckd**x5 + 6xdx*
x6xx), Eq(n, -2)), (A*axlog(c/d + x)/d - Axb*cxlog(c/d + x)/d**2 + Axbxx/d
- Bxaxcxlog(c/d + x)/d*%2 + Bkaxx/d + B¥bkcx*2xlog(c/d + x)/d**3 - Bxbxc*x/
dx*2 + Bxb*x**2/(2xd) + Ckaxc**2*xlog(c/d + x)/d**3 — Cxakxcxx/d**2 + Ckaxx**
2/(2xd) - Cxbxc**3*xlog(c/d + x)/d**4 + Cxbkcx*2xx/d**3 — Ckbxckx**2/(2xd**2
) + Cxb*xxx*x3/(3%d) - Dxaxcx*3xlog(c/d + x)/d**4 + Dkaxc**2*x/d*x3 - D¥xakcxx
*x%2/(2+d**2) + Dxaxxx*3/(3*d) + Dxb*cx*4xlog(c/d + x)/d**5 — D¥bkcx*3*x/d**
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4 + Dxb*cx*2xx*x2/(2*%d**3) - D¥bxc*x**3/(3xd*x2) + Dxb*x**4/(4xd), Eq(n, -1
)), (Axaxckxdxx4*xnxxd*(c + d*x)*x*xn/(dxx5*n*x*x5 + 15xd**5xn*x*x4 + 85xd**x5xn**3
+ 225xdx*x5xn**x2 + 274*xd*x*5%n + 120%d**5) + 14kxAkxaxckd*x*x4d*xn*xx3x(c + d*xx)**n/
(d*x5xn*x*5 + 15%d**x5*xn**x4 + 85xd*x*5*xn**x3 + 225%xd*x5xn**x2 + 274*d**x5%n + 120
*d*x*5) + TlkAxakxckdxxdxnx*x2%(c + d*x)*x*n/(d*xx5xnx*5 + 15%d*x5xn*x*x4 + 85kxd*x
5xnxx3 + 225%xd*xxbxn**2 + 274xdx*x5xn + 120%d**5) + 154*xAxaxckdxxd*nx(c + d*x
Yxkn/ (d*x5xn*x*5 + 15%d*x5xn*x*x4 + 85kxd*x*x5*xn**x3 + 225%xd*x5xn*x*x2 + 274%d**x5%n
+ 120%d**5) + 120*%Axa*xckxd*x*x4*(c + d*xx)**n/(d**x5*xn*x*5 + 15%xd*x*5*xn**x4 + 85%dx*
*5%xn*x*3 + 225xd*xx5xnx*x2 + 274xd**xb*xn + 120%d**x5) + Axaxdkxx5xnxxdxxx(c + d*x
Yxkn/ (d*xx5xnx*5 + 15%d*x5xn**x4 + 85kxd*x*x5xn**x3 + 225%xd*x5xn**x2 + 274xd**x5%n
+ 120%d**5) + 14xAxaxdx*x5*xn*x*3*xx*(c + d*x)**n/(d*x5xn*x*5 + 15%d*x5xn**x4 + 8
Exd*xx5xnx*3 + 225xd*x*x5*xn*x*2 + 274*xd*x*5%xn + 120%d*x*5) + T1xAxaxdx*k5knk*x2Q*xx* (
c + dxx)*x*kn/(d*xx5xn*x*5 + 15xd**5*xn*x*x4 + 85%xd*xx5kn**x3 + 225%d*xx5xn**x2 + 274x%
d*x*5%n + 120%d**5) + 154*xAxaxd*x*5*xn*xx*(c + dx*xx)**xn/(d**5*xn*x*x5 + 15%d*x*x5kn**
4 + 85xdx*5*xn**3 + 225%d*kbkxn**2 + 274xdx*5%n + 120%d**5) + 120*%Axaxd*xbxx*
(c + d*xx)**xn/ (d**x5xn*x5 + 15xd*x*5%n**x4 + 85xd*x*5*xn*x*3 + 225xd*x*5*xn**x2 + 274
*d*x*x5%n + 120%d*x*5) — Axbkxckx2kxd*x*x3xn*x*3%x(c + d*x)**n/ (d*x5xn*x*5 + 15%d**x5%
n¥x*4d + 85kxdx*x5xn**3 + 225xd*k5kn*x*2 + 274*d*x*5xn + 120%d**5) — 12xAxbkxck*x2%
d*x*x3xnkxkx2% (¢ + d*xx)**xn/(d*xx5xn*x*5 + 15xd**x5*xn*x*x4 + 85kxd*xx5xn**x3 + 225kd**x5%
n**2 + 274*xd*x5*xn + 120%d**5) — 47xAxbkxcx*2*xdx*3*nx(c + d*x)**n/ (dx*5*nx*5
+ 15kd**5xnx*x4 + 85*xd**5+n**3 + 225kd**x5xnx*x2 + 274*d**5*n + 120*d**5) - 60
*xAxbxcx*k2xd**x3% (¢ + d*x)**n/(d*x*x5*xn*x*5 + 15xd**x5xn*x*4 + 85kxd*x5xn*x*x3 + 225x%
d*x5xn*x*x2 + 274xd*x*x5xn + 120%d**5) + Axbkxckdx*xdknx*x4d*xx*x(c + d*xx)**n/ (d**x5%n
*k5 4+ 15kd**5xnx*x4 + 85kd*xb*xnk*x3 + 225*d**5xn**x2 + 274xd*xb*n + 120%d**5)
+ 12xAxb*ckd*kxdxn*xx3xxx (c + d*x)**n/(d**5*xn**x5 + 15kd**5*xn*x*4 + 85xd**x5%xn**
3 + 225xd*x*5*xn**2 + 274*d**5%n + 120*d**5) + A7*Axb¥ckxdxxdxn*x*2*x*(c + d*x)
*xn/ (d*x*5%n*x*5 + 15%d*x*5*n**4 + 85*kd**x5*xn**x3 + 225xd*x*5xn*x*2 + 274*xd**x5*%n +
120%d**5) + B60*xAxbxckd*x*xdxn*xx*(c + d*xx)**n/(d*x*5*xn**x5 + 15xd**5*xn*x*4 + 85x%
d**x5xn*x*3 + 225xd*xx5xnx*2 + 274xd*x*5*xn + 120%d**5) + Axbkxd*x*5kxn*xx4dxx*x*x2% (¢
+ dxx)*kn/ (d*xx5%xn*x*5 + 15xd**5*xn*x*x4 + 85k%d*xkx5kn**x3 + 225kd*xkx5xn**x2 + 274%xdx*
*5%n + 120%d**5) + 13xAxb*xd**x5xn*x*x3xx*x*k2% (c + d*x)**n/ (d**x5xn*x*5 + 15%d**x5%
n**x4 + 85kd*x5xn**x3 + 225%xd*x*k5*n*x*2 + 274xd*x*x5xn + 120%d**5) + 59kxAxbkd**x5%
nx*x2kxx*xkx2x (¢ + d*xx)**xn/(d*x*5*xn*x*x5 + 15kd*x*x5*xn*x*4 + 85%d*xx5xn*x*x3 + 225xd**x5%
n*x*x2 + 274xd*x*5xn + 120%d**5) + 107*A*xbxd**5xn*x*x*x2% (c + d*x)**n/(d*x*x5*xn*x*5
+ 15xd**5*xn*x*4 + 85xd*x5xn*x*3 + 225xd**x5xn*x*2 + 274xd*x*5%xn + 120*%d**5) + 6
O*Axbxd*x*5xx**x2% (¢ + d*x)**n/(d*x*5*xn*x*5 + 15xd**x5*xn*x*4 + 85%d**x5xn*x*x3 + 225
*Qkx*k5%xn*%x2 + 274*d**x5xn + 120%d**x5) — Bkxakxckxx2xd*x*x3*xn*x*3%(c + d*xx)*x*n/(d**5
*n*x*5 + 15kd*x*x5*xn**4d + 85kd*x*5*kn*x*x3 + 225kd*kExn**2 + 274*xd*x*5*n + 120*d**5
) — 12%Bxakxcx*2xd*x*x3*xn*x*2% (c + d*x)**n/ (d*x*5xn**x5 + 15kxd**x5*xn*x*4 + 85%d*x*5x%
n**3 + 225xd**5*xn*x2 + 274*d**5xn + 120*d**5) - 47*Bkaxcx*x2xd**3*n*(c + d*x
Yxkn/ (d*xx5*xnx*5 + 15%xd*x5xn*x*x4 + 85kxd*x*x5xn**x3 + 225%d*x5xn**x2 + 274xd**x5%n
+ 120%d**5) - B60*Bxaxcx*2xd*x*3%(c + dxx)*x*n/(d*xx5*xn*x*5 + 15%d**x5xn*x*x4 + 85%
d*x*5%n**3 + 225xd**x5xn*x*x2 + 274*xd**x5*%n + 120%d**5) + Bxakxckdkx4knkxdxx*k(c +
d*xx) **xn/ (d**x5xn*x*x5 + 15%d*x*5*xn**x4 + 85xd*x*5*xn*x*3 + 225xd*x*5*xn**x2 + 274*xd*xx*
5xn + 120%d**5) + 12%Bxaxckdxx4xn**x3*xx*x(c + d*x)*x*n/(d*x*x5xn**x5 + 15kxd**x5%xnx*
*4 + 85%d*x5xn*x*x3 + 225xd*x5xn*x*2 + 274xd*x*5xn + 120xd**5) + 4T7xBkxakxckdkx*x4x
nx*x2%x* (¢ + d*x)**n/(d*x5xn*x*5 + 15%d**x5xn**x4 + 85xd*x*5*xn**x3 + 225%d**x5xn**
2 + 274*d**5%n + 120*d**5) + 60*Bkaxcxdxxdxn*x*(c + d*x)**n/(d*x*x5*xn**5 + 15
*dx*x5%xn*x4 + 85kxdx*5*xn*x*x3 + 225xd*x*x5*xn**x2 + 274*d*x5xn + 120%d**x5) + Bxaxdx
*5kxn*kkd*kxkk2k (¢ + d*x)*x*kn/ (d*xx5xn**x5 + 15kd*x5*xn*x*x4 + 85kxd*x*5xn*x*x3 + 225%dx*
*5¥nk*k2 + 274xd**5*xn + 120%d**5) + 13*Bxaxd**5*xn*x*3*xx*x*2%(c + d*x)**n/ (d**5
*n*x*5 + 15kd*xx5xn**4 + 8b5kxdx*5kn*xx3 + 225kxd*k5xn**2 + 274*xd*x*b5*xn + 120*%d*x*5
) + BOkBkxaxdxk5knx*x2kxx*kkx2x (¢ + d*x)*k*n/(d*x*5*xn*x*5 + 15xd*x*x5*xn*x*4 + 85kxd**x5x%
nxx3 + 225%xdxkbxn*x*2 + 274xd**x5xn + 120%d**5) + 107*Bxaxdxxbxn*xxx*x2*(c + d*
x) **n/ (d**5*xn**x5 + 15%d*xx5xn**x4 + 85kd*x5*xn*x*3 + 225kd*x5*xn*x*2 + 274xd**5%n
+ 120%d**5) + B60*xBkxaxdxx5xx**x2%x(c + d*x)**n/(d*x*5*xn*x*x5 + 15%xd**x5%xn**4 + 85
*Qx*k5%xn**x3 + 225kd*kx5xn*x*x2 + 274xd**x5xn + 120%d**5) + 2%xBxbkckk3kdk*k2Qknkk2x
(c + d*xx)**xn/ (d*x5xn**x5 + 15%d*x*5*n**x4 + 85xd*x*x5*xn*x*3 + 225xd*x*5*xn**x2 + 274
*d*x*x5%n + 120*%d*x*5) + 18*%Bxbkxckx*x3xd*x*2*n*(c + d*x)**n/ (d*x5xn*x*5 + 15%d*x5%
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n*x*4 + 85xdxx5xnx*3 + 225xd*x*5*xn*x*2 + 274*xd*x*5%n + 120%d**5) + 40*Bxbkxc*x*x3%
d*x2x (c + d*xx)**xn/(d*x*5*xn*x*x5 + 15kd*x*x5*xn*x*4 + 85%xd**x5xn*x*x3 + 225kd**x5*xn**2
+ 274%d*x*5*%n + 120%d**5) — 2%Bxbkxc*x*2xd*x*3kn*x*x3*xx*x (c + d*x)**n/(d*x*x5xn*x5 +
15%d**5xn**4 + 85xd**5¥n*x*3 + 225xd**5xn**2 + 274*xd*x*x5%n + 120*d**x5) - 18%
Bxbxcx*2kxd*x*x3%n*x*x2xx* (¢ + d*x)**n/(d*x*5*xn*x*5 + 15xd**x5xn*x*4 + 85kxd**x5xn**3
+ 225%d*x*x5%xn**x2 + 274%d*x5xn + 120%d**5) - 40*Bxbkxcx*2kxd*x*x3%n*xx* (c + d*x)**
n/ (d*x5xn*x*5 + 15%d*x5xn**x4 + 85xd*x*5*xn**x3 + 225%d*x5*xn**x2 + 274*d**x5%n + 1
20xd**x5) + Bxbkckdxkxdxnkx*x4dxxxx2x(c + d*x)**xn/(d*xx5xn**5 + 15xd**x5%n*x*x4 + 85
*Qk*k5%xn**x3 + 225kxd*kx5xn*x*x2 + 274xd**x5%n + 120%d**5) + 10%B¥xbkckd*x*4*xn**k3kx*
*2% (¢ + d*xx)**xn/ (d*x5xn*x*x5 + 15%d*x*5*n**x4 + 85xd*x*5*xn*x*3 + 225xd**5kxn**2 +
274xd*x5xn + 120%d**5) + 29%Bxbkxcxd*x*4*xn*xx2xx**x2%x (c + d*xx)**n/(d*x*5*xn**x5 +
15%d*x5xn**4 + 85xdxx5*xn*x*x3 + 225xd**5xn*x*x2 + 274*xd*x*x5*xn + 120*d**x5) + 20%*B
sbkxckdxkdxn*xxx*2*x (¢ + d*xx)**n/ (dx*5*xn**x5 + 15kd*x5xn**4 + 85xd**x5*xn*x*x3 + 22
Bxdx*k5xn*x*x2 + 274*xd*x*5%n + 120%d**5) + Bxbxdxx5xn*x*x4*xxx*x3%(c + d*xx)**xn/(d*x*
5xn*x*5 + 15kd*xx5*xn**x4 + 85xd*x*b5xn*x*x3 + 225kd*xx5xn**x2 + 274xd**b5*xn + 120*%d**
5) + 12%B*b*xd*x*5*xn*x3xx*x*x3% (c + d*xx)**n/(d*x*5*xn**x5 + 15xd*x*5*xn**x4 + 85xd**5
*n**3 + 225%d*x*5kxn**x2 + 274%d*x5xn + 120%d**5) + 49*xBxbxd*x*5*xn*x*x2*xx**x3x (c +
dx*xx) **xn/ (d**x5xn*x*x5 + 15xd*x*5*xn**x4 + 85xd**5*xn*x*3 + 225xd*x*5*xn**x2 + 274*xd*x*
5%xn + 120%d**x5) + 78*Bxb*d*x*5xnxx**3%(c + d*xx)**n/(d**5xn*x*x5 + 15%xd**x5xn*x*x4
+ 85xdx*5xn*x*3 + 225kd*x*k5kn**x2 + 274*xd*x*5%xn + 120%d*x*5) + 40*Bxbkxdx*x5*xx*x*3
*(c + d*xx)**n/ (d*x5xn*x*x5 + 15%d**x5%xn**x4 + 85xd*x*5*xn*x*x3 + 225*%d*x*x5%xn*x*x2 + 27
4xd*x*5%xn + 120%d*x*5) + 2%Ckakxckx*x3kxd*xx2xn*x*x2x (c + d*xx)**n/ (d*x*x5*xn**x5 + 15%xdx*
*5xn*x*4 + 85xd*xx5xnkx*3 + 225kd*xk5xn*x*2 + 274*xd*x*5%xn + 120%d**5) + 18*Ckaxcx
*3xd**x2*n*x (¢ + d*x)**n/ (dx*x5xn**x5 + 15kd*x5*xn*x*4 + 85%xd*x*5xn*x*x3 + 225%xd*x*x5%
n*x*x2 + 274xd*x*5%xn + 120%d**5) + 40*xCkxaxcx*x3xd*x*2*x(c + d*x)**n/ (d**x5xn*x*x5 +
15%d*x5xn**4 + 85xdx*x5¥n*x*3 + 225xd**5xn**x2 + 274*xd*x*x5%n + 120%d**5) - 2xCx
axckxk2xdxk3knx*3%xx*k (¢ + d*x)**n/ (d*x5xn*x*5 + 15%d*x5xn**x4 + 85xd*x*5*xn**x3 +
225*%d*x*x5*kn**2 + 274*xdx*5*n + 120%d**5) — 18*Ckaxck*2xd*x*3xn*x*2xx* (c + d*x)*
*n/ (d*xx5xn**5 + 15kxd**5*xn*x*x4 + 85%xd*xx5xn**x3 + 225xd*xx5xn**x2 + 274*xd**x5%xn +
120%d**5) — 40*xCkxakxckx*x2xd**x3*xn*xx*(c + dxx)**n/(d**x5*xn*x*5 + 15%d*x*5xn**x4 + 8
Bxd*xx5xn*x*3 + 225xd*x*k5xnx*2 + 274xd*x*5%xn + 120%d**5) + Ckakxckdkxkx4kxn*k4kxkkx
x(c + d*xx)**n/ (d*x5xn*x*x5 + 15%d**x5xn**x4 + 85xd*x*5*xn*x*x3 + 225%d*x*x5%xn**x2 + 27
4Axd*x*5%n + 120%d*x*5) + 10*xCkakxckxd*x*xdxnkx*x3xx*x*2%(c + d*x)**n/(d*x5*xn*x*x5 + 15
*xdxx5xn**x4d + 85kd*x5kxn*x*3 + 225xd**x5xnkx*x2 + 274%d**5%n + 120%d**5) + 29%Cxa
kckd*kkdknxk2xx*kk2% (¢ + dxx)**n/(d**x5*xn*x*5 + 15%d*x*5xn**x4 + 85xd*xx5*xn*x*3 + 2
25xdx*k5kn**x2 + 274%xd*x5xn + 120%d**5) + 20*%Ckxaxckdx*x4xnxx*x*2*(c + d*x)**xn/ (
d**5*%n*xk5 + 15kd*xkx5xn**x4 + 85kxd*x5*xn*x*3 + 225kxd*x5kxn*x*2 + 274xd*x5%n + 120x%
d**x5) + Ckxaxdx*xbxn*x*x4*xx*x*x3%x(c + d*x)**n/(d*x*5*xn*x*5 + 15xd*x*x5*xn*x*4 + 85%d**5
*n*x*3 + 225%d*x*k5kn**x2 + 274%d*x5xn + 120%d**5) + 12*%Ckaxd*x*b5*xn*x*x3*xx**x3%(c +
dxx) x*kn/ (d*xx5xn**x5 + 15kd*x5*xn*x*4 + 85%xd*x*5kn**x3 + 225%d*xx5kxn**x2 + 274*xd**
5xn + 120%d**5) + 49%Ckaxd*x*b5*xn*x*x2*xx**x3% (¢ + d*xx)*x*n/(d*x*5*xn*x*x5 + 15xd**x5%n
*x4 + 85xd*xk5xnx*3 + 225kxd*x*k5kn*x*2 + 274*xd*x*5%n + 120%d*x*5) + 78*xCxaxd**x5*n
*xxk%3% (¢ + dxx)*x*n/(d*x*x5*xn*x*5 + 15%xd*x5xn*x*x4 + 85kxd*xx5xn**x3 + 225%d*x*x5kn**2
+ 274%d**x5%n + 120*%d**5) + 40*xCxaxd*x*x5*xx*x*3%(c + d*x)**n/(d*x5*xn*x*5 + 15%d
*x5xnkxk4d + 85xdxk5kn**x3 + 225xdxx5xn**x2 + 274xd*xx5xn + 120*%d**x5) - 6*xCkb*xcx*
*4xd*xnkx (c + d*xx)**xn/(d**x5*xn**x5 + 15kd*x*5*xn*x*x4 + 85xd**x5*xn*x*3 + 225kd**5kxn**
2 + 274*d**5%n + 120*d**5) - 30*Cxbkxcxx4xd*(c + d*x)**n/(d**5*nx*x5 + 15*xd*x
Bxn*xx4 + 8b5xd*x*5%xn**x3 + 225kd*x5xn**x2 + 274xd*x5xn + 120%d**5) + 6xCkbkcx*3
*dk*x2kn*kkx2kx* (¢ + d*x)**n/(d*x*5*xn*x*5 + 15kxd*xx5*xn*x*4 + 85*xd*x5xn*x*x3 + 225xdx*
*5kxn*%x2 + 274*xd*xx5xn + 120%d**5) + 30%Ckbkc*xx3xd*x*x2*xn*x* (c + d*x)**n/ (d*x*5%
n**5 + 15%xd*x*x5xn*x4d + 85xd**bxnx*x3 + 225%dxx5xn**2 + 274*xd**x5xn + 120%d**5)
— 3%Ckbkxcx*2kd**x3kn*kx3xx*x*k2*x (¢ + d*x)**n/ (d**x5xn*x*5 + 15xd*x*x5*xn*x*x4 + 85%xdx*
*5xnx*3 + 225xd*x*k5kn**x2 + 274*xd*x5%n + 120%d**5) — 18*%Ckbkck*k2kd**3kn*k*kDkx*
*¥2%(c + d*xx)**n/ (d*x5xn*x*x5 + 15%d*x*5%n**x4 + 85xd*x*5*xn*x*3 + 225xd*x*5*xn**x2 +
274xd*xx5xn + 120*%d**x5) — 15*%Ckxbxc*k*2xd*xx3kn*xx*x*x2% (c + d*x)*x*n/(d*xx5xn*x*x5 +
15%d*xx5xn**x4 + 85xd*xx5*xn*x*3 + 225kd*xkx5kxn*x*2 + 274xd**x5%n + 120%d**5) + Cxb*
cxdxk4knx*x4*xx*kx3k (c + d*xx)*k*n/(d*x*5*xn*x*x5 + 15kxd**x5*xn*x*4 + 85xd**x5xn*x*3 + 22
Exd*xx5xnx*2 + 274xd*x*x5*xn + 120%d**5) + 8*xCxbkxckxdx*4*xn*x*3%xx**x3% (c + d*x)**n/
(d*x5xn*x*5 + 15%d**x5*xn**x4 + 85xd*x*5*xn**x3 + 225%xd*x*x5*xn**x2 + 274*d**x5%n + 120
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*d*x*5) + 17*Ckxbxcxdx*k4xnx*2*xx**x3% (c + d*x)**n/(d*x*5*n*x*5 + 15xd**x5*xn*x*4 + 8
Bxkd*x*k5xn**x3 + 225kxd*x*k5xn**x2 + 274*xd*x*5%n + 120%d**5) + 10*Ckbkxckxd*x*4*xnkx**3
*x(c + d*xx)**n/ (dx*5*xn**x5 + 15%d*xx5xn**x4 + 85kxd**x5*xn*x*3 + 225xd**x5*xn*x*x2 + 27
Axd*x*5%n + 120%d*x*5) + Cxbkxd*xx5xn*xx4xxx*xd*x(c + d*xx)**n/(d**x5xn**x5 + 15%d**5
*n*x*4 + 85xdxx5xnx*3 + 225kxd*xk5kn*x*2 + 274xd*x*5%xn + 120%d*x*5) + 11xCxbxd**5
*nk*k3kxkkdk (c + dxx)*k*xn/(dx*5*xn*x*x5 + 15kd**x5*xn*x*4 + 85xd*x5xn*x*3 + 225kxd**5
*nx*2 + 274*xd*x*5%n + 120%d*x*5) + 41xCkxbkd*xx5xnx*2kxx*x*x4*(c + d*xx)**n/(d*x*x5%n
*%5 4+ 15kd**5xnx*x4 + 85kd*xb*xnkx*x3 + 225kd*x*k5xn**x2 + 274xd*xb*xn + 120%d**5)
+ 61xCxb*xd*x*5xn*xx*x*4*x (c + d*x)**n/(d*x*x5xn**x5 + 15kxd*x5*xn*x*4 + 85%d*x*5*xn**3
+ 225xdxkb5kn**2 + 274*xd**5%n + 120*%d**5) + 30*Cxb*xd*x5xx*x*4d*(c + d*xx)**n/(d
*x5xn*x5 + 15kd*x*5%n*x4 + 85xdx*5kn*x*3 + 225kd*x*5*kn**x2 + 274*xd*x*5%n + 120%d
*x5) — GxDkxaxckxdxd*nk(c + d*xx)**n/(dx*5*xn*x*5 + 15kd*x*x5*xn*x*4 + 85kxd**x5kxn**3
+ 225xd*xxb*xn**2 + 274*xd**5*n + 120*%d**5) — 30*D*a*xck*x4xd*x(c + d*x)**xn/(d**
Bixn*xx5 + 15xd**5xn*x*4d + 85*kd*xb*kn**3 + 225xd*x*k5*xn*x*x2 + 274*d*xb5*n + 120*d*xx*
5) + 6xDxakxcxx3kxdx*k2kn*x*x2%x* (¢ + d*x)**n/(d*xx5*xnx*5 + 15%d*x5xn*x*x4 + 85kxd*x
Bxn*x*x3 + 225%d*x5*xn**x2 + 274xd*x*5%xn + 120%d**5) + 30*xDkxakc*x3kd*x2*kn*x*(c +
dxx) **xn/ (d**x5xn**x5 + 15%d*x*5*xn**x4 + 85kxd**5*xn*x*3 + 225xd*x*5*xn**x2 + 274*xd*x*
Bxn + 120%d**x5) - 3kxDkaxc*x*x2kxd*x*x3kxnx*3*xx**x2x (c + d*x)**n/(d*x*5*n*x*5 + 15xdx*
*5xnxx4 + 85%xd*k5xn**3 + 225kd*x*5kn**2 + 274%d*xk5xn + 120%d**5) - 18*D¥xaxcx*
*2kAk*k3knkk2kx*k k2% (¢ + d*x)*k*n/ (d*x*5*xn**x5 + 15kxd*x*5*xn*x*4 + 85xd**x5*xn*x*3 + 2
25xd*x*k5kn**x2 + 274*xd*x5xn + 120%d**5) - 15%Dkxakxcx*2kxd*x*x3*n*xx**x2% (c + d*x)**
n/ (d*x5xn*x*5 + 15%d*x5xn**x4 + 85xd*x*5*n**x3 + 225%xd*x5xn**x2 + 274%d**x5%n + 1
20%d*x*5) + Dxakxckd*x4dxn*xx4xx*x*3*x(c + d*x)**n/(d*x5xn*x*x5 + 15*%d**x5%xn**x4 + 85
*dk*k5%xn**x3 + 225kd*kx5xn*x*x2 + 274xd**x5xn + 120%d**5) + 8SxDkakckdxkdknkk3Ikxkx
3% (c + dxx)*x*n/(d*xx5*xnx*5 + 15%xd*x5xn*x*x4 + 85xd*x*x5*xn**3 + 225xd**x5xn**x2 + 2
T4xdx*x5*xn + 120%d**5) + 17*Dxa*xckd*xx4xn*xx2xx*x*3*x(c + d*x)**n/ (d**x5xn*x*x5 + 1
Exd*xx5xnx*4d + 85kxd*x5xn*x*x3 + 225xd*xx5xnkx*2 + 274xd*x*x5*xn + 120%d**5) + 10%Dx
axckd*xxdxnkx*x*x3x (c + d*xx)**xn/(d**x5*xn**x5 + 15xd*x*5*xn**x4 + 85xd**x5*xn*x*3 + 225
kdxx5xn**x2 + 274xd*xx5xn + 120%d**5) + Dkxakxd*xx5xnx*x4xx*x4*(c + dxx)**n/(d**5
*nxk5 + 15kdxk5xn*x4 + B5xd*x5kxn*x*3 + 225xd*x5kxn*x*2 + 274xd*x5*n + 120*d**5
) + 11kDkxaxd*x*5*xn*x*x3kxx*kx4dx (c + d*xx)*x*n/(d*x*5*xn**x5 + 15xd**x5*xn*x*4 + 85xd**x5x%
n**x3 + 225xdx*5xn*x*2 + 274*xd*x5*xn + 120%d**5) + 41*Dkxa*xd*x*5*n*x*2*xx*x*x4*(c +
d*x) *x*n/ (d*x5xn*x*5 + 15%d**x5*xn**x4 + 85xd*x*5*xn**x3 + 225%xd*x*x5*xn**x2 + 274%d**5
*n + 120%d**5) + 61xDxaxdxx5xn*xx*x*x4dx(c + d*x)*x*n/(d*xx5xn**x5 + 15kd**x5*xn*x*x4
+ 85xdx*5xn*x*3 + 225xd*x*5*kn*x*x2 + 274*xd**5%n + 120*%d*x*5) + 30*Dxaxdx*x5xxk*x4*
(c + d*x)**xn/ (d**x5xn**x5 + 15xd*x*5kn**x4 + 85xd*x*5*xn*x*3 + 225xd*x*5*xn**x2 + 274
*d*x*x5%n + 120%d*x*5) + 24xDxbkxckx*5x(c + d*xx)**n/ (d**x5xn**x5 + 15xd*x*5%xn**x4 +
85xd**5xn*x*x3 + 225kxdxkxb¥xn*x*x2 + 274xd**5xn + 120%d**5) — 24xDxbkcxkdxd*n*xx* (
c + dxx)*x*kn/(d*xx5xn*x*5 + 15xd**5*xnx*x4 + 85%xd*xx5kxn**x3 + 225%d*xx5xn**x2 + 274x%
d*x*5%n + 120%d**5) + 12%Dxbkckx*x3kd**x2*xnx*x2xx**x2% (c + d*x)**n/(d**x5*xn*x*x5 + 1
Exd*xx5xnx*k4d + 85kxd*x5xn*x*x3 + 225xd*x5xnx*2 + 274xd*x*5*xn + 120%d**5) + 12%Dx
bxcx*k3kd*x*x2xn*xx*k*x2% (¢ + d*x)**n/(d*x*5*xn*x*x5 + 15kd**x5*xn*x*4 + 85%d**x5xn*x*x3 +
225xd*x5xn*k*x2 + 274%d*x*5%n + 120%d**5) — 4AxDkbkc**x2kd**x3*kn**x3kx**x3*x(c + d*x
Yxkn/ (d*xx5*xn*x*5 + 15%d*x5xn*x*x4 + 85xd*x*5*xn**x3 + 225%d*x5xn*x*x2 + 274%d**x5%n
+ 120%d**5) — 12%Dxbxckx*x2kxd*x*3kxnkkx2xx**3% (c + d*x)**n/ (d*x*5*xn*x*x5 + 15kd**x5x%
nxx4 + 85xd*xxbxn**3 + 225kdx*5xn*x*2 + 274%d*x*k5xn + 120%d**5) - 8*xD¥xbkcx*2*d
*x3xn*kx*k*x3k (¢ + d*x)*k*xn/(d*x*k5*xn*x*x5 + 15kxd*x5*xn*x*4 + 85xd**x5xn**3 + 225xd**5
*nx*2 + 274*xd*x*5%n + 120%d*x*5) + Dxbkxckdkxx4dxn*xxdxxk*kd*x(c + d*xx)**n/ (d*x*x5xn*
*5 + 15%d*xxbkn**4 + 85xd*xx5xn**x3 + 225xd*x*k5xn*x*2 + 274xd*x5xn + 120%d**5) +
6*xDxb*xckdxkdxn*k*x3kxkkdk (c + d*x)**kn/(d*x5xn*x*5 + 15xd**x5*xn*x*x4 + 85kd**x5kn*
*3 + 225xd*xk5xnx*2 + 274xd*x*k5%xn + 120%d**5) + 11*xDxbkxckd*x4dxnkx2xx*x*x4d*x(c +
d*x) **n/ (d**x5xn*x*5 + 15%d**x5xn**x4 + 85xd*x*5*xn**x3 + 225xd*x*x5xn**x2 + 274%d**5
*n + 120%d**5) + 6*Dxbkxckxdx*4*kn*xx*x*4*(c + d*x)*x*n/(d*xx5*xn*x*5 + 15%xd*x*x5xn**x4
+ 85xd*x*5*xn*x*3 + 225kxd*x*k5kxn**x2 + 274*xd*x*x5%xn + 120*%d**5) + Dxb*xd*x*x5kn*k*k4*xx*
*5%x (¢ + d*xx)**xn/(d*xx5xn**5 + 15xd**x5*xn*x*x4 + 85%xd*x*5xn**x3 + 225xd*xx5kxn**2 +
274xd*xx5xn + 120*%d**5) + 10*D*xbxd**x5*xn*x*x3%xx**x5%x(c + d*x)**n/(d**5*xn*x*x5 + 15
*Qx*k5%xn*k*x4 + 85kdx*k5*kn*x*3 + 225%d*x*k5kxn**x2 + 274kxd*x5xn + 120%d**5) + 35%Dx*b
*Qk*k5xn*kk2kx*k x5k (¢ + d*x)**xn/ (d**x5*xn*x*x5 + 15xd*x*5*xn**x4 + 85xd**x5*xn*x*3 + 225
*dx*x5%xn*x2 + 274*d*x5xn + 120%d**x5) + B50*D*xbxd*x*5*xn*xx*x*5%(c + d*x)**n/(d**5
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*nx*%5 + 15%xd*xk5xn*x*4 + 85%d**x5xn**3 + 225xd*x*x5xn*x*2 + 274xd*x*5*%n + 120*d**5
) + 24*%D*xbxdx*5*xx**x5% (¢ + d*xx)**n/(d*x*5*xn*x*5 + 15xd*x5xnk*4 + 85kd*x5xn**3
+ 225%d*x*5xn**2 + 274xd**5xn + 120*d**5), True))



149

3.28 f(c + dx)" (A + Bx + Cx? + Dx3) dx

Optimal. Leaf size=126

(c + dx)"+! (Ad3 — Bed? + 3(-D) + csz) (c + dx)"*2 (—de ~-3cD + 2ch) (Cd - 3¢D)(c + dx)™3  D(
Fn+1) B 1 +2) T Em+3) 4

[Out] (A*xd~3-B*c*xd"2+Cxc~2xd-D*xc”3)*(d*x+c) ~(1+n)/d"4/(1+n) - (-B*d~2+2*C*xc*xd-3*D*c
~2)* (d*x+c) " (2+n)/d"4/ (2+n) + (Cxd-3*D*c) * (d*x+c) " (3+n) /d~4/ (3+n) +D*x (d*x+c) ~(
4+n)/d"4/ (4+n)

Rubi [A] time = 0.07, antiderivative size = 126, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 23,
number of rules _ ),043, Rules used = {1850}

integrand size

(c + dx)**1 (Ad3 — Bed? + c2Cd + c3(—D)) (c + dx)"*2 (—Bd2 - 3c¢?D + 2ch) (Cd - 3¢D)(c + dx)™3 D(
Fn+1) B Fn+2) T m+3 4

Antiderivative was successfully verified.
[In] Int[(c + d*x) n*x(A + Bxx + C*x~2 + D*x"3),x]

[Out] ((c™2%Cxd - Bxc*d™2 + A*d~3 - c~3*D)*(c + d*x)~(1 + n))/(d74*x(1 + n)) - ((2
*xckCxd - B*d™2 - 3xc”2*D)*x(c + d*x)~(2 + n))/(d74x(2 + n)) + ((Cxd - 3*c*D)
*(c + d*x)”"(3 + n))/(d74*x(3 + n)) + (D*(c + d*x)~(4 + n))/(d"4*(4 + n))

Rule 1850

Int[(Pg )*((a_) + (b_.)*x(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pg*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 |l EqQ[n, 1])

Rubi steps
(c?Cd - Bed? + Ad® - D) (c +dx)"  (=2¢Cd + Bd? + 3¢2D)
f(c+dx)”(A+Bx+Cx2+Dx3)dx:f +
a3 a3
(csz — Bed? + Ad® - c3D) (c + dx)t*" (ZCCd — Bd? - 3c2D) (c 4
- d4(1 + n) - 442 + n)

Mathematica [A] time = 0.11, size = 108, normalized size = 0.86

Ad3—Bed?+c3(-D)+c2Cd N (c+dx)(Bd?+3c2D-2cCd) N (c+dx)2(Cd—3cD) N D(c+dx)?
n+1 n+2 n+3 n+4

(c + dx)™*1 (

44
Antiderivative was successfully verified.

[In] Integrate[(c + d*x) n*(A + B*x + C*x~2 + Dxx73),x]

[Out] ((c + d*x)~(1 + n)*((c™2%Cxd - B*c*xd~2 + A*d~3 - c~3*D)/(1 + n) + ((-2%c*xCx
d + Bxd"2 + 3x%c™2xD)*x(c + d*x))/(2 + n) + ((Cxd - 3*xckxD)*x(c + d*xx)~2)/(3 +
n) + (Dx(c + d*x)~3)/(4 + n)))/d"4

fricas [B] time = 0.94, size = 394, normalized size = 3.13

(Acd3n3 —6Dc* +8Cc3d — 12 BA2d? + 24 Acd® + (Dd4n3 +6Dd*n? +11Dd*n + 6 Dd4)x4 + (8 Cd* + (Dca
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(D*x~3+Cxx~2+B*x+A) ,x, algorithm="fricas")

[Out] (A*c*d~3*n"3 - 6xD*c”4 + 8*Cxc~3*d — 12*Bxc™2*%d"2 + 24xA*xc*d™3 + (D*d~4*n~3
+ 6*%D*d"4*n"2 + 11*D*d"4#*n + 6*D*d"4)*x"4 + (8*%Cxd~4 + (D*c*d”3 + C*xd~4)x*n

~3 + (3*D*kc*d”3 + 7*Cxd~4)*n"2 + 2% (Dkc*d"3 + 7*Cxd~4)#*n)*x"3 - (Bxc~2*xd"2

- 9%xA*c*d"3)*n"2 + (12%B*d~4 + (Ckc*d"3 + B*xd~4)*n~3 - (3*D*c”2*d"2 - 5*C*c

*d"3 - 8*Bxd”"4)*n"2 - (3%D*c”2%d"2 - 4*xCkxcxd~3 - 19%B*d"4)*n)*x"2 + (2*Cxc”

3*kd - T*BxcT2*xd"2 + 26%A*xc*d”3)*n + (24*xAxd"4 + (B*c*d"3 + A*d"4)*n"3 - (2%
Cxc™2%d"2 — T7*Bxc*d™3 — 9*%A*xd~4)*n"2 + 2% (3*%D*xc”3*%d — 4*C*c~2%d"2 + 6*Bxc*xd

3 + 13*%A*d"4)*n)*x)*(d*x + c)"n/(d"4*n"4 + 10*d"4*n"3 + 35%d"4*n"2 + 50*d”

4*xn + 24*xd"4)

giac [B] time = 1.32, size = 728, normalized size = 5.78

(dx + ¢)"Dd*n3x* + (dx + ¢)"Dcd®n3x® + (dx + ¢)"Cd*n3x® + 6 (dx + ¢)"Dd*n®x* + (dx + ¢)"Ced®nx? + (dx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(D*x~3+C*x~2+B*x+A) ,x, algorithm="giac")

[Out] ((d*x + c) " n*D*d"4*n"3*x"4 + (d*x + c) n*xD*c*d"3*n"3*x"3 + (d*x + c) n*xCxd~
4*xn~3*x"3 + 6%(d*x + c) nkD*d"4*n"2*x"4 + (d*x + c) nkCxcxd"3*n"3*xx"2 + (d*
X + ¢) n*Bxd"4#n"3*x"2 + 3k (d*x + c) nxD*c*d"3*n"2*x"3 + 7x(d*x + c) n*xCxd”
4xn~2%x"3 + 11x(d*x + c) " n*D*d"4*n*x"4 + (d*x + c) " n*B¥xcxd"3*n"3*x + (d*x +
c) n¥A*d"4*n"3*x — 3*x(d*x + c) n*¥D*c”2*xd"2*n"2*xx"2 + 5x(d*x + c) n*Cxc*xd~3
*n"2%x72 + 8% (d*x + ) n*¥B*d"4*n"2*x72 + 2x(d*x + ) n¥D*c*d"3*n*kx"3 + 14x%(
d*x + c) " nxCxd~4xn*x"3 + 6*%(d*x + c) " n*D*xd"4*x"4 + (d*x + c) nxAxcxd~3*n"3
- 2% (d*x + c) n*Cxc”2*d"2*n"2*x + 7*(d*x + c) n*Bxc*d"3*n"2*x + 9*%(d*x + c)
“nkA*xd"4*n"2%x - 3% (d*x + ¢) "nxD*c”2*%d"2*n*x"2 + 4% (d*x + c) “nxCkcxd"3*n*xx”
2 + 19*%(d*x + c) n*Bxd~4*n*x"2 + 8*%(d*x + c) n*Cxd~4*x~3 - (d*x + c) " n*Bxc~
2%d72+%n"2 + 9k (d*x + c) " n¥A*c*d"3*n"2 + 6x(d*x + c) n*¥D*c”3*kd*kn*kx - 8*x(d*x
+ ¢)"nxCxc"2xd"2xn*x + 12%(d*x + c) “n*Bkxcxd"3xn*x + 26*(d*x + c) “nkxAxd"4*xn*
X + 12%(d*x + c) n*Bxd"4*x"2 + 2*x(d*x + c) n*Cxc”3*d*n - 7x(d*x + c) n*Bxc~
2%d"2xn + 26%(d*x + c) "nxA*cxd"3*n + 24*(d*x + c) " n¥Axd"4*x - 6%(d*x + c)"n
*D*xc”4 + 8% (d*x + c) nxCxc”3*d - 12*%(d*x + c) " n*Bxc”2%d"2 + 24*(d*x + c) nx
Axcxd~3)/(d"4*n"4 + 10*d"4*n"3 + 35%d"4#n"2 + 50*d"4x*n + 24*xd"4)

maple [B] time = 0.01, size = 308, normalized size = 2.44

(Dd3n3x3 + Cd®n3x% + 6Dd%n?x3 + Bd®n3x + 7C d®n?x?% — 3Dc d?*n?x? + 11Dd%n x3 + A d®n® + 8B d®n?x — 2C

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) "n* (D*xx~3+Cxx"2+B*x+A) ,x)

[Out] (d*x+c)” (n+1)*(D*d"3*n"3*x"3+C*d"3*n"3*x"2+6+D*d " 3*n"2*x " 3+B*d~3*n"3*x+7*C*
d"3*n"2*x"2-3*D*xc*xd " 2*n"2%x " 2+11*D*d " 3*kn*x " 3+A*d " 3*n"3+8*B*d"3*n"2*xx—-2*Ckc*
d"2*n" 2*x+14*Cxd " 3*n*x"2-9*D*xc*xd " 2*xn*x"2+6*D*xd " 3*x"3+9*%A*d"3*n"2-Bxcxd"2*n"
2+19*%B*xd " 3*n*xx—10*Ckxcxd ™ 2*n*x+8*Ckxd~3*x~2+6*xD*Cc™2*d*n*x—6*D*xcxd ™ 2*xx"2+26%Ax
d"3*xn-7*Bxc*kd"2*n+12*%Bxd " 3*x+2*Ckxc™2*kxd*n—-8*Ckckxd~2*x+6*D*c”2*%d*xx+24*xA*d~3-1
2%B*c*d"2+8*Cxc"2*xd-6*D*c~3) /d"4/ (n"4+10*n"3+35*xn"2+50*n+24)

maxima [A] time = 0.49, size = 234, normalized size = 1.86
(dz(n +1)x% + cdnx — cz)(dx +0)"B (dx+c)" A ((nz +3n+ 2)d3x3 + (n2 + n)cd2x2 —2c%dnx +2 63)(dx :

(nz+3n+2)al2 d(n+1) (n3+6n2+11n+6)d3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c) “nx(D*x~3+C*x~2+B*x+A) ,x, algorithm="maxima")

[Out] (@"2*(n + 1)*x72 + c*xd*n*x - c"2)*x(d*x + ¢)"n*¥B/((n"2 + 3*n + 2)*d"2) + (d*
x+c)(n+ D*xA/(dx(n + 1)) + ((n72 + 3*n + 2)*%d"3*x"3 + (n72 + n)*cxd™2*x

T2 = 2%cT2kd*nkxx + 2*%c”3)*(d*x + ¢) n*C/((n"3 + 6*n"2 + 11*n + 6)*d”3) + ((

n~3 + 6*xn"2 + 11%n + 6)*d"4*x"4 + (n”3 + 3*%n"2 + 2*n)*c*xd"3*x"3 - 3*x(n"2 +
n)*c"2xd"2*xx"2 + 6*c”3*kd*knkx — 6*xc”4)*(d*x + ¢) " n*D/((n"4 + 10*n"3 + 35%n"2

+ 50*n + 24)*d~4)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
f(c+dx)” (A+Bx+Cx2+x3D) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x) " n*x(A + Bxx + C*x~2 + x~3x%D),x)
[Out] int((c + d*x)"n*x(A + Bxx + C*x~2 + x73%D), x)

sympy [A] time = 4.32, size = 3798, normalized size = 30.14

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**n* (Dkxx**3+Ckx*x*2+B*xx+A) ,x)

[Out] Piecewise((cx*nx(Axx + B*x**2/2 + Cxx*%3/3 + D*x**x4/4), Eq(d, 0)), (-2*%Axdx
%3/ (B%c*kx3kd*x*4 + 18*Ck*x2kd**x5kx + 18kckd**xBxx*x*2 + Gkd**7*x**x3) — Bkckd**2
/ (6%cxkx3xd**x4 + 18kck*x2kd*x*k5kxx + 18kCkd**B6*xx*k*2 + Gkxd*kx7*x**3) — 3%Bxd**x3%x
/ (6xcxkx3xd*x*x4 + 18kc*k*x2kd*x*k5kx + 18kCkd**6*xx*k*2 + Gxd*xkx7*x*x*3) — 2%Ckck*x2xd
/ (Bxc*kx3xd*x*k4 + 18*kckk2xd**x5*xx + 18kckd**6*xx**2 + GkdA**x7*x*%3) — G*xCkckd**x2
*x/ (B%ck*x3kd**4 + 18*kCk*2kd**x5kx + 18kckd*x*xBxx*x*2 + Gxd**7*x**x3) — GxCkd**3
*xxk%2/ (6xckk3kd*k*k4 + 18kck*x2kd**k5xx + 18*%Ckd**B*xx**x2 + B*kd*kx7T*xx*x*3) + B6*D*cC
*x*3x1og(c/d + x)/(6*ck*3kd**4 + 18kCH*2kd**5*kx + 18*kcxd**B*xx**2 + Grd**T7*x*
*3) + 11%Dkxckx*3/(6xc*k*x3kd*x*x4 + 18kck*x2kd*k5kxx + 18kckd*kxBxx**2 + Bkd*k*7*kx**
3) + 18xDkcx*k2xd*x*xlog(c/d + x)/(6xc*k*x3*kdx*k4 + 18*cx*k2xd*xb5*x + 18*ckd**6%*x
*%2 4+ BkdkkTxx*%3) + 27*Dkck*x2xd*x/ (6kck*k3kd**4 + 18kcx*x2kd*x*k5kx + 18%kckd**
Bxx*x*2 + Gxd*xxT*x**3) + 18*Dkcxd*x2*x**2x1og(c/d + x)/(6xck*3*kdx*4 + 18*cxx*
O2xd*xk5xx + 18*kckd*x*6*x*k*x2 + BGkA*k*x7T*x**x3) + 18*%D*kckd*x*x2*xx**x2/ (6*kck*3*kd**x4 +
18xck*x2*kd*k5xx + 18kckd**B*kx**2 + Gxd**T*x**3) + 6*Dxd**3*x**3xlog(c/d + x)
/ (Bxck*3kdx*k4 + 18kcx*k2xd**5*kx + 18*kcxd*x6*x*x*2 + 6xd*xx7*x**3), Eq(n, -4)),
(—Axd*x*3/ (2% c*k*x2xd*x*4 + 4Axckd*x*x5xx + 2kxd**x6xx*x*2) — Bkxckd**x2/(2kxcx*2kxd**4
+ 4xckd**k5%xx + 2kd*k*kBkx*k%2) — 2kBkdx*k3xx/ (2kck*k2kd*k*x4 + 4xckd*kk5kx + 2%kd**6
xx*¥%x2) + 2xCkcx*k2xd*xlog(c/d + x)/(2kcxk2xd**4 + 4dkckd**b*xx + 2kd**6xx**2) +
3kCkck*k2xd/ (2% ck*k2kd**x4 + 4xckdxkbxx + 2kd**k6*xx**%2) + 4*Ckckd*x*2xx*log(c/d
+ x)/(2%ck*x2xd**x4 + 4kxckd*xk5xx + 2kdA**k6xx*x*%2) + 4kxCkckxdx*x2xx/ (2*kcx*2xd**x4
+ 4dkckd*xbxx + 2kdxk6xx*kx2) + 2xCkd*x*k3xx*x2*log(c/d + x)/(2kcx*2xd**4 + 4d*c
xd*xx5*x + 2kd*x*k6xx**2) — 6xDkcx*3xlog(c/d + x)/(2%ck*2kd**4 + 4xckdx*bxx +
2kd*xkBxxk*2) — 9*kDkc*k*x3/ (2kck*k2kd*x*x4 + 4kxckd**5%xx + 2kA*k*kB*kx*k%2) — 12%D*kck*
2xd*xxxlog(c/d + x)/(2kck*2kd**4 + dkcxd*kbxx + 2kd*k*k6*x*k*2) — 12xDkc*k*2*d*x
[ (2%ck*2%dx*4 + 4xckdk*k5xx + 2xd**x6*kx**2) - 6*kDkckd*k*2xx**x2xlog(c/d + x)/(2
kCk*kQkd* k4 + AkckdkkExx + kdkkBkx*k%2) + 2kDkdkk3kxk*k3/ (2kckk2kd**k4 + 4kckd
*xkE5xx + 2kd*x*x6xx*%2) , Eq(n, -3)), (-2xAxd**3/(2xc*xd**4 + 2*kd**5xx) + 2%B*cx
dx*2x1log(c/d + x)/(2%ckdx*4 + 2xd*x5*xx) + 2%Bkckxd**2/(2kckxd**4 + 2*d**5xx)
+ 2xBkd*x3xxxlog(c/d + x)/(2xcxdx*4 + 2kd*x5xx) - 4*Cxc*x*2xdxlog(c/d + x)/(
2kckd**4 + 2kdx*k5xx) — 4*Ckck*2kxd/ (2%ckdx*4 + 2xd*xb*x) — 4*Ckcxd**2*x*x1log(
c/d + x)/(2%ckd**x4 + 2kd*x5xx) + 2xCkd*x*x3xx*x*k2/ (2xckd**x4 + 2xd**x5%xx) + 6*xDx*
ck*3*xlog(c/d + x)/(2xckd**4 + 2%kd**5xx) + 6xD*xc*x*3/(2xc*xd**4 + 2xd**5xx) +
6xDxck*2*xdxx*log(c/d + x)/(2kcxd**4 + 2%d**5xx) — 3*kDkckdx*k2xx*k*2/ (2kckd**4
+ 2%d**5%x) + Dkdx*3xx**3/(2kckxd**4 + 2*d**5xx), Eq(n, -2)), (Axlog(c/d +
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x)/d - Bxcxlog(c/d + x)/d**2 + B*xx/d + Ckxcx*2xlog(c/d + x)/d**3 - Ckxckxx/d**
2 + Cxxx*x2/(2%d) - Dxcx*3xlog(c/d + x)/d**4 + Dxc*x*2xx/d**3 — Dkckxxx*2/(2*d
*xx2) + D*xxx3/(3xd), Eq(n, -1)), (Asxcxd**3*xn*x*3x(c + d*xx)**n/(d*xx4*n*xx4 + 1
Oxdx*4*n*x*3 + 35kxd*x*x4*n*x*x2 + B0kd**x4*n + 24*d**4) + OkAkxckd*x*3*n*x*x2*(c + d*
x) **xn/ (d**x4xn*x*x4 + 10*xd*x*4*n**x3 + 35kd**k4*xn*x*2 + 50*d**x4*xn + 24xd*x*4) + 26%
Axcxdx*3*xn* (c + d*xx)**xn/(d*xx4xn*x*x4 + 10*xd**4*n**x3 + 35kxd*x*k4*xn*x*2 + 50xd**x4x*
n + 24xd*xx4) + 24xAkxckd**3%(c + dxx)*x*n/(d*x*x4*xnx*4 + 10*d**x4xn*x*x3 + 35kxd**x4
*nx*2 + 50xd**k4d*xn + 24*xd*x*4) + Axdkxdxnx*k3kxk (c + d*xx)**n/(d**x4*xn*x4 + 10*d
*x4xn**x3 + 35kdk*k4kn*kx2 + B50kdxkdxn + 24kxd*x*x4) + OkAxdxxdknkxk2*xxk(c + d*xx)*
*n/ (d*xx4xnx*4 + 10%d**x4*n**x3 + 35kd*x*k4*xn*x*x2 + 50kxd**x4d*xn + 24*xd*x*4) + 26%xAxd
sx4*xn*x*k (¢ + d*x)*x*kn/(d*x*x4*xnx*4 + 10*d**x4xn**x3 + 35xd*x*x4*n**x2 + 50xd**4*n +
24xd*x*x4) + 24xAxdx*x4d*xxx(c + d*xx)**xn/(d*x*x4*xn**x4 + 10*xd*x*4*n*x*3 + 35kd**x4*xnx*
*2 4+ B0kdx*x4*xn + 24xd*x*x4) — Bxckxkx2kxd*x*x2xnkxkx2% (¢ + d*xx)*x*xn/(d*x*x4*xn*x*4 + 10%*d
**x4xn*x*x3 + 35kdkkdkn*k*x2 + B50kd*x4*n + 24%xd*x*4) — TxBkckxx2kxd*x2*xn*x (c + d*x)*
*n/ (d*x4xn*x*4 + 10*d**x4*xn**x3 + 35xd*x*x4*xn**x2 + 50xd**x4*xn + 24*xd*x4) - 12%Bx*c
*xk2xd*xx2% (¢ + d*xx)*k*xn/(dx*4*n*x*x4 + 10kd**4*xn*x*3 + 35kxd*x4xn*x*x2 + 50*kd**4*n
+ 24xd*x*4) + Bkxckdx*3kn*xx3xx* (c + d*xx)*x*n/(d**x4*xn*x*4 + 10*xd**x4*xn*x*3 + 35%xdx*
*4xn*x*2 + H50xd**x4*xn + 24xd*x*4) + T*Bkckd**x3*xn*xx2xxx(c + d*x)**n/(d*x*4*n*x*4
+ 10*d*x*4*xn*x*3 + 35kxd*xx4dxn*x*x2 + 50*kd*x*x4*n + 24xd*x*x4) + 12%Bkxckd**x3xn*xx*(c +
d*xx) **xn/ (d**x4*xn*x*x4 + 10*xd*x*4*xn**x3 + 35kd**x4xn*x*2 + 50*d**x4xn + 24xd*x*x4) +
Bxdx*4*xn*xx3xx*x2% (¢ + d*xx)**n/(d*x*4*xn**x4 + 10xd*x*4*xn*x*3 + 35xd**x4*xn*x*2 + 50
*dx*x4*n + 24xd**x4) + SkBxdxk4knkx*x2kxx*kx2k (c + d*xx)*k*xn/(dx*4*xn*x*x4 + 10*xd**4*n
*%x3 + 35kd*xk4knk*2 + 50xd*x*x4*xn + 24xd*x*4) + 19kBxdx*k4xnxx*x*2%(c + dx*xx)**n/ (
d*xxdxn*x*x4 + 10*xd*x*x4*xn**x3 + 35kd*x*k4*xn*x*x2 + 50kd*x*x4*xn + 24*xd*x*x4) + 12*xBxd*x*4x*
x*%2% (¢ + dxx)**n/(dx*x4xnx*4 + 10*d**x4xn*x*x3 + 35kd*x*4*xn**x2 + B50xd**x4*xn + 24
*d*x*4) + 2xCxc*xx3xd*nx (c + d*xx)**xn/(d*x*k4*xn*x*x4 + 10xd**x4*xn*x*3 + 35kd**4xn*k*x2
+ B50xd*x*x4*xn + 24*xd*x*4) + 8xCxc*xx3xd*x(c + d*xx)*x*xn/(d*x*4*xn*x*x4 + 10xd**x4*xn*x*3
+ 35xd*x*k4*xn*x*2 + H50xd**x4*xn + 24xd*x*k4) — 2*kCkckkx2xd*xx2xnx*x2xx*x (c + d*xx)**n/
(d*x4xn*x*x4 + 10*d**x4*n**x3 + 35kd*x*4*n**x2 + 50kxd**x4*xn + 24*d*x*x4) — 8kxCkckx*x2x
d*x*x2*xnxx* (c + dx*x)*xkn/(d**x4*n*x*x4 + 10*d*x*4*xn**x3 + 35kd*x4*xn*x*2 + 50%d**4*n
+ 24xd**4) + Ckcxd*x*3kn*xx3xx**x2x (c + d*xx)**n/(d*x*4*n**x4 + 10*xd**4*n*x*3 + 35
kdk*x4*xn**x2 + B50xdx*k4*n + 24%d**x4) + HxCkcokd*xkx3knkk2kx*kx*2% (¢ + d*x)*x*n/(d**x4
*n*x*4 + 10kd**x4*xnx*3 + 35kd*kx4dxn*x*x2 + 50kd**4*n + 24xd**x4) + 4*xCkckxd*k*k3*kn*x
*%2% (¢ + d*xx)**n/ (dx*4*xn**x4d + 10*xd**x4*xn**3 + 35kd**x4*knx*2 + 50*xd*x*x4*n + 24x%
d**4) + Cxd*x*4*xn*x*x3xx**x3%(c + d*xx)**n/(d**4*xn*x*x4 + 10*xd**x4*xn*x*3 + 35kd**4*n
*%2 4+ BOxdxk4xn + 24kxd*x*x4) + TxCkd*xx4xnx*x2*xx*x*3% (c + d*xx)*x*n/(d**4*xn*x*4 + 1
O*d**x4*xn**x3 + 35xd*x*x4*xn**x2 + 50kxd**x4*xn + 24*xd**4) + 14*Ckd*x*4*xn*xx*x*3%(c + d
xx) *%xn/ (d**x4*xn**x4 + 10*xd*x*4*n**x3 + 35kxd*x*x4*xn*x*2 + H0xd**x4*xn + 24*xd*x*4) + 8%
Ckdxx4xx*x*x3% (c + d*xx)**n/ (d*x*4*xn*x*x4 + 10*d**x4xn**3 + 35kd**x4*xn*x*x2 + 50*xd*x*4
*n + 24*d*x*4) - B6xDxckxx4d*x(c + dxx)**xn/(d*xx4*xn*x*x4 + 10*d*x*4*xn*x*x3 + 35kxd**x4*n
*%2 + BOxdxk4*xn + 24*xd**4) + 6xDxck*x3xd*nkx*(c + d*xx)**n/(d*x*x4*xn*x*4 + 10*dx*
*4xnx*3 + 35xd*xx4xnk*k2 + 50kdkkx4xn + 24xdx*k4) — 3kDkck*kkd*kk2knkkkxk*k2k (¢
+ dxx)**xn/ (d**x4*xn*x*x4 + 10*xd**4*n**x3 + 35kd*x*k4*xn*x*2 + 50xd*x*x4*xn + 24*xd*x*x4) -
3xkDkckk2xd*xk2knkx*kk2k (¢ + dkxx)**xn/ (d**x4*xn*x*x4 + 10xd**4*n**x3 + 35kd*k*k4*xn*x*2
+ B50*xd*x*x4xn + 24xd*x*x4) + Dkckxd**x3knkxkx3kx**x3%(c + d*x)*x*n/(d**4*n*x*x4 + 10*d
*x4xn**x3 + 35kdkx*k4kn*kx2 + 50kd*kdxn + 24kxd**4) + 3kDxckd*kk3knkkkxk*k3kx(c +
d*x) **n/ (d*xx4xn*x*x4 + 10*xd**4*n**x3 + 35xd*x*k4*kn**x2 + 50kxd**x4*xn + 24*xd**x4) + 2
*Dkckdx*k3knkxxk*3% (¢ + dxx)*x*n/(d*x*x4d*xn*x*4 + 10*d*x*x4xn*x*x3 + 35kxd*x*x4*n**x2 + 50
*dx*x4*n + 24xd*x*x4) + Dkdk*k4*kn*kx3xx*k*x4dx (c + d*xx)**xn/ (d*x*x4*n**x4 + 10*xd**k4*kn**
3 + 35kd*xx4*xn*x*2 + 50*d*x*k4*xn + 24*xd*x*x4) + 6*kDkd*xk4dknxk2xx*kkx4* (c + dxx)**n/(
d*xxdxnx*x4d + 10*kd**x4*n**x3 + 35kd*x*k4*xn*xx2 + 50xd*x*x4*xn + 24*xd*x*4) + 11xDxd*x*4x*
nxxx*k4d*x (¢ + dx*x)*x*kn/ (d*xx4xnx*4 + 10*d**x4xn**x3 + 35xd*x*k4*xn**x2 + 50xd**x4*xn +
24xd*x*4) + 6xDxd*xxdxxx*x4dx(c + d*xx)**xn/(d**x4*xn**x4 + 10*xd*x*4*n*x*3 + 35kd**x4*n
*x2 + B0O*d*x4*n + 24%d*x*4), True))
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(c+dx)" (A+Bx+Cx2+Dx3)

dx

329 |

a+bx
Optimal. Leaf size=203
(c + dx)"+! (Ab3 —a (azD —abC + bZB)) oF1 (1,n +1Ln+2; %) (c + dx)™*! (aZdZD _ abd(Cd - cD) -
B B3(n +1)(bc — ad) " Pl +

[Out] (a~2*d~2*D-a*xb*d* (C*d-D*c)-b~2* (-B*xd~2+Cxc*d-D*c~2)) *(d*x+c) " (1+n) /b~3/d"3/
(14n) +(C*b*xd-D*a*xd-2*Dxb*c) * (d*x+c) ~(2+n) /b~2/d~3/ (2+n) +D* (d*x+c) ~ (3+n) /b/d
~3/(3+n) - (Axb~3-a*x (Bxb~2-C*a*xb+D*a”~2) ) x (d*x+c) ~ (1+n) *hypergeom([1, 1+n], [2+

n] ,b* (d*x+c) /(-a*d+b*xc)) /b~3/(—axd+b*c)/(1+n)

Rubi [A] time = 0.18, antiderivative size = 203, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 30,
number of rules _ ) 067, Rules used = {1620, 68}

integrand size

(c + dx)™*1 (Ab3 —a (azD —abC + sz)) oF1 (1,n +1Ln+2; b;ij;c)) (c + dx)"*1 (adeD _ abd(Cd - cD) -
+

b3(n + 1)(bc — ad) b3d3(n -

Antiderivative was successfully verified.
[In] Int[((c + d*x) n*x(A + Bxx + Cxx~2 + D*x73))/(a + b*x),x]

[Out] ((a"2*d"2*D - a*b*d*(C*d - c*D) - b~ 2*x(c*xCxd - B*d"2 - c”2*D))*(c + d*x)~ (1
+ n))/(®73%d"3*(1 + n)) + ((b*xC+xd - 2%b*c*D - a*xd*D)*(c + d*x)~(2 + n))/(b
“2xd"3*%(2 + n)) + (D*(c + d*x)"(3 + n))/(b*d"3*(3 + n)) - ((A*b~3 - ax(b™2x

B - axb*C + a”2xD))*(c + d*x)~ (1 + n)*Hypergeometric2F1i[1, 1 + n, 2 + n, (b

*x(c + d*x))/(b*xc - axd)])/(b"3*(b*c - a*xd)*(1 + n))

Rule 68

Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
b*c - a*xd) nx(a + b*x) " (m + 1)*Hypergeometric2Fi[-n, m + 1, m + 2, -((d*(a
+ bxx))/(bxc - axd))])/ (" (n + D*x(m + 1)), x] /; FreeQl{a, b, c, d, m}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] &% IntegerQ[n]

Rule 1620

Int[(Px_ )*((a_.) + (b_.)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] &% PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

f (c +dx)" (A+ Bx + Cx? + Dx°) ] f((adeD — abd(Cd - D) - b? (cCd - Bd? - D)) (c + dx)" (.
X =

a+ bx b2 o
(24D - abd(Cd - cD) - 1? (cCd - Bd? - 2D)) (c + dx)"*" , (b€
= BB+ n)

(a2d2D - abd(Cd - cD) - b? (cCd - Bd? - D)) (c + dx)1*" | (C
b3d3(1 + n)
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Mathematica [A] time = 0.26, size = 181, normalized size = 0.89

3 2 2 . .b(c+dx)
(AP —a(a2D-abC+12B)) oFs (1141425250 ) | D abd(eD-Cd)+(Bd? +c*DcCd)  bled)(-adD-2beD+bCd)

(n+1)(bc—ad) AB(n+1) d3(n+2)

(c +dx)"1| -

B3
Antiderivative was successfully verified.

[In] Integrate[((c + d*x) n*x(A + Bxx + C*x"2 + D*x73))/(a + b*x),x]

[Out] ((c + d*x)~(1 + n)*((a”2%d"2*D + axb*d*(-(C*d) + c*D) + b~2x(-(cxCxd) + Bx*d
"2 4+ ¢72+D))/(d"3*x(1 + n)) + (b*(b*C*d - 2*bxc*D - a*xd*D)*(c + d*x))/(d~3*(

2 +n)) + (b72xD*x(c + d*x)72)/(d"3*%(3 + n)) - ((A*b~3 - a*x(b”2*B - a*b*C +

a~2xD) ) *Hypergeometric2F1[1, 1 + n, 2 + n, (b*(c + d*x))/(b*xc - a*xd)])/((b*

c - axd)*(1 + n))))/b~3

fricas [F] time = 1.02, size = 0, normalized size = 0.00

(Dx3 +Cx% + Bx + A)(dx +0)"
bx+a

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “n*(D*xx~3+C*x~2+B*x+A)/(b*x+a) ,x, algorithm="fricas")
[Out] integral((D*x~3 + C*x"2 + B*x + A)x(d*x + c)"n/(bxx + a), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

(Dx3 +Cx?+ Bx + A)(dx +co)
f dx
bx +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “n*(D*x~3+C*x~2+B*x+A)/(b*x+a),x, algorithm="giac")
[Out] integrate((D*x"3 + C*x"2 + B*x + A)*(d*x + c)"n/(b*x + a), x)

maple [F] time = 0.24, size = 0, normalized size = 0.00

dx

(Dx3+Cx2+Bx+A) (dx +¢)"
f bx +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) "n*x(D*xx~3+Cxx~2+B*xx+A)/(b*x+a) ,x)
[Out] int((d*x+c) "n*(D*xx~3+Cxx~2+B*x+A) / (b*x+a),x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

dx

(Dx3 +Cx% + Bx + A)(dx +0)"
f bx +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(D*xx~3+C*x~2+B*x+A)/(b*x+a) ,x, algorithm="maxima"
[Out] integrate((D*x~3 + C*x~2 + B*x + A)*(d*x + c)"n/(b*x + a), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

(c+dx)" (A+Bx+Cx2+x3D)
f a+bx



Verification of antiderivative is not currently implemented for this CAS.

[In] int(((c + d*x)"n*x(A + Bxx + C*x~2 + x~3%D))/(a + b*x),x)
[Out] int(((c + d*x) " n*x(A + Bxx + C*xx"2 + x"3%D))/(a + b*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

(c + dx)" (A + Bx + Cx* + Dx3)
f a+ bx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**n* (Dxx**3+Ckx**2+B*xx+A) /(b*x+a) ,x)

[Out] Integral((c + dxx)**n*x(A + Bxx + C*x**2 + D*xx*3)/(a + b*x), x)
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(c+dx)" (A+Bx+Cx2+Dx3)

dx

330 |

(a+bx)?
Optimal. Leaf size=220
J a1 A u(aZD—abC+sz) . b(c-+dx) 3 )
(c + dx) ———| (c+dv",F (1, nlin+2; b—d) (3dD(n + 3) - a2b(3cD + Cd(n +2)
B (@ + bx)(be — ad) * P(n +1)(be — ad)?

[Out] (Cxb*d-2*xD*a*xd-D*b*c)*(d*x+c)” (1+n)/b~3/d"2/(1+n) - (A-a*x(Bxb~2-Cxaxb+D*a~2) /
b~3) * (d*x+c)~ (1+n) / (—a*xd+b*xc) / (b*x+a) +D* (d*x+c) " (2+n) /b~2/d"2/ (2+n) + (a~3*d*

D* (3+n) -b~3* (Axd*n+B*c) +axb~ 2% (2xc*C+Bxd* (1+n) ) —a~ 2*xb* (3*c*xD+Cxd* (2+n) ) ) *(d
*x+c)~ (1+n) *hypergeom([1, 1+n], [2+n],b*(d*x+c)/(-a*d+b*c))/b"3/ (-a*d+b*c) 2
/(1+n)

Rubi [A] time = 0.52, antiderivative size = 220, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 30,

number of rules _ ) 133, Rules used = {1621, 951, 80, 68}

integrand size

b(c+dx)
bc—ad

(c + dx)™*1,F, (1, n+1lin+2; ) (~a2b(3cD + Cd(n +2)) + a*dD(n + 3) + ab(Bd(n +1) + 2cC) — b*(Ad

b3(n +1)(bc — ad)?

Antiderivative was successfully verified.
[In] Int[((c + d*x) n*(A + B*x + C*x~2 + Dxx"3))/(a + b*x)~2,x]

[Out] ((b*Cxd - bxc*D - 2k%a*xd*D)*(c + d*x)~(1 + n))/(b"3*d"2%(1 + n)) - ((A - (a*
(b™2%B - a*b*C + a”2*D))/b"3)*x(c + d*x)~(1 + n))/((bxc - axd)*(a + b*x)) +

(D*x(c + d*x)"(2 + n))/(b72xd"2%(2 + n)) + ((a"3*d*D*(3 + n) - b~ 3*(B*xc + Ax*

d*n) + axb"2x(2*xc*xC + B*d*(1 + n)) - a"2xbx(3*c*D + C*d*(2 + n)))*(c + d*xx)

~(1 + n)*Hypergeometric2F1[1, 1 + n, 2 + n, (bx(c + d*x))/(bxc - axd)])/(b~
3x(bxc - axd)"2*x(1 + n))

Rule 68

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
bxc - a*d) n*(a + b*x) " (m + 1)*Hypergeometric2Fi[-n, m + 1, m + 2, -((d*(a
+ b*x))/(bxc - a*d))])/(b"(n + 1)*(m + 1)), x] /; FreeQ[{a, b, ¢, d, m}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] && IntegerQ[n]

Rule 80

Int[(Ca_.) + (b_)*(x_))*((c_.) + (d_D)*(x_))"(n_.)*((e_.) + (f_.)*x(x_))"(p
), x_Symbol] :> Simp[(b*(c + d*x)~(n + 1)*x(e + f*xx)"(p + 1))/(d*f*x(n + p
2)), x] + Dist[(axd*f*(n + p + 2) - b¥(d¥ex(n + 1) + c*xfx(p + 1)))/(d*fx*(
+p+ 2)), Int[(c + d*x)"n*(e + £*x)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, n, p}, x] && NeQ[n + p + 2, 0]

B + 1

Rule 951

Int[((d_.) + (e_)*x_))"(m_ )*x((f_.) + (g_.)*x_))"(n )*((a_.) + (b_.)*(x_)

+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> Simp[(cTp*(d + e*xx)~(m + 2*%p)*(f + g*x
) (n + 1))/(gxe” (2*p)*(m + n + 2%p + 1)), x] + Dist[1/(gxe”(2*p)*(m + n + 2
*p + 1)), Int[(d + exx) m*x(f + g*x) n*ExpandToSum[g*(m + n + 2*p + 1)*(e” (2
xp)*(a + bxx + c*x72)7p - c"px(d + exx) " (2%p)) - cTp*x(exf - dxg)*x(m + 2%p)x*
(d + exx)"(2xp - 1), %], x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ[e
xf - dxg, 0] &% NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && IGt
Qlp, 0] && NeQ[m + n + 2*p + 1, 0] && (IntegerQ[n] || !'IntegerQ[m])
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Rule 1621

Int[(Px_)*((a_.) + (b_)*x(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]

> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*x(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(b*c
- axd)), x] + Dist[1/((m + 1) *(b*c - a*xd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fre
eQ[{a, b, ¢, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],
2]

Rubi steps
a(sz—ubC+a2D) . (cHd)" B3AD(1+n)—b3(Be+ Adn)+ab(cC
(c + dx)" (A + Bx + Cx? + Dx3) ; (A - b—3) (c + dx)t+n [ ( 3
f (a + bx)? =T (bc — ad)(a + bx) +
a(v2B-abC+a?D) o (Crdn)" d@+n)
- (bc — ad)(a + bx) 222 + n)
a(b?B-abC+a?D)
A-— 7 d 1+n
_ (bCd - beD - 2adD)(c + dx)'*" ( b3 ) (c +dx)
= b3d2(1 + n) (bc — ad)(a + bx)
a(sz—abC+a2D)
- d 1+n
_ (bCd - beD - 2adD)(c + dx)'*" (A 53 ) (c + dx)
- b3d2(1 + n) (bc — ad)(a + bx)

Mathematica [A] time = 0.20, size = 180, normalized size = 0.82

3_.(q2 2 . bletdx) 21 2 o ble+dx)
e+ duy d(Ab3-a(2D-abC+1?B)) 2F1(2,n+1,n+2, s ) (302D—2abC+b B)2F1(1,n+1,n+2, fcvds ) 2adD-beDHCH | 8D

(n+1)(bc—ad)? (n+1)(bc—ad) d2(n+1) + a2

b3

Antiderivative was successfully verified.

[In] Integrate[((c + d*x) n*(A + Bxx + Cxx"2 + Dxx73))/(a + b*x)~2,x]

[Out] ((c + d*x)~(1 + n)*((b*C*d - bxc*D - 2*xaxd*D)/(d"2*(1 + n)) + (b*D*x(c + d*x
))/(d72%(2 + n)) - ((b72xB - 2%axbxC + 3*a~2*D)*Hypergeometric2F1[1, 1 + n,

2 + n, (bx(c + d*x))/(b*xc - axd)])/((b*xc - axd)*(1 + n)) + (d*(A*xb~3 - ax(
b~2*B - a*b*C + a~2*D))x*Hypergeometric2F1[2, 1 + n, 2 + n, (b*(c + d*x))/(b

xc — axd)])/((bxc - a*xd)~2*%(1 + n))))/b~3

fricas [F] time = 0.83, size = 0, normalized size = 0.00

(Dx3 +Cx% +Bx + A)(dx +0)"

b2x2 + 2 abx + a2

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(D*x~3+C*x~2+B*x+A)/(b*x+a) 2,x, algorithm="fricas")

[Out] integral((D*xx~3 + C*x~2 + B*x + A)*(d*x + c)"n/(b"2%x"2 + 2*axb*x + a~2), x
)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f (Dx3 +Cx? + Bx + A)(dx +co)

(bx + a)z
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(D*x~3+Cxx~2+B*x+A)/(b*x+a) ~2,x, algorithm="giac")
[Out] integrate((D*x~3 + C*x"2 + Bxx + A)x(d*x + c)"n/(b*x + a)~2, x)

maple [F] time = 0.24, size = 0, normalized size = 0.00

dx

f(Dx3 +Cx? +Bx+A) (dx +¢)"
(bx + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) n*x(D*x"3+Cxx~2+Bxx+A)/(b*x+a) "2,x)
[Out] int((d*x+c) "n*(D*x~3+Cxx~2+B*xx+A)/(b*x+a) ~2,x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

dx

f (Dx3 +Cx% + Bx + A)(dx +c)

(bx + a)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “nx(Dxx~3+C*x~2+B*x+A)/(b*x+a)~2,x, algorithm="maxima"
[Out] integrate((D*x~3 + C*x~2 + B*x + A)*(d*x + c)"n/(b*x + a)~2, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

f(c+dx)” (A+Bx+Cx2+x3D)

(a + bx)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((c + d*x)"n*(A + Bxx + Cxx~2 + x~3*D))/(a + b*x)~2,x)
[Out] int(((c + d*x) n*x(A + Bxx + Cxx~2 + x~3%D))/(a + b*x)"2, x)

sympy [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: HeuristicGCDFailed

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**n* (Dkxx**3+Ckx*x*2+B*xx+A) / (b*x+a)**2,x)

[Out] Exception raised: HeuristicGCDFailed
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(c+dx)" (A+Bx+Cx2+Dx3)
(a+bx)3

dx

3.31 f

Optimal. Leaf size=329

(c + dx)"*1 (Ab3 ~a (azD —abC + sz)) (c +dx)"™1 ,F, (1, n+Ln+2; b;,ij?) (”3 (_dz) D (”2 +5n + 6)
- 263(a + bx)2(be — ad) -

[Out] D*(d*x+c)~(1+n)/b~3/d/(1+n)-1/2*%(A*xb~3-a*x (Bxb~2-C*a*xb+D*a~2) ) *(d*x+c) "~ (1+n)
/b~3/ (—a*xd+b*xc) / (bxx+a) ~2-1/2% (b~ 3* (2*Bxc-A*d* (1-n) ) —a~3*d*D* (5+n) —a*xb~2*x (4
*C*C+B*d* (1+n) ) +a”~ 2xb* (6*c*D+C*d* (3+n) ) ) * (d*x+c) ~(1+n) /b~3/ (—a*xd+b*xc) "2/ (b*
x+a)—1/2% (b~ 3% (2% c™2*%C+2*Bxcxd*n—A*xd~2* (1-n) *n) —a~3*d"2*D* (n~2+5*n+6) +a~2*b

*d* (2+4n) * (6xc*xD+Cxd* (1+n) ) —a*xb ™ 2% (6*c”2*xD+4*c*xCxd* (1+n) +B*d"2*n* (1+n) ) ) * (d*

x+c) ~(1+n) *hypergeom([1, 1+n], [2+n],b*(d*x+c)/(~a*d+b*c))/b"3/ (-a*d+b*c) "3/

(1+n)

Rubi [A] time = 0.62, antiderivative size = 329, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 30,

number of rules _ ) 133, Rules used = {1621, 949, 80, 68}

integrand size

b(c+dx)

— ) (a2bd(n +2)(6cD + Cd(n + 1)) + a® (~d2) D (n? + 5n + 6) — ab? (Ba

2b3(n + 1)(be — ad)?

(c + dx)™1,F, (1,n Tl +2;

Antiderivative was successfully verified.
[In] Int[((c + d*x)"n*(A + Bxx + Cxx"2 + D*x"3))/(a + b*x)~3,x]

[Out] (D*(c + d*x)~(1 + n))/(b"3*d*(1 + n)) - ((A*b~3 - a*x(b"2*B - a*xb*C + a~2*D)
Yx(c + d*x)" (1 + n))/(2*xb"3*(bxc - a*d)*(a + b*x)"2) - ((b~3*%(2*B*xc - A*xdx*(

1 - n)) - a”3xd*D*(5 + n) - a*xb”2*x(4*c*C + Bxd*x(1 + n)) + a~2xb*x(6xc*D + C*

d*x(3 + n)))*x(c + d*x)~(1 + n))/(2%b"3*(b*c - a*d)"2x(a + bxx)) - ((b73*(2*c

“2%C + 2*Bkxckd*n — A*d"2*%(1 - n)#*n) - a~3xd"2*xD*(6 + 5%n + n~2) + a”2xbxdx*(

2 + n)*(6*xckD + Cxd*x(1 + n)) - a*b™2x(6xc”2*D + 4xcxCxd*(1 + n) + Bxd™2*nx*(

1 + n)))*(c + d*x)~(1 + n)*Hypergeometric2F1[1, 1 + n, 2 + n, (b*(c + d*x))

/(b*xc - a*xd)])/(2*xb~3*(b*xc - a*d) "3*(1 + n))

Rule 68

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_)) " (n_), x_Symbol] :> Simp[((
bxc - a*d) n*x(a + b*x) " (m + 1)*Hypergeometric2Fi[-n, m + 1, m + 2, -((d*(a
+ bxx))/(bxc - axd))])/ (" (n + D*x(m + 1)), x] /; FreeQ[{a, b, c, d, m}, x]
&& NeQ[b*c - axd, 0] && 'IntegerQ[m] && IntegerQ[n]

Rule 80

Int[((a_.) + (b_)*xD)*((c_.) + (d_)*x_))"(n_)*((e_.) + (£_)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)~"(n + 1)x(e + £xx)7(p + 1))/(d*fx(n + p
+ 2)), x] + Dist[(axd*f*(n + p + 2) - bx(dxex(n + 1) + c*xfx(p + 1)))/(d*f*(
n+p+2)), Intl(c + d*x)"n*x(e + £*x)7p, x], x] /; FreeQ[{a, b, c, 4, e, f
, n, pr, x] & NeQ[n + p + 2, 0]

Rule 949

Int[((d_.) + (e_.)*x(x_))"(m_)*((f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x
+ c*x"2)7p, d + exx, x], R = PolynomialRemainder[(a + b*x + c*xx72)7p, d +

exx, x]}, Simp[(R*x(d + exx)"(m + D*(f + gxx)"(n + 1))/((m + 1)*(exf - dxg)

), x] + Dist[1/((m + 1)*(exf - d*xg)), Int[(d + e*xx) " (m + 1)*x(f + g*x) n*Exp

andToSum[(m + 1)*(exf - d*g)*Qx - g*R*(m + n + 2), x], x], x]] /; FreeQ[{a,
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b, ¢, d, e, f, gt, x] && NeQlexf - dxg, 0] && NeQ[b~2 - 4*axc, 0] && NeQlc
*d~2 - b*dxe + axe”2, 0] && IGtQ[p, 0] && LtQ[m, -1]

Rule 1621

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_)) " (n_.), x_Symbol]

> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(bx*c
- axd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*Rx(m + n + 2), x], x], x]] /; Fre
eQl{a, b, c, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],

2]

Rubi steps

3
(c+dx)”(—23c+Ad(1—n)+“—‘”

(@ + bx)? ax = 263 (be — ad)(a + bx)?

f (c +dx)" (A + Bx + Cx? + D2®) (Ab® ~ a (1B - abC + a?D)) (c + dx)'** [

(Ab® - a (2B - abC + a?D)) (c + dx)'*"  (b3(2Bc — Ad(1 - n)) - o
263(be — ad)(a + bx)? -
D(c +dx)+"  (Ab® - a(b?B - abC + a?D)) (c + dx)'*"  (b3(2Bc -

b3d(1 + n) 2b3(bc — ad)(a + bx)?

D(c + dx)l*" (Ab3 ~-a (sz —abC + aZD)) (c + dx)1*" (b3(2Bc -
B3 +n) 2b3(bc — ad)(a + bx)?

Mathematica [A] time = 0.20, size = 188, normalized size = 0.57

2( A3 2 2 . . blc+dx) b(c+dx)
(A -a(a2D-abC-+b B))2F1(3,n+1,n+2, Gk (et

(bc—ad)3 (bc—ad)? bc-ad

b3(n+1)

) d(3a2D—2ubC+sz)2P1(2,n+1;n+2; ) (bC—3aD)2F1(1,n+1;n+i
+ —

(c + dx)"™+1] -

Antiderivative was successfully verified.

[In] Integrate[((c + d*x) n*(A + Bxx + C*x”2 + D*x"3))/(a + bxx)~3,x]

[Out] ((c + d*x)~(1 + n)*(D/d - ((b*C - 3*axD)*Hypergeometric2F1i[1, 1 + n, 2 + n,
(bx(c + d*x))/(b*c - axd)])/(b*c - axd) + (d*(b~2*B - 2*axbxC + 3*a~2xD)*H
ypergeometric2F1[2, 1 + n, 2 + n, (bx(c + d*x))/(b*c - a*xd)])/(b*xc - a*xd)~2

- (d72%(A*b~3 - ax(b~2*B - axb*xC + a~2*D))*Hypergeometric2F1[3, 1 + n, 2 +

n, (bx(c + d*x))/(bxc - axd)])/(bxc - axd)~3))/(b"3*(1 + n))

fricas [F] time = 0.88, size = 0, normalized size = 0.00

(Dx3 +Cx% +Bx + A)(dx +0)"
b3x3 + 3 ab?x? + 3 a2bx + a3

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(D*x~3+C*x~2+B*x+A)/(b*x+a) ~3,x, algorithm="fricas")

[Out] integral((D*x~3 + C*x~2 + B*x + A)*(d*x + c)"n/(b73%x"3 + 3*%axb™2*xx"2 + 3*a
“2%bxx + a~3), x)
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giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f (Dx3 +Cx% + Bx + A)(dx +c)

(bx + a)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(D*x~3+C*xx~2+B*x+A)/(b*x+a) ~3,x, algorithm="giac")
[Out] integrate((D*x~3 + C*x72 + Bxx + A)*x(d*x + c)"n/(b*x + a)~3, x)

maple [F] time = 0.24, size = 0, normalized size = 0.00

dx

f(Dx3 + Cx? +Bx+A) (dx +¢)"
(bx + a)°
Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) “nx(D*x~3+C*x~2+B*xx+A) / (b*x+a) ~3,x)
[Out] int((d*x+c) "n*(D*xx~3+Cxx~2+B*xx+A)/(b*x+a) ~3,x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

dx

f (Dx3 +Cx%+ Bx + A)(dx +c)

(bx + a)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “n*(Dxx~3+C*x~2+B*x+A)/(b*x+a) ~3,x, algorithm="maxima"
[Out] integrate((D*x~3 + C*x~2 + B*x + A)*(d*x + c)"n/(b*x + a)~3, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

f(c+dx)" (A+Bx+Cx2+x3D)

(a+bx)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((c + d*x) n*x(A + Bxx + Cxx"2 + x73%D))/(a + b*x)~3,x)
[Out] int(((c + d*x) " n*x(A + Bxx + Cxx"2 + x"3%D))/(a + b*x)~3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f (c + dx)" (A + Bx + Cx* + Dx3)

(a + bx)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**n* (Dxx**3+Cxx**2+B*x+A) / (b*x+a)**3,x)

[Out] Integral((c + d*x)**n*(A + Bxx + Cxxx*2 + D*x**3)/(a + b*x)**3, x)
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332 [(a+Dbx)"(A+ Bx)(c+dx)" dx

Optimal. Leaf size=141

-n
(a + bx)"™L(c + dx)" (M) (Abd(m + 1 +2) — B(ad(n +1) + be(m + 1)) oF (m 1, —mm 42—

bc—ad
b2d(m +1)(m +n +2)

d(a+bx)
bc—ad ]

[Out] B*(b*x+a)” (1+m)*(d*x+c)” (1+n)/b/d/ (2+m+n)+ (Axb*d* (2+m+n) -B* (b*c* (1+m) +a*xdx* (
1+n) ) ) * (b*x+a) ~ (1+m) * (d*x+c) “n*hypergeom([-n, 1+m], [2+m],-d* (b*x+a)/(-a*d+b
*xc))/b~2/d/ (1+m) / (2+m+n) / ((b* (d*x+c) / (-a*d+b*c)) "n)

Rubi [A] time = 0.09, antiderivative size = 141, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 20,
number of rules _ 5 150, Rules used = {80, 70, 69}

integrand size

b(c+dx)
bc—ad

d(a+bx)
I

1
(a + bx)"™(c + dx)" ( (ol

)_n (Abd(m +n +2) - B(ad(n + 1) + be(m +1))) oF; (m 1, —mm 4+ 25—
b2d(m +1)(m + n + 2)

Antiderivative was successfully verified.
[In] Int[(a + b*x) m*x(A + Bxx)*(c + d*x) n,x]

[Out] (Bx(a + b*x)~(1 + m)*(c + d*x)~(1 + n))/(b*d*(2 + m + n)) + ((Axb*d*(2 + m
+ n) - Bx(bxc*x(1 + m) + axd*(1 + n)))*(a + bxx)~(1 + m)*(c + d*x) “n*Hyperge
ometric2F1[1 + m, -n, 2 + m, —-((d*x(a + b*xx))/(bxc - a*xd))])/(b~2*d*x(1 + m)*

(2 +m + n)*((bx(c + d*x))/(b*c - a*d)) "n)

Rule 69

Int[((a_) + (b_)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a + b*x)~(m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*x(a + b*x))/(b*c -
axd))])/(bx(m + 1)*(b/(b*¥c - a*d))"n), x] /; FreeQ[{a, b, ¢, d, m, n}, xJ
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] && !'IntegerQ[n] && GtQ[b/(b*c - axd)
, 0] & (RationalQ[m] || !'(RationalQ[n] && GtQ[-(d/(b*c - ax*d)), 0]))

Rule 70

Int[((a_) + (b_)*x(x D))" (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[(c

+ dx*x) "FracPart[n]/((b/(b*c - a*d)) IntPart[n]*((b*(c + d*x))/(bxc - axd))
“FracPart([n]), Int[(a + b*x) m*xSimp[(b*c)/(b*c - axd) + (b*xdxx)/(b*c - a*d)
, x]°n, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[b*c - a*d, 0] && !'In
tegerQ[m] && !IntegerQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

Rule 80

Int[((a_.) + (b_)*(x_))*((c_.) + (d_)*xD))"(n_)*((e_.) + (f_)*(x_))"(p
_.), x_Symbol] :> Simp[(bx(c + d*x)"(n + 1)*(e + fxx)"(p + 1))/(d*fx(n + p
+ 2)), x] + Dist[(a*xd*f*x(n + p + 2) - bx(d*ex(n + 1) + c*xfx(p + 1)))/(dxfx*(
n+p+2)), Int[(c + d*x) nx(e + f*x)"p, x], x] /; FreeQ[{a, b, ¢, d, e, f
, 0, pr, x] & NeQ[n + p + 2, 0]

Rubi steps
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f(a + bx)"™(A + Bx)(c + dx)" dx = Bla+ bx)Tt(c + dx) ( _ Blbel +m) + ad + n))) f(a + bx)™(c

bd(2 + m + n) bd(2 + m + n)
_ B(a+bx)t*"(c + dx)'*" B(bc(1 + m) + ad(1 + n)) (b
T W@ mn) +((A_ bd2 + m + 1) )(”dx) (_1

B(bc(1 d(1
B(a + bx)"*"(c + dx)'*" (A - C(b;;n:;i,i)m») (@ +bx)"*™(c + dx)" (
= +

bd(2 + m + n) b1+

Mathematica [A] time = 0.11, size = 117, normalized size = 0.83

B4\ ™ B 141)- Abd(m-+1+2)+bBe(m-+1)) oy (1 -+ 2320
bemad (aBd(n+1)—-Abd(m+n+2)+bBc(m+1)) o F1(m+1,-n;m+2; -

(a + bx)™(c + dx)"* | bB(c + dx) — (

m+1

b2d(m + n + 2)

Antiderivative was successfully verified.

[In] Integrate[(a + b*x) m*(A + B*x)*(c + d*x)"n,x]

[Out] ((a + bxx)~(1 + m)*(c + d*x) "nx(b*Bx(c + d*x) - ((b*Bxc*x(1 + m) + a*xBxdx(1
+ n) - Axb*d*(2 + m + n))*Hypergeometric2F1[1 + m, -n, 2 + m, (d*(a + bxx))
/(=(bxc) + axd)])/((1 + m)*((b*x(c + d*x))/(b*c - a*d))"n)))/(b"2*d*(2 + m +

n))

fricas [F] time = 0.83, size = 0, normalized size = 0.00

integral ((Bx + A)(bx + a)"(dx + )", x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(B*x+A)*(d*x+c) n,x, algorithm="fricas")
[Out] integral((Bxx + A)*(bxx + a) m*(d*x + c)"n, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (Bx + A)(bx + )" (dx + )" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m* (B*x+A)*(d*x+c) n,x, algorithm="giac")
[Out] integrate((B*x + A)*(b*x + a) mx(d*x + c)”n, x)

maple [F] time = 0.24, size = 0, normalized size = 0.00
f(Bx + A) (bx +a)" (dx + )" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) “m* (Bxx+A)*(d*x+c) "n,x)
[Out] int((b*x+a) “m* (Bxx+A)* (d*x+c) n,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f (Bx + A)(bx + a)" (dx + )" dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(B*x+A)*(d*x+c) n,x, algorithm="maxima")
[Out] integrate((B*x + A)*(b*x + a) m*(d*x + c)"n, x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

f(A+Bx) (@+bx)" (c+dx)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)*(a + b*x) m*(c + d*x) n,x)
[Out] int((A + Bxx)*(a + b*x) m*(c + d*x)"n, x)

sympy [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: HeuristicGCDFailed

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**m* (Bxx+A)* (d*x+c)**n,x)

[Out] Exception raised: HeuristicGCDFailed
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3.33 f (a + bx)™(c + dx)" (A + Bx + sz) dx

Optimal. Leaf size=268

b(c+dx)
bc—ad

d(a+bx)
bc—ad

(a + bx)™1(c + dx)" ( )—n oF; (m +1,-m;m+2;— ) (d(m +n+2) (aZCd(n +1) + abcC(m + 2)

b3d2(m +1)(m +n +

[Out] -(a*xCkxd*(4+m+2*n)+b* (c*C* (2+m) -B*d* (3+m+n) ) ) * (b*x+a) ~ (1+m) * (d*x+c) ~(1+n) /b~
2/d"2/ (2+m+n) / (3+m+n) +C* (b*x+a) ~ (2+m) * (d*x+c) ~(1+n) /b~ 2/d/ (3+m+n) - (d* (2+m+n

) * (axb*c*Cx (2+m) +a”2*C*d* (1+n) —A*b~2xd* (3+m+n) ) - (b*xc* (1+m) +a*d* (1+n) ) * (a*Cx

d* (4+m+2*n) +b* (c*C* (2+m) -B*d* (3+m+n) ) ) ) * (b*x+a) ~ (1+m) * (d*x+c) “nxhypergeom( [

-n, 1+m], [2+m],-d*(b*x+a)/(-axd+b*c))/b"3/d~2/(1+m)/(2+m+n)/(3+m+n) / ((b*x(d*
x+c)/(—axd+b*xc)) "n)

Rubi [A] time = 0.31, antiderivative size = 266, normalized size of antiderivative

= 0.99, number of steps used = 4, number of rules used = 4, integrand size = 25,
number of rules _ ),160, Rules used = {951, 80, 70, 69}

integrand size

b(c+dx)
bc—ad

d(a+bx)
bc—ad

(a + bx)"(c + dx)" ( )_n oFy (m +1,-mym+2;— ) (d(m +n+2) (a2Cd(n +1) + abcC(m + 2)

b3d2(m +1)(m + n +:

Antiderivative was successfully verified.
[In] Int[(a + b*x) m*x(c + d*x) " n*x(A + Bxx + Cxx"2),x]

[Out] -(((b*c*xC*x(2 + m) - b*¥B*d*(3 + m + n) + a*xCxd*(4 + m + 2*n))*(a + b*xx)~ (1 +
mx*(c + d¥x)"(1 + n))/(®d"2*xd"2*x(2 + m + n)*(3 + m + n))) + (Cx(a + b*x) (2

+ m)*x(c + d*x)"(1 + n))/(b"2*%d*(3 + m + n)) - ((d*¥(2 + m + n)*(axbxcxCx(2

+m) + a"2%C*d*(1 + n) - A*¥b"2*xd*(3 + m + n)) - (b*c*x(1 + m) + a*xd*x(1 + n))
*(b*xc*C*(2 + m) — b*Bxd*(3 + m + n) + a*xCxd*x(4 + m + 2*n)))*(a + bxx)~(1 +
m)*(c + d*x) “n*Hypergeometric2Fi[1 + m, -n, 2 + m, -((d*(a + bxx))/(bxc - a
*d))])/(b73*%d"2%(1 + m)*(2 + m + n)*(3 + m + n)*x((b*x(c + d*x))/(b*c - axd))

~n)

Rule 69

Int[((a_) + (b_.)*(x_)) " (m_)*x((c_) + (d_.)*(x_))"(n_), x_Symbol]l :> Simp[((
a + b*x)"(m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*x(a + b*x))/(b*c -
axd))])/(bx(m + 1)*(b/(b*c - a*d))"n), x] /; FreeQ[{a, b, c, d, m, n}, x]
&& NeQ[b*c - axd, 0] && !'IntegerQ[m] && !IntegerQ[n] && GtQ[b/(b*xc - axd)

, 0] && (RationalQ[m] || !'(RationalQ[n] && GtQ[-(d/(b*c - axd)), 0]))

Rule 70

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[(c
+ d*xx) “FracPart[n]/((b/(b*c - a*d)) IntPart[n]*((bx(c + d*x))/(b*xc - a*xd))
“FracPart([n]), Int[(a + b*x) m*Simp[(b*c)/(b*c - axd) + (b*xdxx)/(b*c - a*d)
, x]°n, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && NeQ[b*c - a*xd, 0] && !'In
tegerQ[m] && !IntegerQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

Rule 80

Int[((a_.) + (b_)*(x_))*((c_.) + (d_D)*x_))"(n_.)*x((e_.) + (f_)*(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + 1)*(e + f*xx)~(p + 1))/(d*fx(n + p
+ 2)), x] + Dist[(axd*fx(n + p + 2) - bx(dxex(n + 1) + cxfx(p + 1)))/(d*f*(
n+p+ 2)), Int[(c + d*x)"nx(e + f*x)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f
, 0, pr, x] && NeQ[n + p + 2, 0]

Rule 951
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Int[((d_.) + (e_)*(x_))"(m)*((f_.) + (g_)*(x_))"(n_)*((a_.) + (b_.)*(x_)

+ (c_)*x(x_)"2)"(p_.), x_Symbol] :> Simp[(cTp*(d + e*xx)"(m + 2*p)*(f + g*x
) (m + 1))/ (gxe”~(2*p)*(m + n + 2*%p + 1)), x] + Dist[1/(gxe” (2*p)*(m + n + 2
xp + 1)), Int[(d + exx) m*(f + g*x) n*ExpandToSum[gx(m + n + 2*p + 1)*(e” (2
*p)*(a + b*x + c*x"2)"p - c"p*(d + e*x)"(Q*p)) - c"p*(e*f - d*g)*(m + 2*p)*
(d + exx)"(2%p - 1), x], x], x] /; FreeQ[{a, b, c, d, e, £, g, x] && NeQle
xf - dxg, 0] &% NeQ[b~2 - 4*axc, 0] && NeQ[c*d~2 - bxd*e + axe”2, 0] && IGt
Qlp, 0] && NeQ[m + n + 2xp + 1, 0] && (IntegerQ[n] || !'IntegerQ[m])

Rubi steps

C(a + bx)**"(c + dx)*" f(u + bx)™(c + dx)" (—abcC(Z +m) — a?
m n 2 —
f(a+bX) (c + dx) (A+Bx+Cx)dx— PAG T m ) +

_(beC(2 + m) = bBA(3 + m + n) + aCd(4 + m + 2n))(a + bx)"*"(c +
B b2d2(2 + m + n)(3 + m + n)

_ (bcC(2 +m) — bBAB + m + n) + aCd(4 + m + 2n))(a + bx)'*"(c +
B b2d2(2 + m + n)(3 + m + n)

_ (beC(2 + m) = bBA(3 + m + n) + aCd(4 + m + 2m))(a + bx)*(c +
B b2d2(2 + m + n)(3 + m + n)

Mathematica [A] time = 0.21, size = 187, normalized size = 0.70

d(a+bx)
ad—bc

-n
(a + bx)"(c + dx)" (M) (b (b (Ad2 — Bed + czC) oF; (m +1,-m;m+2;

be—ad ) — (bc — ad)(2cC — Bd) I

D3d2(m + 1)

Antiderivative was successfully verified.

[In] Integrate[(a + b*x) m*(c + d*x) nx(A + Bxx + Cxx~2),x]

[Out] ((a + b*x)~(1 + m)*x(c + d*x)"n*(C*x(b*c - axd) “2+Hypergeometric2F1[1 + m, -2
- n, 2 +m, (dx(a + bxx))/(-(bxc) + a*xd)] + bx(-((b*c - ax*d)*(2*c*C — Bx*d)
xHypergeometric2F1[1 + m, -1 - n, 2 + m, (d*(a + b*x))/(-(b*c) + axd)]) + b
*x(c72*%C - Bkxcxd + A*d~2)*Hypergeometric2F1[1 + m, -n, 2 + m, (d*(a + bxx))/
(=(b*c) + a*xd)])))/(b~™3*d"2x(1 + m)*((b*x(c + d*x))/(b*c - axd)) n)

fricas [F] time = 0.79, size = 0, normalized size = 0.00

integral ((sz + Bx + A)(bx +a)" (dx + c)",x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(d*x+c) “n*(C*x~2+B*x+A) ,x, algorithm="fricas")
[Out] integral((C*x~2 + B*xx + A)*(b*x + a) m*x(d*x + c)"n, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f(sz + Bx + A)(bx +a)"(dx +c)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(d*x+c) n*(C*x~2+B*x+A) ,x, algorithm="giac")
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[Out] integrate((C*x~2 + B*x + A)*(b*x + a) m*(d*x + c)"n, x)

maple [F] time = 0.24, size = 0, normalized size = 0.00
f(sz + Bx + A) (bx + a)™ (dx + ¢)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) “m*(d*x+c) "n*(C*xx"2+B*xx+A) ,x)
[Out] int((b*x+a) “m* (d*x+c) "n*(C*x~2+B*x+A),x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f(sz + Bx + A)(bx +a)"(dx +c)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(d*x+c) “n*(C*x~2+B*x+A) ,x, algorithm="maxima"
[Out] integrate((Cxx~2 + B*xx + A)x(b*x + a) m*x(d*x + c)"n, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
f(a +bx)" (c+dx)" (Cx2 +Bx+A) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*x) m*(c + d*x) n*x(A + Bxx + C*x"2),x)
[Out] int((a + b*x) m*(c + d*x) n*x(A + Bxx + C*xx"2), x)

sympy [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: HeuristicGCDFailed

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**m* (d*x+c)**n* (Ckx**2+B*x+A) ,x)

[Out] Exception raised: HeuristicGCDFailed
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3.34 f(a+bx)m(c+dx)” (A + Bx + Cx? + Dx3) dx

Optimal. Leaf size=610

(a + bx)™1(c + dx)**1 (azdzD (mz +mBn+8)+3 (n2 +5n 4+ 6)) + abd (cD(m +2)(m +3n+6)—Cd (m2 + 1
B3d3m+n+.

[Out] (a”2*d~2*D* (m~2+m* (8+3*n)+3*n"2+15*n+18) +b~2* (c~2*D* (m~2+5*m+6) —c*Cxd* (2+m)
* (4+m+n) +B*d~2* (12+m~2+7*n+n"2+m* (7+2*n) ) ) +axbxd* (c*D* (2+m) * (6+m+3*n) —Cxdx* (
m~2+m* (8+3*n)+2*n"2+12*n+16) ) ) * (b*x+a) ~ (1+m) * (d*x+c) ~(1+n) /b~3/d"3/ (2+m+n) /
(3+m+n) / (4+m+n) - (a*d*D* (9+2*xm+3*n) +b* (c*D* (3+m) —Cxd* (4+m+n) ) ) * (b*x+a) ~ (2+m)
*(d*x+c) " (1+n) /b~3/d"2/ (3+m+n) / (4+m+n) +D* (bxx+a) ~ (3+m) * (d*x+c) ~ (1+n) /b~3/d/
(4+m+n)+ (d* (2+m+n) * (a~3*d"2*D* (1+n) * (6+m+2*n) +a*b”2xc* (2+m) * (c*xD* (3+m) —C*d*
(4+m+n) ) +A*b~3*d" 2% (12+m~2+7*n+n"2+m* (7+2*n) ) —a~ 2xb*xd* (Cxd* (1+n) * (4+m+n) —c*
D* (2+m) * (6+m+3#*n) ) ) - (b*xc* (1+m) +a*xd* (1+n) ) * (a~2+%d"2*D* (m™ 2+m* (8+3*n) +3*n~2+1
5+%n+18) +b~2* (¢~ 2*D* (m~2+5%m+6) —c*Ckd* (2+m) * (4+m+n) +B*d~2* (12+m~2+7*n+n"2+m*
(742%n)) ) +axb*xd* (c*D* (2+m) * (6+m+3*n) —~Ckd* (m~2+m* (8+3*n) +2*xn~2+12*n+16) ) ) ) *(
b*x+a) " (1+m) * (d*x+c) “nxhypergeom([-n, 1+m], [2+m],-d*(b*x+a)/(-a*d+b*c))/b~4
/d~3/(1+m) / (2+m+n) / (3+m+n) / (4+m+n) / ((b* (d*x+c) / (-a*d+b*c) ) "n)

Rubi [A] time = 1.07, antiderivative size = 605, normalized size of antiderivative

= 0.99, number of steps used = 5, number of rules used = 5, integrand size = 30,
number of rules _ ) 167, Rules used = {1623, 951, 80, 70, 69}

integrand size

b(c+dx)
bc—ad

(a + bx)™1(c + dx)" (

)—n F, (m 1, —mm+ 2 _d(a+bx)) (_ (”d(”+1)+bc(m+1))(ﬂzdzD(m2+m(3n+8)+3(n2+5n+6))+a

bc—ad

Antiderivative was successfully verified.
[In] Int[(a + b*x) m*(c + d*x) n*x(A + Bxx + C*x~2 + D*x"3),x]

[Out] ((a~2xd"2*xD*(m~2 + m*(8 + 3%n) + 3%(6 + 5%n + n~2)) + b~ 2%(c™2*xD*(6 + 5%m +
m~2) - cxCkd*(2 + m)*(4 + m + n) + Bkxd™2%(12 + m™2 + 7*n + n~2 + m*x(7 + 2%
n))) + axbxd*(c¥D*(2 + m)*(6 + m + 3*n) - Cxd*(m™2 + m*(8 + 3*n) + 2%(8 + 6
*n + n”2))))*(a + bxx)"(1 + m)*(c + d*x)"(1 + n))/(b"3*%d"3*%(2 + m + n)*(3 +
m+n)*x(4 +m+ n)) - ((bxcxD*(3 + m) - b*C*d*(4 + m + n) + axd*xD*x(9 + 2xm
+ 3xn))*(a + b*x)" (2 + m)*(c + d*x)"(1 + n))/(®"3*d"2*(3 + m + n)*(4 + m +
n)) + (Dx(a + b*x)" (3 + m)*(c + d*x)"(1 + n))/(®"3*d*(4 + m + n)) + ((a~3*
d"24D*(1 + n)*(6 + m + 2*n) + a*b™2xc*x(2 + m)*(c¥D*(3 + m) - Cxd*x(4 + m + n
)) + A¥Db73*%d72*%(12 + m™2 + 7xn + n”2 + mx(7 + 2*n)) - a~2xb*xd*(Cxd*(1 + n)*
(4 +m+mn) - cxD*x(2 + m)*(6 + m + 3*n)) - ((b*c*x(1 + m) + a*d*(1 + n))*(a”
2%d"2xD*(m~2 + m*(8 + 3*n) + 3*%(6 + 5%n + n~2)) + b"2*x(c"2*%D*(6 + 5*m + m~2
) — cxCxd*(2 + m)*(4 + m + n) + B¥d"2*(12 + m™2 + 7xn + n"2 + mx(7 + 2*n)))
+ axbxd*(cxD*(2 + m)*(6 + m + 3*n) - Cxd*x(m~2 + m*(8 + 3*n) + 2*(8 + 6xn +
n~2)))))/(@*(2 + m + n)))*x(a + bxx)"(1 + m)*(c + d*x) nxHypergeometric2F1[
1 +m, -n, 2 +m, -((d*x(a + b*x))/(b*xc - a*d))])/(b"4*d"2*(1 + m)*(3 + m +
n)*x(4 + m + n)*((bx(c + d*x))/(bxc - a*xd)) n)

Rule 69

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_)) " (n_), x_Symbol] :> Simp[((
a + b*x)"(m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*x(a + b*x))/(b*c -
axd))])/(bx(m + 1)*(b/(b*c - a*d))"n), x] /; FreeQ[{a, b, c, d, m, n}, x]
&& NeQ[b*c - axd, 0] && !'IntegerQ[m] && !IntegerQ[n] && GtQ[b/(b*xc - axd)
, 0] && (RationalQ[m] || !(RationalQ[n] && GtQ[-(d/(b*c - axd)), 01))

Rule 70
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Int[((a_) + (b_.)*(x )) " (m_ )*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[(c
+ d*x) “FracPart[n]/((b/(b*c - a*d)) IntPart[n]*((b*(c + d*x))/(b*c - axd))
“FracPart([n]), Int[(a + b*x) m*Simp[(b*c)/(b*c - axd) + (b*dxx)/(b*c - ax*d)
, x1°n, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[b*c - a*d, 0] & !In
tegerQ[m] && !IntegerQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

Rule 80

Int[(Ca_.) + (b_)*(x_))*((c_.) + (d_D)*(x_))"(n_.)*x((e_.) + (f_)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + D)x(e + £xx)"(p + 1))/(d*fx(n + p
+ 2)), x] + Dist[(axd*f*x(n + p + 2) - bx(dxex(n + 1) + cxf*x(p + 1)))/(d*xf*(
n+p+2)), Int[(c + d*x)"nx(e + £xx)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, n, p}, x] && NeQ[n + p + 2, 0]

Rule 951

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))"(n_)*((a_.) + (b_.)*(x_)

+ (c_)*x(x_)"2)"(p_.), x_Symbol] :> Simp[(cTp*(d + e*x)"(m + 2*p)*(f + g*x
)7(n + 1))/(gxe”~(2%p)*(m + n + 2%p + 1)), x] + Dist[1/(gxe”(2*p)*(m + n + 2
xp + 1)), Int[(d + exx) m*(f + g*x) n*ExpandToSum[gx(m + n + 2*p + 1)*(e” (2
*p)*(a + b*x + c*x"2)"p - c"p*(d + e*x)A(Q*p)) - c"p*(e*f - d*g)*(m + 2*p)*
(d + exx)"(2%p - 1), x], x], x] /; FreeQ[{a, b, c, d, e, £, g, x] && NeQle
xf - dxg, 0] &% NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*e + axe”2, 0] && IGt
Qlp, 0] && NeQ[m + n + 2xp + 1, 0] && (IntegerQ[n] || !'IntegerQ[m])

Rule 1623

Int[(Px )*x((a_.) + (b_.)*(x )) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> With[{q = Expon[Px, x], k = Coeff[Px, x, Expon[Px, x]]1}, Simp[(k*(a + Db*
x)"(m + @)*(c + d*x)"(n + 1))/(d*b"g*x(m + n + q + 1)), x] + Dist[1/(d*xb~g*(
m+n+q+ 1)), Int[(a + b*x) m*(c + d*x) “n*ExpandToSum[d*b"g*(m + n + q +

D*Px - dxkx(m + n + g + 1)*(a + b*x)"q - k*x(b*c - axd)*(m + g)*(a + b*x)~
(g - 1), x1, xI, x] /; NeQ[m + n + q + 1, 011 /; FreeQ[{a, b, ¢, d, m, n},
x] && PolyQ[Px, x] && GtQ[Expon[Px, x], 2]

Rubi steps

f(a + bx)™(c + dx)" (A + Bx + Cx? + Dx3) dx = R

_ D(a + bx)>™(c + dx)t+ . (@ +bxy"(c + dx)" (Abd(4 -

3 _(bcD(3 +m)—bCd(4 +m + n) + adD(9 + 2m + 3n))(a 4

b3d2(3 +m + n)(4 + m + n)

(adeD (m2 +m(8 +3n) +3 (6 +5n + nz)) + b? (czD (6 -

(a2d2D (m? + m(8 + 3n) + 3 (6 + 5n + n2)) + b* (2D (6 4

(222D (m? + m(8 + 3n) + 3 (6 + 5n + n?)) + b (D (6 4

Mathematica [A] time = 0.26, size = 254, normalized size = 0.42

-n
(a + bx)"™1(c + dx)" (M) (b3 (A®® = Bed? + 3(=D) + Cd) oFy (m 1, -+ 2;

bc—ad ad—bc

d(a+bx)

)+b2(bc—a
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Antiderivative was successfully verified.

[In] Integrate[(a + b*x) mk(c + d*x) n*x(A + Bxx + C*x"2 + D*x73),x]

[Out] ((a + b*x)~(1 + m)*(c + d*x) n*((b*c - a*d) " 3*xD*Hypergeometric2F1[1 + m,
- n, 2 +m, (dx(a + b*xx))/(=(b*c) + a*d)] + bx(bxc - a*xd) " 2x(Cxd - 3*c*D)x*
Hypergeometric2F1[1 + m, -2 - n, 2 + m, (d*x(a + b*x))/(-(bxc) + axd)] + b~2
*x(bxc - axd)*(-2*c*Cxd + B*d~2 + 3*c~2*D)*Hypergeometric2F1[1 + m, -1 - n,

2 + m, (dx(a + b*x))/(-(b*xc) + a*xd)] + b~3*%(c™2*%C*d - Bxc*d™2 + A*d™3 - c~3
*D) xHypergeometric2F1[1 + m, -n, 2 + m, (d*(a + b*x))/(-(b*c) + axd)]))/(b~
4xd~3%(1 + m)*((b*x(c + d*x))/(bxc - a*xd)) n)

+

+ + +

fricas [F] time = 1.13, size = 0, normalized size = 0.00

integral ((Dx3 +Cx% + Bx + A)(bx +a)"(dx + c)n,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(d*x+c) “n*(D*x~3+C*x~2+B*x+A) ,x, algorithm="fricas")
[Out] integral((D*x~3 + C*x~2 + B*x + A)*(b*x + a)“m*(d*x + c)"n, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f(DxS +Cx? + Bx + A)(bx +a)"(dx +c)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(d*x+c) "n*(D*x~3+C*xx~2+B*x+A) ,x, algorithm="giac")
[Out] integrate((D*x~3 + C*x~2 + B*x + A)*(b*x + a) " mx(d*x + c)’n, x)

maple [F] time = 0.26, size = 0, normalized size = 0.00
f(Dx?’ +Cx%?+Bx + A) (bx +a)" (dx +¢)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) “m* (d*x+c) "n* (D*xx"3+Cxx~2+B*x+A) ,x)
[Out] int((b*x+a) “m* (d*x+c) “n* (D*x~3+Cxx~2+B*x+A) ,x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f (Dx3 +Cx% + Bx + A)(bx +a)"(dx +c)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(d*x+c) "n* (D*x~3+Cxx~2+B*x+A) ,x, algorithm="maxima")
[Out] integrate((D*x~3 + C*x~2 + Bxx + A)*(b*x + a) m*(d*x + c)’n, x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.00
f(a+bx)m(c+dx)” (A+Bx+ C x? +x3D) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*x) " m*(c + d*x) n*(A + B*x + C*x"2 + x~3%D),x)

[Out] int((a + b*x) m*(c + d*x) n*x(A + Bxx + C*x"2 + x~3%D), x)



sympy [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: HeuristicGCDFailed

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**m* (d*x+c)*xn* (D*kx**3+C*x**2+B*x+A) ,x)

[Out] Exception raised: HeuristicGCDFailed
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in the
test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal] *)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returnsx)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex*)

(x "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(x antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimal],
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result]<=2*LeafCount [optimal],
IIAII ,
llBll] s
"c"1,
If [FreeQ[result,Integrate] && FreeQ[result,Int],
||c|| s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)

(*1 = rational functionx)

(¥2 = algebraic functionx)
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(¥3 = elementary functionx)

(x4 = special functionx)

(*5 = hyperpergeometric function*)
(¥6 = appell functionx)

(x7 = rootsum functionx)

(¥8 = integrate functionx)

(¥9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]11,
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]1]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunction(Q[Head [expnl],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expnl],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]l===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LoglIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

},funcl]

HypergeometricFunctionQ[func_] :=

Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]
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AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File:

GradeAntiderivative.mpl

# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser
#Nasser

03/22/2017 Use Maple leaf count instead since buildin
03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
GradeAntiderivative := proc(result,optimal)

local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then

return "B";

fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType (result);
ExpnType_optimal:=ExpnType (optimal) ;

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",

ExpnType_optimal) ;

fi;
# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns
# "F" if the result fails to integrate an expression that
# is integrable
# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal
# antiderivative
# "A" if result can be considered optimal
#This check below actually is not needed, since I only
#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";

end if;

if ExpnType_result<=ExpnType_optimal then
if debug then

print ("ExpnType_result<=ExpnType_optimal");

fi;




if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf_ count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves
# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
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# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' *~') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:
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AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum”™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]
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def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print ("expn=",expn, "type (expn)=",type (expn))

if is_atom(expn) :
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' "~ ')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' % ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(1l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum) :
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType
,Apply[List,expnl],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9
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#main function
def grade_antiderivative(result,optimal):

leaf _count_result = leaf_count(result)
leaf_count_optimal

leaf_count (optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

debug=False;

def tree_size(expr):
e
Return the tree size of this expression.
win
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
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else:
return False
else:
return False

def is_elementary_function(func):

debug=False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot','sec', 'csc’',
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh','cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',

'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug=False
if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma','log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

def is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath

def is_atom(expn):

debug=False
if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:

if expn.parent() is SR:
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return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False
except AttributeError as error:

return False

def expnType (expn) :

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational) :
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType (expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.argsl[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType(

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1]1)) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType(expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]))

return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(4,ml) #max (4,m1)

elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(5,m1)  #max(5,ml1)
elif is_appell_function(expn.operator()):
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ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,m1)  #max(6,ml)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

if debug: print ("Enter grade_antiderivative for sagemath")

tree_size(result) #leaf_count(result)
tree_size(optimal) #leaf_count(optimal)

leaf count_result
leaf_count_optimal

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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